
Streams Processing
Matrix Sketching



Dimensionality reduction
• Linear


• Principal Component Analysis: SVD-based, PPCA, GLRM


• Approx PCA: Matrix sketching 

• Compressed sensing


• Non-linear


• Kernel PCA


• Isometric mapping



Matrix sketching

Online, interpretable PCA

We are going to see a way to “improve” PCA and the SVD



Matrix sketching: the SVD

Jeff M. Phillips, University of Utah



Matrix sketching: the SVD

Jeff M. Phillips, University of Utah

PCA:



Approximation of A by SVD 
truncation

Columns of V are linear combinations of features

Interpretability of V (Principal Components)

What is a linear combination of purchased books?

What is a linear combination between number of calls and being male or female?



Approximation of A by SVD 
truncation

Computational efficiency

Computing the SVD demands loading all A into memory and requires time

What about really big data?

What about streamed data?

Data stream A: each row of the input matrix can be processed only 
once and storage is severely limited

What about distributed data?



Matrix sketch
Sketch of a matrix A: Small matrix B, that approximates A well.

A 2 Rn⇥m
<latexit sha1_base64="z24jhsPeX7snHgZID2NRPZ0a5as=">AAACBXicbVC7TsMwFHV4lvIKMCIkiwqJqUoQErAVWBgLIrRSEyrHdVqrthPZDlIVZWLhV1gYALHyD2z8DU6bAVqOZOn4nHt17z1hwqjSjvNtzc0vLC4tV1aqq2vrG5v21vadilOJiYdjFst2iBRhVBBPU81IO5EE8ZCRVji8LPzWA5GKxuJWjxIScNQXNKIYaSN17b1z6FMBfY70IAyzm/w+Mz9NOVGQ51275tSdMeAscUtSAyWaXfvL78U45URozJBSHddJdJAhqSlmJK/6qSIJwkPUJx1DBTJzgmx8Rg4PjNKDUSzNExqO1d8dGeJKjXhoKot11bRXiP95nVRHp0FGRZJqIvBkUJQyqGNYZAJ7VBKs2cgQhCU1u0I8QBJhbZKrmhDc6ZNniXdUP6u718e1xkWZRgXsgn1wCFxwAhrgCjSBBzB4BM/gFbxZT9aL9W59TErnrLJnB/yB9fkD57yYWA==</latexit><latexit sha1_base64="z24jhsPeX7snHgZID2NRPZ0a5as=">AAACBXicbVC7TsMwFHV4lvIKMCIkiwqJqUoQErAVWBgLIrRSEyrHdVqrthPZDlIVZWLhV1gYALHyD2z8DU6bAVqOZOn4nHt17z1hwqjSjvNtzc0vLC4tV1aqq2vrG5v21vadilOJiYdjFst2iBRhVBBPU81IO5EE8ZCRVji8LPzWA5GKxuJWjxIScNQXNKIYaSN17b1z6FMBfY70IAyzm/w+Mz9NOVGQ51275tSdMeAscUtSAyWaXfvL78U45URozJBSHddJdJAhqSlmJK/6qSIJwkPUJx1DBTJzgmx8Rg4PjNKDUSzNExqO1d8dGeJKjXhoKot11bRXiP95nVRHp0FGRZJqIvBkUJQyqGNYZAJ7VBKs2cgQhCU1u0I8QBJhbZKrmhDc6ZNniXdUP6u718e1xkWZRgXsgn1wCFxwAhrgCjSBBzB4BM/gFbxZT9aL9W59TErnrLJnB/yB9fkD57yYWA==</latexit><latexit sha1_base64="z24jhsPeX7snHgZID2NRPZ0a5as=">AAACBXicbVC7TsMwFHV4lvIKMCIkiwqJqUoQErAVWBgLIrRSEyrHdVqrthPZDlIVZWLhV1gYALHyD2z8DU6bAVqOZOn4nHt17z1hwqjSjvNtzc0vLC4tV1aqq2vrG5v21vadilOJiYdjFst2iBRhVBBPU81IO5EE8ZCRVji8LPzWA5GKxuJWjxIScNQXNKIYaSN17b1z6FMBfY70IAyzm/w+Mz9NOVGQ51275tSdMeAscUtSAyWaXfvL78U45URozJBSHddJdJAhqSlmJK/6qSIJwkPUJx1DBTJzgmx8Rg4PjNKDUSzNExqO1d8dGeJKjXhoKot11bRXiP95nVRHp0FGRZJqIvBkUJQyqGNYZAJ7VBKs2cgQhCU1u0I8QBJhbZKrmhDc6ZNniXdUP6u718e1xkWZRgXsgn1wCFxwAhrgCjSBBzB4BM/gFbxZT9aL9W59TErnrLJnB/yB9fkD57yYWA==</latexit><latexit sha1_base64="z24jhsPeX7snHgZID2NRPZ0a5as=">AAACBXicbVC7TsMwFHV4lvIKMCIkiwqJqUoQErAVWBgLIrRSEyrHdVqrthPZDlIVZWLhV1gYALHyD2z8DU6bAVqOZOn4nHt17z1hwqjSjvNtzc0vLC4tV1aqq2vrG5v21vadilOJiYdjFst2iBRhVBBPU81IO5EE8ZCRVji8LPzWA5GKxuJWjxIScNQXNKIYaSN17b1z6FMBfY70IAyzm/w+Mz9NOVGQ51275tSdMeAscUtSAyWaXfvL78U45URozJBSHddJdJAhqSlmJK/6qSIJwkPUJx1DBTJzgmx8Rg4PjNKDUSzNExqO1d8dGeJKjXhoKot11bRXiP95nVRHp0FGRZJqIvBkUJQyqGNYZAJ7VBKs2cgQhCU1u0I8QBJhbZKrmhDc6ZNniXdUP6u718e1xkWZRgXsgn1wCFxwAhrgCjSBBzB4BM/gFbxZT9aL9W59TErnrLJnB/yB9fkD57yYWA==</latexit>

B 2 R`⇥m
<latexit sha1_base64="lPqH3aN1f7Jp+DPSD7JQEwdMXdQ=">AAACCHicbVA9T8MwEHXKVylfAUYWiwqJqUoQErBVZWEsiNBKTagc12mt2k5kO0hVlJWFv8LCAIiVn8DGv8FpM0DLk056eu9Od/fChFGlHefbqiwtr6yuVddrG5tb2zv27t6dilOJiYdjFstuiBRhVBBPU81IN5EE8ZCRTji+LPzOA5GKxuJWTxIScDQUNKIYaSP1bdiCPhXQ50iPwjC7ye8znzAGfU05UZDnfbvuNJwp4CJxS1IHJdp9+8sfxDjlRGjMkFI910l0kCGpKWYkr/mpIgnCYzQkPUMFMnuCbPpJDo+MMoBRLE0JDafq74kMcaUmPDSdxcVq3ivE/7xeqqPzIKMiSTUReLYoShnUMSxigQMqCdZsYgjCkppbIR4hibA24dVMCO78y4vEO2lcNNzr03qzVaZRBQfgEBwDF5yBJrgCbeABDB7BM3gFb9aT9WK9Wx+z1opVzuyDP7A+fwA/G5mi</latexit><latexit sha1_base64="lPqH3aN1f7Jp+DPSD7JQEwdMXdQ=">AAACCHicbVA9T8MwEHXKVylfAUYWiwqJqUoQErBVZWEsiNBKTagc12mt2k5kO0hVlJWFv8LCAIiVn8DGv8FpM0DLk056eu9Od/fChFGlHefbqiwtr6yuVddrG5tb2zv27t6dilOJiYdjFstuiBRhVBBPU81IN5EE8ZCRTji+LPzOA5GKxuJWTxIScDQUNKIYaSP1bdiCPhXQ50iPwjC7ye8znzAGfU05UZDnfbvuNJwp4CJxS1IHJdp9+8sfxDjlRGjMkFI910l0kCGpKWYkr/mpIgnCYzQkPUMFMnuCbPpJDo+MMoBRLE0JDafq74kMcaUmPDSdxcVq3ivE/7xeqqPzIKMiSTUReLYoShnUMSxigQMqCdZsYgjCkppbIR4hibA24dVMCO78y4vEO2lcNNzr03qzVaZRBQfgEBwDF5yBJrgCbeABDB7BM3gFb9aT9WK9Wx+z1opVzuyDP7A+fwA/G5mi</latexit><latexit sha1_base64="lPqH3aN1f7Jp+DPSD7JQEwdMXdQ=">AAACCHicbVA9T8MwEHXKVylfAUYWiwqJqUoQErBVZWEsiNBKTagc12mt2k5kO0hVlJWFv8LCAIiVn8DGv8FpM0DLk056eu9Od/fChFGlHefbqiwtr6yuVddrG5tb2zv27t6dilOJiYdjFstuiBRhVBBPU81IN5EE8ZCRTji+LPzOA5GKxuJWTxIScDQUNKIYaSP1bdiCPhXQ50iPwjC7ye8znzAGfU05UZDnfbvuNJwp4CJxS1IHJdp9+8sfxDjlRGjMkFI910l0kCGpKWYkr/mpIgnCYzQkPUMFMnuCbPpJDo+MMoBRLE0JDafq74kMcaUmPDSdxcVq3ivE/7xeqqPzIKMiSTUReLYoShnUMSxigQMqCdZsYgjCkppbIR4hibA24dVMCO78y4vEO2lcNNzr03qzVaZRBQfgEBwDF5yBJrgCbeABDB7BM3gFb9aT9WK9Wx+z1opVzuyDP7A+fwA/G5mi</latexit><latexit sha1_base64="lPqH3aN1f7Jp+DPSD7JQEwdMXdQ=">AAACCHicbVA9T8MwEHXKVylfAUYWiwqJqUoQErBVZWEsiNBKTagc12mt2k5kO0hVlJWFv8LCAIiVn8DGv8FpM0DLk056eu9Od/fChFGlHefbqiwtr6yuVddrG5tb2zv27t6dilOJiYdjFstuiBRhVBBPU81IN5EE8ZCRTji+LPzOA5GKxuJWTxIScDQUNKIYaSP1bdiCPhXQ50iPwjC7ye8znzAGfU05UZDnfbvuNJwp4CJxS1IHJdp9+8sfxDjlRGjMkFI910l0kCGpKWYkr/mpIgnCYzQkPUMFMnuCbPpJDo+MMoBRLE0JDafq74kMcaUmPDSdxcVq3ivE/7xeqqPzIKMiSTUReLYoShnUMSxigQMqCdZsYgjCkppbIR4hibA24dVMCO78y4vEO2lcNNzr03qzVaZRBQfgEBwDF5yBJrgCbeABDB7BM3gFb9aT9WK9Wx+z1opVzuyDP7A+fwA/G5mi</latexit>

` ⌧ n
<latexit sha1_base64="KeB79BcxZ8MB/9/LaiJSYPizXhY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsp+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSgXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqR1Sj4BJ9w43AdqqQxpHAVjS6mfqtJ1SaJ/LejFMMYzqQvM8ZNVZ6DFAIEtiS3WrNrbszkGXiFaQGBZrd6lfQS1gWozRMUK07npuaMKfKcCZwUgkyjSllIzrAjqWSxqjDfHbxhJxYpUf6ibIlDZmpvydyGms9jiPbGVMz1IveVPzP62SmfxnmXKaZQcnmi/qZICYh0/dJjytkRowtoUxxeythQ6ooMzakig3BW3x5mfhn9au6d3dea1wXaZThCI7hFDy4gAbcQhN8YCDhGV7hzdHOi/PufMxbS04xcwh/4Hz+AD7xkC0=</latexit><latexit sha1_base64="KeB79BcxZ8MB/9/LaiJSYPizXhY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsp+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSgXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqR1Sj4BJ9w43AdqqQxpHAVjS6mfqtJ1SaJ/LejFMMYzqQvM8ZNVZ6DFAIEtiS3WrNrbszkGXiFaQGBZrd6lfQS1gWozRMUK07npuaMKfKcCZwUgkyjSllIzrAjqWSxqjDfHbxhJxYpUf6ibIlDZmpvydyGms9jiPbGVMz1IveVPzP62SmfxnmXKaZQcnmi/qZICYh0/dJjytkRowtoUxxeythQ6ooMzakig3BW3x5mfhn9au6d3dea1wXaZThCI7hFDy4gAbcQhN8YCDhGV7hzdHOi/PufMxbS04xcwh/4Hz+AD7xkC0=</latexit><latexit sha1_base64="KeB79BcxZ8MB/9/LaiJSYPizXhY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsp+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSgXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqR1Sj4BJ9w43AdqqQxpHAVjS6mfqtJ1SaJ/LejFMMYzqQvM8ZNVZ6DFAIEtiS3WrNrbszkGXiFaQGBZrd6lfQS1gWozRMUK07npuaMKfKcCZwUgkyjSllIzrAjqWSxqjDfHbxhJxYpUf6ibIlDZmpvydyGms9jiPbGVMz1IveVPzP62SmfxnmXKaZQcnmi/qZICYh0/dJjytkRowtoUxxeythQ6ooMzakig3BW3x5mfhn9au6d3dea1wXaZThCI7hFDy4gAbcQhN8YCDhGV7hzdHOi/PufMxbS04xcwh/4Hz+AD7xkC0=</latexit><latexit sha1_base64="KeB79BcxZ8MB/9/LaiJSYPizXhY=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGFtsQtlsp+3SzSbsboQS+i+8eFDx6s/x5r9x2+agrQ8GHu/NMDMvSgXXxnW/ndLK6tr6RnmzsrW9s7tX3T940EmmGPosEYlqR1Sj4BJ9w43AdqqQxpHAVjS6mfqtJ1SaJ/LejFMMYzqQvM8ZNVZ6DFAIEtiS3WrNrbszkGXiFaQGBZrd6lfQS1gWozRMUK07npuaMKfKcCZwUgkyjSllIzrAjqWSxqjDfHbxhJxYpUf6ibIlDZmpvydyGms9jiPbGVMz1IveVPzP62SmfxnmXKaZQcnmi/qZICYh0/dJjytkRowtoUxxeythQ6ooMzakig3BW3x5mfhn9au6d3dea1wXaZThCI7hFDy4gAbcQhN8YCDhGV7hzdHOi/PufMxbS04xcwh/4Hz+AD7xkC0=</latexit>

we want to find with

ATA ⇡ BTB
<latexit sha1_base64="LsRngLOyZgxuc8a6Vm7BbtCqYH8=">AAAB+XicbVBNTwIxEO36ifi16NFLIzHxRHaNiXoDvHjEhBUSWEi3dKGh2zZtVyXIT/HiQY1X/4k3/40F9qDgSyZ5eW8mM/Miyag2nvftrKyurW9s5rby2zu7e/tu4eBOi1RhEmDBhGpGSBNGOQkMNYw0pSIoiRhpRMPrqd+4J0pTwetmJEmYoD6nMcXIWKnrFiqdegW2kZRKPMJqp17tukWv5M0Al4mfkSLIUOu6X+2ewGlCuMEMad3yPWnCMVKGYkYm+XaqiUR4iPqkZSlHCdHheHb6BJ5YpQdjoWxxA2fq74kxSrQeJZHtTJAZ6EVvKv7ntVITX4ZjymVqCMfzRXHKoBFwmgPsUUWwYSNLEFbU3grxACmEjU0rb0PwF19eJsFZ6ark354Xy9UsjRw4AsfgFPjgApTBDaiBAGDwAJ7BK3hznpwX5935mLeuONnMIfgD5/MHFDuSyQ==</latexit><latexit sha1_base64="LsRngLOyZgxuc8a6Vm7BbtCqYH8=">AAAB+XicbVBNTwIxEO36ifi16NFLIzHxRHaNiXoDvHjEhBUSWEi3dKGh2zZtVyXIT/HiQY1X/4k3/40F9qDgSyZ5eW8mM/Miyag2nvftrKyurW9s5rby2zu7e/tu4eBOi1RhEmDBhGpGSBNGOQkMNYw0pSIoiRhpRMPrqd+4J0pTwetmJEmYoD6nMcXIWKnrFiqdegW2kZRKPMJqp17tukWv5M0Al4mfkSLIUOu6X+2ewGlCuMEMad3yPWnCMVKGYkYm+XaqiUR4iPqkZSlHCdHheHb6BJ5YpQdjoWxxA2fq74kxSrQeJZHtTJAZ6EVvKv7ntVITX4ZjymVqCMfzRXHKoBFwmgPsUUWwYSNLEFbU3grxACmEjU0rb0PwF19eJsFZ6ark354Xy9UsjRw4AsfgFPjgApTBDaiBAGDwAJ7BK3hznpwX5935mLeuONnMIfgD5/MHFDuSyQ==</latexit><latexit sha1_base64="LsRngLOyZgxuc8a6Vm7BbtCqYH8=">AAAB+XicbVBNTwIxEO36ifi16NFLIzHxRHaNiXoDvHjEhBUSWEi3dKGh2zZtVyXIT/HiQY1X/4k3/40F9qDgSyZ5eW8mM/Miyag2nvftrKyurW9s5rby2zu7e/tu4eBOi1RhEmDBhGpGSBNGOQkMNYw0pSIoiRhpRMPrqd+4J0pTwetmJEmYoD6nMcXIWKnrFiqdegW2kZRKPMJqp17tukWv5M0Al4mfkSLIUOu6X+2ewGlCuMEMad3yPWnCMVKGYkYm+XaqiUR4iPqkZSlHCdHheHb6BJ5YpQdjoWxxA2fq74kxSrQeJZHtTJAZ6EVvKv7ntVITX4ZjymVqCMfzRXHKoBFwmgPsUUWwYSNLEFbU3grxACmEjU0rb0PwF19eJsFZ6ark354Xy9UsjRw4AsfgFPjgApTBDaiBAGDwAJ7BK3hznpwX5935mLeuONnMIfgD5/MHFDuSyQ==</latexit><latexit sha1_base64="LsRngLOyZgxuc8a6Vm7BbtCqYH8=">AAAB+XicbVBNTwIxEO36ifi16NFLIzHxRHaNiXoDvHjEhBUSWEi3dKGh2zZtVyXIT/HiQY1X/4k3/40F9qDgSyZ5eW8mM/Miyag2nvftrKyurW9s5rby2zu7e/tu4eBOi1RhEmDBhGpGSBNGOQkMNYw0pSIoiRhpRMPrqd+4J0pTwetmJEmYoD6nMcXIWKnrFiqdegW2kZRKPMJqp17tukWv5M0Al4mfkSLIUOu6X+2ewGlCuMEMad3yPWnCMVKGYkYm+XaqiUR4iPqkZSlHCdHheHb6BJ5YpQdjoWxxA2fq74kxSrQeJZHtTJAZ6EVvKv7ntVITX4ZjymVqCMfzRXHKoBFwmgPsUUWwYSNLEFbU3grxACmEjU0rb0PwF19eJsFZ6ark354Xy9UsjRw4AsfgFPjgApTBDaiBAGDwAJ7BK3hznpwX5935mLeuONnMIfgD5/MHFDuSyQ==</latexit>such that



Row sampling

Different notions of importance

Example

S = {(a1, w1), . . . , (an, wn)}
<latexit sha1_base64="09LiXgB/9YNfN+gLDOA/XQgOCg8=">AAACDXicbZBPS8MwGMbT+W/Of1WPXoJT2GCMVgW9CEMvHie6TVhLSbN0C0vTkqTKKPsCXvwqXjwo4tW7N7+N6daDbj4QePi975vkffyYUaks69soLCwuLa8UV0tr6xubW+b2TltGicCkhSMWiTsfScIoJy1FFSN3sSAo9Bnp+MPLrN65J0LSiN+qUUzcEPU5DShGSiPPPLiB59BJYQV5du3Bs6s16PQiJWsZ4ZrwqjP2zLJVtyaC88bOTRnkanrml74EJyHhCjMkZde2YuWmSCiKGRmXnESSGOEh6pOuthyFRLrpZJsxPNSkB4NI6MMVnNDfEykKpRyFvu4MkRrI2VoG/6t1ExWcuSnlcaIIx9OHgoRBFcEsGtijgmDFRtogLKj+K8QDJBBWOsCSDsGeXXnetI/q9nHduj4pNy7yOIpgD+yDCrDBKWiAK9AELYDBI3gGr+DNeDJejHfjY9paMPKZXfBHxucPn8uYxw==</latexit>

Define representative sample, 

e.g., a sample representative of the total weight of S, in expectation

Interpretability: choose V so that columns of V are columns of A



Importance sampling



Row sampling

How it works:

ai 2 A
<latexit sha1_base64="Wl9CN7OwbckYVK9CDqg9TTn8K44=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6iXjxGcE0kWcLsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHjRY0FFXddHfFKWfG+v6XV1paXlldK69XNja3tnequ3v3RmWa0JAornQ7xoZyJmlomeW0nWqKRcxpKx5dT/3WI9WGKXlnxymNBB5IljCCrZMecI+hLpPoslet+XV/BvSXBAWpQYFmr/rZ7SuSCSot4diYTuCnNsqxtoxwOql0M0NTTEZ4QDuOSiyoifLZwRN05JQ+SpR2JS2aqT8nciyMGYvYdQpsh2bRm4r/eZ3MJudRzmSaWSrJfFGScWQVmn6P+kxTYvnYEUw0c7ciMsQaE+syqrgQgsWX/5LwpH5RD25Pa42rIo0yHMAhHEMAZ9CAG2hCCAQEPMELvHrae/bevPd5a8krZvbhF7yPbydHj4U=</latexit><latexit sha1_base64="Wl9CN7OwbckYVK9CDqg9TTn8K44=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6iXjxGcE0kWcLsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHjRY0FFXddHfFKWfG+v6XV1paXlldK69XNja3tnequ3v3RmWa0JAornQ7xoZyJmlomeW0nWqKRcxpKx5dT/3WI9WGKXlnxymNBB5IljCCrZMecI+hLpPoslet+XV/BvSXBAWpQYFmr/rZ7SuSCSot4diYTuCnNsqxtoxwOql0M0NTTEZ4QDuOSiyoifLZwRN05JQ+SpR2JS2aqT8nciyMGYvYdQpsh2bRm4r/eZ3MJudRzmSaWSrJfFGScWQVmn6P+kxTYvnYEUw0c7ciMsQaE+syqrgQgsWX/5LwpH5RD25Pa42rIo0yHMAhHEMAZ9CAG2hCCAQEPMELvHrae/bevPd5a8krZvbhF7yPbydHj4U=</latexit><latexit sha1_base64="Wl9CN7OwbckYVK9CDqg9TTn8K44=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6iXjxGcE0kWcLsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHjRY0FFXddHfFKWfG+v6XV1paXlldK69XNja3tnequ3v3RmWa0JAornQ7xoZyJmlomeW0nWqKRcxpKx5dT/3WI9WGKXlnxymNBB5IljCCrZMecI+hLpPoslet+XV/BvSXBAWpQYFmr/rZ7SuSCSot4diYTuCnNsqxtoxwOql0M0NTTEZ4QDuOSiyoifLZwRN05JQ+SpR2JS2aqT8nciyMGYvYdQpsh2bRm4r/eZ3MJudRzmSaWSrJfFGScWQVmn6P+kxTYvnYEUw0c7ciMsQaE+syqrgQgsWX/5LwpH5RD25Pa42rIo0yHMAhHEMAZ9CAG2hCCAQEPMELvHrae/bevPd5a8krZvbhF7yPbydHj4U=</latexit><latexit sha1_base64="Wl9CN7OwbckYVK9CDqg9TTn8K44=">AAAB73icbVDLSgNBEOyNrxhfUY9eBoPgKeyKoN6iXjxGcE0kWcLsZDYZMo9lZlYIS77CiwcVr/6ON//GSbIHjRY0FFXddHfFKWfG+v6XV1paXlldK69XNja3tnequ3v3RmWa0JAornQ7xoZyJmlomeW0nWqKRcxpKx5dT/3WI9WGKXlnxymNBB5IljCCrZMecI+hLpPoslet+XV/BvSXBAWpQYFmr/rZ7SuSCSot4diYTuCnNsqxtoxwOql0M0NTTEZ4QDuOSiyoifLZwRN05JQ+SpR2JS2aqT8nciyMGYvYdQpsh2bRm4r/eZ3MJudRzmSaWSrJfFGScWQVmn6P+kxTYvnYEUw0c7ciMsQaE+syqrgQgsWX/5LwpH5RD25Pa42rIo0yHMAhHEMAZ9CAG2hCCAQEPMELvHrae/bevPd5a8krZvbhF7yPbydHj4U=</latexit>

For each  row

R =

2

4
wi1ai1
· · ·

witait

3

5

<latexit sha1_base64="gNcKC2Wny/gowlWdkPJHp0eOYAc="></latexit><latexit sha1_base64="gNcKC2Wny/gowlWdkPJHp0eOYAc="></latexit><latexit sha1_base64="gNcKC2Wny/gowlWdkPJHp0eOYAc="></latexit><latexit sha1_base64="gNcKC2Wny/gowlWdkPJHp0eOYAc="></latexit>

t = (k/✏)2 log(1/�)
<latexit sha1_base64="gXdsB8bdjEUWgnH7s3jwYEi9jN4=">AAACCXicbVA9SwNBEN2L3/Hr1NJmNQixiXdBUAtBtLGMYDSQi2FvM4lL9naP3TkhhNQ2/hUbCxVb/4Gd/8bNR+HXg4HHezPMzItTKSwGwaeXm5qemZ2bX8gvLi2vrPpr61dWZ4ZDlWupTS1mFqRQUEWBEmqpAZbEEq7j7tnQv74DY4VWl9hLoZGwjhJtwRk6qelvIT2mxe5eBKkVUqvdmzKNpO4Uw72oBRLZbtMvBKVgBPqXhBNSIBNUmv5H1NI8S0Ahl8zaehik2Ogzg4JLGOSjzELKeJd1oO6oYgnYRn/0yoDuOKVF29q4UkhH6veJPkus7SWx60wY3trf3lD8z6tn2D5s9IVKMwTFx4vamaSo6TAX2hIGOMqeI4wb4W6l/JYZxtGll3chhL9f/kuq5dJRKbzYL5ycTtKYJ5tkmxRJSA7ICTknFVIlnNyTR/JMXrwH78l79d7GrTlvMrNBfsB7/wJiAJhg</latexit><latexit sha1_base64="gXdsB8bdjEUWgnH7s3jwYEi9jN4=">AAACCXicbVA9SwNBEN2L3/Hr1NJmNQixiXdBUAtBtLGMYDSQi2FvM4lL9naP3TkhhNQ2/hUbCxVb/4Gd/8bNR+HXg4HHezPMzItTKSwGwaeXm5qemZ2bX8gvLi2vrPpr61dWZ4ZDlWupTS1mFqRQUEWBEmqpAZbEEq7j7tnQv74DY4VWl9hLoZGwjhJtwRk6qelvIT2mxe5eBKkVUqvdmzKNpO4Uw72oBRLZbtMvBKVgBPqXhBNSIBNUmv5H1NI8S0Ahl8zaehik2Ogzg4JLGOSjzELKeJd1oO6oYgnYRn/0yoDuOKVF29q4UkhH6veJPkus7SWx60wY3trf3lD8z6tn2D5s9IVKMwTFx4vamaSo6TAX2hIGOMqeI4wb4W6l/JYZxtGll3chhL9f/kuq5dJRKbzYL5ycTtKYJ5tkmxRJSA7ICTknFVIlnNyTR/JMXrwH78l79d7GrTlvMrNBfsB7/wJiAJhg</latexit><latexit sha1_base64="gXdsB8bdjEUWgnH7s3jwYEi9jN4=">AAACCXicbVA9SwNBEN2L3/Hr1NJmNQixiXdBUAtBtLGMYDSQi2FvM4lL9naP3TkhhNQ2/hUbCxVb/4Gd/8bNR+HXg4HHezPMzItTKSwGwaeXm5qemZ2bX8gvLi2vrPpr61dWZ4ZDlWupTS1mFqRQUEWBEmqpAZbEEq7j7tnQv74DY4VWl9hLoZGwjhJtwRk6qelvIT2mxe5eBKkVUqvdmzKNpO4Uw72oBRLZbtMvBKVgBPqXhBNSIBNUmv5H1NI8S0Ahl8zaehik2Ogzg4JLGOSjzELKeJd1oO6oYgnYRn/0yoDuOKVF29q4UkhH6veJPkus7SWx60wY3trf3lD8z6tn2D5s9IVKMwTFx4vamaSo6TAX2hIGOMqeI4wb4W6l/JYZxtGll3chhL9f/kuq5dJRKbzYL5ycTtKYJ5tkmxRJSA7ICTknFVIlnNyTR/JMXrwH78l79d7GrTlvMrNBfsB7/wJiAJhg</latexit><latexit sha1_base64="gXdsB8bdjEUWgnH7s3jwYEi9jN4=">AAACCXicbVA9SwNBEN2L3/Hr1NJmNQixiXdBUAtBtLGMYDSQi2FvM4lL9naP3TkhhNQ2/hUbCxVb/4Gd/8bNR+HXg4HHezPMzItTKSwGwaeXm5qemZ2bX8gvLi2vrPpr61dWZ4ZDlWupTS1mFqRQUEWBEmqpAZbEEq7j7tnQv74DY4VWl9hLoZGwjhJtwRk6qelvIT2mxe5eBKkVUqvdmzKNpO4Uw72oBRLZbtMvBKVgBPqXhBNSIBNUmv5H1NI8S0Ahl8zaehik2Ogzg4JLGOSjzELKeJd1oO6oYgnYRn/0yoDuOKVF29q4UkhH6veJPkus7SWx60wY3trf3lD8z6tn2D5s9IVKMwTFx4vamaSo6TAX2hIGOMqeI4wb4W6l/JYZxtGll3chhL9f/kuq5dJRKbzYL5ycTtKYJ5tkmxRJSA7ICTknFVIlnNyTR/JMXrwH78l79d7GrTlvMrNBfsB7/wJiAJhg</latexit>

t rows will 
stand forV T

k
<latexit sha1_base64="VjhLaYaThjzCobOBwindwJIy3ig=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkVUXMLevEYIZsEkjXMTmaTIbMzy8ysEJZ8gxcPKl79IW/+jZOH4LOgoajqprsrSjnTxvPencLS8srqWnG9tLG5tb1T3t1rapkpQgMiuVTtCGvKmaCBYYbTdqooTiJOW9Hoauq37qjSTIqGGac0TPBAsJgRbKwUNHuj20avXPHcqudXz3z0m/iuN0MFFqj3ym/dviRZQoUhHGvd8b3UhDlWhhFOJ6VupmmKyQgPaMdSgROqw3x27AQdWaWPYqlsCYNm6teJHCdaj5PIdibYDPVPbyr+5XUyE1+EORNpZqgg80VxxpGRaPo56jNFieFjSzBRzN6KyBArTIzNp2RD+PwU/U+CE7fq+jenldrlIo0iHMAhHIMP51CDa6hDAAQY3MMjPDnCeXCenZd5a8FZzOzDNzivH2fFjqA=</latexit><latexit sha1_base64="VjhLaYaThjzCobOBwindwJIy3ig=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkVUXMLevEYIZsEkjXMTmaTIbMzy8ysEJZ8gxcPKl79IW/+jZOH4LOgoajqprsrSjnTxvPencLS8srqWnG9tLG5tb1T3t1rapkpQgMiuVTtCGvKmaCBYYbTdqooTiJOW9Hoauq37qjSTIqGGac0TPBAsJgRbKwUNHuj20avXPHcqudXz3z0m/iuN0MFFqj3ym/dviRZQoUhHGvd8b3UhDlWhhFOJ6VupmmKyQgPaMdSgROqw3x27AQdWaWPYqlsCYNm6teJHCdaj5PIdibYDPVPbyr+5XUyE1+EORNpZqgg80VxxpGRaPo56jNFieFjSzBRzN6KyBArTIzNp2RD+PwU/U+CE7fq+jenldrlIo0iHMAhHIMP51CDa6hDAAQY3MMjPDnCeXCenZd5a8FZzOzDNzivH2fFjqA=</latexit><latexit sha1_base64="VjhLaYaThjzCobOBwindwJIy3ig=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkVUXMLevEYIZsEkjXMTmaTIbMzy8ysEJZ8gxcPKl79IW/+jZOH4LOgoajqprsrSjnTxvPencLS8srqWnG9tLG5tb1T3t1rapkpQgMiuVTtCGvKmaCBYYbTdqooTiJOW9Hoauq37qjSTIqGGac0TPBAsJgRbKwUNHuj20avXPHcqudXz3z0m/iuN0MFFqj3ym/dviRZQoUhHGvd8b3UhDlWhhFOJ6VupmmKyQgPaMdSgROqw3x27AQdWaWPYqlsCYNm6teJHCdaj5PIdibYDPVPbyr+5XUyE1+EORNpZqgg80VxxpGRaPo56jNFieFjSzBRzN6KyBArTIzNp2RD+PwU/U+CE7fq+jenldrlIo0iHMAhHIMP51CDa6hDAAQY3MMjPDnCeXCenZd5a8FZzOzDNzivH2fFjqA=</latexit><latexit sha1_base64="VjhLaYaThjzCobOBwindwJIy3ig=">AAAB63icdVDLSgNBEOyNrxhfUY9eBoPgadkVUXMLevEYIZsEkjXMTmaTIbMzy8ysEJZ8gxcPKl79IW/+jZOH4LOgoajqprsrSjnTxvPencLS8srqWnG9tLG5tb1T3t1rapkpQgMiuVTtCGvKmaCBYYbTdqooTiJOW9Hoauq37qjSTIqGGac0TPBAsJgRbKwUNHuj20avXPHcqudXz3z0m/iuN0MFFqj3ym/dviRZQoUhHGvd8b3UhDlWhhFOJ6VupmmKyQgPaMdSgROqw3x27AQdWaWPYqlsCYNm6teJHCdaj5PIdibYDPVPbyr+5XUyE1+EORNpZqgg80VxxpGRaPo56jNFieFjSzBRzN6KyBArTIzNp2RD+PwU/U+CE7fq+jenldrlIo0iHMAhHIMP51CDa6hDAAQY3MMjPDnCeXCenZd5a8FZzOzDNzivH2fFjqA=</latexit>

Select t rows and form R, with probability 
proportional to wi

<latexit sha1_base64="Vtzg9GbtySqzvdnKWft76fd/OD0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpl262YTdiVJCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4PfGbj1wbkah7HKU8iGlfiUgwila6e+qKbqXq1twpyCLxClKFAo1u5avTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5NNTx+TYKj0SJdqWQjJVf0/kNDZmFIe2M6Y4MPPeRPzPa2cYXQS5UGmGXLHZoiiTBBMy+Zv0hOYM5cgSyrSwtxI2oJoytOmUbQje/MuLxD+tXda827Nq/apIowSHcAQn4ME51OEGGuADgz48wyu8OdJ5cd6dj1nrklPMHMAfOJ8/zJiNqw==</latexit><latexit sha1_base64="Vtzg9GbtySqzvdnKWft76fd/OD0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpl262YTdiVJCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4PfGbj1wbkah7HKU8iGlfiUgwila6e+qKbqXq1twpyCLxClKFAo1u5avTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5NNTx+TYKj0SJdqWQjJVf0/kNDZmFIe2M6Y4MPPeRPzPa2cYXQS5UGmGXLHZoiiTBBMy+Zv0hOYM5cgSyrSwtxI2oJoytOmUbQje/MuLxD+tXda827Nq/apIowSHcAQn4ME51OEGGuADgz48wyu8OdJ5cd6dj1nrklPMHMAfOJ8/zJiNqw==</latexit><latexit sha1_base64="Vtzg9GbtySqzvdnKWft76fd/OD0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpl262YTdiVJCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4PfGbj1wbkah7HKU8iGlfiUgwila6e+qKbqXq1twpyCLxClKFAo1u5avTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5NNTx+TYKj0SJdqWQjJVf0/kNDZmFIe2M6Y4MPPeRPzPa2cYXQS5UGmGXLHZoiiTBBMy+Zv0hOYM5cgSyrSwtxI2oJoytOmUbQje/MuLxD+tXda827Nq/apIowSHcAQn4ME51OEGGuADgz48wyu8OdJ5cd6dj1nrklPMHMAfOJ8/zJiNqw==</latexit><latexit sha1_base64="Vtzg9GbtySqzvdnKWft76fd/OD0=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWNFYwttKJvtpl262YTdiVJCf4IXDype/Ufe/Ddu2xy09cHA470ZZuaFqRQGXffbWVpeWV1bL22UN7e2d3Yre/sPJsk04z5LZKJbITVcCsV9FCh5K9WcxqHkzXB4PfGbj1wbkah7HKU8iGlfiUgwila6e+qKbqXq1twpyCLxClKFAo1u5avTS1gWc4VMUmPanptikFONgkk+Lncyw1PKhrTP25YqGnMT5NNTx+TYKj0SJdqWQjJVf0/kNDZmFIe2M6Y4MPPeRPzPa2cYXQS5UGmGXLHZoiiTBBMy+Zv0hOYM5cgSyrSwtxI2oJoytOmUbQje/MuLxD+tXda827Nq/apIowSHcAQn4ME51OEGGuADgz48wyu8OdJ5cd6dj1nrklPMHMAfOJ8/zJiNqw==</latexit>

Compute wi = kaik2
<latexit sha1_base64="ToYCMpw7RjBAmKGFMOrVXqeJSVI=">AAAB93icbVBNS8NAEJ34WetHox69LBbBU0mKoB6EohePFYwtNDFstpt26eaD3Y1S0/4SLx5UvPpXvPlv3LY5aOuDgcd7M8zMC1LOpLKsb2NpeWV1bb20Ud7c2t6pmLt7dzLJBKEOSXgi2gGWlLOYOoopTtupoDgKOG0Fg6uJ33qgQrIkvlXDlHoR7sUsZAQrLflm5dFn6AK5I+wzd3Rf982qVbOmQIvELkgVCjR988vtJiSLaKwIx1J2bCtVXo6FYoTTcdnNJE0xGeAe7Wga44hKL58ePkZHWumiMBG6YoWm6u+JHEdSDqNAd0ZY9eW8NxH/8zqZCs+8nMVppmhMZovCjCOVoEkKqMsEJYoPNcFEMH0rIn0sMFE6q7IOwZ5/eZE49dp5zb45qTYuizRKcACHcAw2nEIDrqEJDhDI4Ble4c14Ml6Md+Nj1rpkFDP78AfG5w8HCJI6</latexit><latexit sha1_base64="ToYCMpw7RjBAmKGFMOrVXqeJSVI=">AAAB93icbVBNS8NAEJ34WetHox69LBbBU0mKoB6EohePFYwtNDFstpt26eaD3Y1S0/4SLx5UvPpXvPlv3LY5aOuDgcd7M8zMC1LOpLKsb2NpeWV1bb20Ud7c2t6pmLt7dzLJBKEOSXgi2gGWlLOYOoopTtupoDgKOG0Fg6uJ33qgQrIkvlXDlHoR7sUsZAQrLflm5dFn6AK5I+wzd3Rf982qVbOmQIvELkgVCjR988vtJiSLaKwIx1J2bCtVXo6FYoTTcdnNJE0xGeAe7Wga44hKL58ePkZHWumiMBG6YoWm6u+JHEdSDqNAd0ZY9eW8NxH/8zqZCs+8nMVppmhMZovCjCOVoEkKqMsEJYoPNcFEMH0rIn0sMFE6q7IOwZ5/eZE49dp5zb45qTYuizRKcACHcAw2nEIDrqEJDhDI4Ble4c14Ml6Md+Nj1rpkFDP78AfG5w8HCJI6</latexit><latexit sha1_base64="ToYCMpw7RjBAmKGFMOrVXqeJSVI=">AAAB93icbVBNS8NAEJ34WetHox69LBbBU0mKoB6EohePFYwtNDFstpt26eaD3Y1S0/4SLx5UvPpXvPlv3LY5aOuDgcd7M8zMC1LOpLKsb2NpeWV1bb20Ud7c2t6pmLt7dzLJBKEOSXgi2gGWlLOYOoopTtupoDgKOG0Fg6uJ33qgQrIkvlXDlHoR7sUsZAQrLflm5dFn6AK5I+wzd3Rf982qVbOmQIvELkgVCjR988vtJiSLaKwIx1J2bCtVXo6FYoTTcdnNJE0xGeAe7Wga44hKL58ePkZHWumiMBG6YoWm6u+JHEdSDqNAd0ZY9eW8NxH/8zqZCs+8nMVppmhMZovCjCOVoEkKqMsEJYoPNcFEMH0rIn0sMFE6q7IOwZ5/eZE49dp5zb45qTYuizRKcACHcAw2nEIDrqEJDhDI4Ble4c14Ml6Md+Nj1rpkFDP78AfG5w8HCJI6</latexit><latexit sha1_base64="ToYCMpw7RjBAmKGFMOrVXqeJSVI=">AAAB93icbVBNS8NAEJ34WetHox69LBbBU0mKoB6EohePFYwtNDFstpt26eaD3Y1S0/4SLx5UvPpXvPlv3LY5aOuDgcd7M8zMC1LOpLKsb2NpeWV1bb20Ud7c2t6pmLt7dzLJBKEOSXgi2gGWlLOYOoopTtupoDgKOG0Fg6uJ33qgQrIkvlXDlHoR7sUsZAQrLflm5dFn6AK5I+wzd3Rf982qVbOmQIvELkgVCjR988vtJiSLaKwIx1J2bCtVXo6FYoTTcdnNJE0xGeAe7Wga44hKL58ePkZHWumiMBG6YoWm6u+JHEdSDqNAd0ZY9eW8NxH/8zqZCs+8nMVppmhMZovCjCOVoEkKqMsEJYoPNcFEMH0rIn0sMFE6q7IOwZ5/eZE49dp5zb45qTYuizRKcACHcAw2nEIDrqEJDhDI4Ble4c14Ml6Md+Nj1rpkFDP78AfG5w8HCJI6</latexit>



Row sampling

However

has orthogonal columns but R does not… Vk
<latexit sha1_base64="JnKgvZlxGY9etZqzpYf5C3poSpU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivdP/ZGvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjAM7zCmyOcF+fd+Zi3lpxi5hD+wPn8AZ15jYw=</latexit><latexit sha1_base64="JnKgvZlxGY9etZqzpYf5C3poSpU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivdP/ZGvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjAM7zCmyOcF+fd+Zi3lpxi5hD+wPn8AZ15jYw=</latexit><latexit sha1_base64="JnKgvZlxGY9etZqzpYf5C3poSpU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivdP/ZGvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjAM7zCmyOcF+fd+Zi3lpxi5hD+wPn8AZ15jYw=</latexit><latexit sha1_base64="JnKgvZlxGY9etZqzpYf5C3poSpU=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsJ+3SzSbsboQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTAXXxnW/ndLK6tr6RnmzsrW9s7tX3T941EmmGPosEYlqh1Sj4BJ9w43AdqqQxqHAVji6mfqtJ1SaJ/LBjFMMYjqQPOKMGivdP/ZGvWrNrbszkGXiFaQGBZq96le3n7AsRmmYoFp3PDc1QU6V4UzgpNLNNKaUjegAO5ZKGqMO8tmpE3JilT6JEmVLGjJTf0/kNNZ6HIe2M6ZmqBe9qfif18lMdBnkXKaZQcnmi6JMEJOQ6d+kzxUyI8aWUKa4vZWwIVWUGZtOxYbgLb68TPyz+lXduzuvNa6LNMpwBMdwCh5cQANuoQk+MBjAM7zCmyOcF+fd+Zi3lpxi5hD+wPn8AZ15jYw=</latexit>

Solution: orthogonalize R, using a projection matrix

⇧R = RT (RRT )�1R
<latexit sha1_base64="ed/Is8RFqXhAf+nmLqdpydhMaOw=">AAAB/3icbVC7TsMwFHXKq5RXgIGBxaJCKgNVgpCAAamChbFEDa3UppHjuq1Vx4lsB6mKsvArLAyAWPkNNv4Gt80ALUe6V0fn3Cv7niBmVCrL+jYKS8srq2vF9dLG5tb2jrm79yCjRGDi4ohFohUgSRjlxFVUMdKKBUFhwEgzGN1O/OYjEZJGvKHGMfFCNOC0TzFSWvLNg06d+g68hk63UXF0O+mmp3bm+GbZqlpTwEVi56QMctR986vTi3ASEq4wQ1K2bStWXoqEopiRrNRJJIkRHqEBaWvKUUikl04PyOCxVnqwHwldXMGp+nsjRaGU4zDQkyFSQznvTcT/vHai+pdeSnmcKMLx7KF+wqCK4CQN2KOCYMXGmiAsqP4rxEMkEFY6s5IOwZ4/eZG4Z9Wrqn1/Xq7d5GkUwSE4AhVggwtQA3egDlyAQQaewSt4M56MF+Pd+JiNFox8Zx/8gfH5AxRqlFk=</latexit><latexit sha1_base64="ed/Is8RFqXhAf+nmLqdpydhMaOw=">AAAB/3icbVC7TsMwFHXKq5RXgIGBxaJCKgNVgpCAAamChbFEDa3UppHjuq1Vx4lsB6mKsvArLAyAWPkNNv4Gt80ALUe6V0fn3Cv7niBmVCrL+jYKS8srq2vF9dLG5tb2jrm79yCjRGDi4ohFohUgSRjlxFVUMdKKBUFhwEgzGN1O/OYjEZJGvKHGMfFCNOC0TzFSWvLNg06d+g68hk63UXF0O+mmp3bm+GbZqlpTwEVi56QMctR986vTi3ASEq4wQ1K2bStWXoqEopiRrNRJJIkRHqEBaWvKUUikl04PyOCxVnqwHwldXMGp+nsjRaGU4zDQkyFSQznvTcT/vHai+pdeSnmcKMLx7KF+wqCK4CQN2KOCYMXGmiAsqP4rxEMkEFY6s5IOwZ4/eZG4Z9Wrqn1/Xq7d5GkUwSE4AhVggwtQA3egDlyAQQaewSt4M56MF+Pd+JiNFox8Zx/8gfH5AxRqlFk=</latexit><latexit sha1_base64="ed/Is8RFqXhAf+nmLqdpydhMaOw=">AAAB/3icbVC7TsMwFHXKq5RXgIGBxaJCKgNVgpCAAamChbFEDa3UppHjuq1Vx4lsB6mKsvArLAyAWPkNNv4Gt80ALUe6V0fn3Cv7niBmVCrL+jYKS8srq2vF9dLG5tb2jrm79yCjRGDi4ohFohUgSRjlxFVUMdKKBUFhwEgzGN1O/OYjEZJGvKHGMfFCNOC0TzFSWvLNg06d+g68hk63UXF0O+mmp3bm+GbZqlpTwEVi56QMctR986vTi3ASEq4wQ1K2bStWXoqEopiRrNRJJIkRHqEBaWvKUUikl04PyOCxVnqwHwldXMGp+nsjRaGU4zDQkyFSQznvTcT/vHai+pdeSnmcKMLx7KF+wqCK4CQN2KOCYMXGmiAsqP4rxEMkEFY6s5IOwZ4/eZG4Z9Wrqn1/Xq7d5GkUwSE4AhVggwtQA3egDlyAQQaewSt4M56MF+Pd+JiNFox8Zx/8gfH5AxRqlFk=</latexit><latexit sha1_base64="ed/Is8RFqXhAf+nmLqdpydhMaOw=">AAAB/3icbVC7TsMwFHXKq5RXgIGBxaJCKgNVgpCAAamChbFEDa3UppHjuq1Vx4lsB6mKsvArLAyAWPkNNv4Gt80ALUe6V0fn3Cv7niBmVCrL+jYKS8srq2vF9dLG5tb2jrm79yCjRGDi4ohFohUgSRjlxFVUMdKKBUFhwEgzGN1O/OYjEZJGvKHGMfFCNOC0TzFSWvLNg06d+g68hk63UXF0O+mmp3bm+GbZqlpTwEVi56QMctR986vTi3ASEq4wQ1K2bStWXoqEopiRrNRJJIkRHqEBaWvKUUikl04PyOCxVnqwHwldXMGp+nsjRaGU4zDQkyFSQznvTcT/vHai+pdeSnmcKMLx7KF+wqCK4CQN2KOCYMXGmiAsqP4rxEMkEFY6s5IOwZ4/eZG4Z9Wrqn1/Xq7d5GkUwSE4AhVggwtQA3egDlyAQQaewSt4M56MF+Pd+JiNFox8Zx/8gfH5AxRqlFk=</latexit>

AR = A⇧R
<latexit sha1_base64="/UWdF50WCH0iTALrYUZZROOFOLo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9CqxePtRhbaELYbDft0s0m7G6EEvo3vHhQ8eqv8ea/cdvmoK0PBh7vzTAzL0w5U9q2v63Syura+kZ5s7K1vbO7V90/eFRJJgl1ScIT2Q2xopwJ6mqmOe2mkuI45LQTjm6nfueJSsUS8aDHKfVjPBAsYgRrI3nNoI2uUdNrsaAdVGt23Z4BLROnIDUo0AqqX14/IVlMhSYcK9Vz7FT7OZaaEU4nFS9TNMVkhAe0Z6jAMVV+Prt5gk6M0kdRIk0JjWbq74kcx0qN49B0xlgP1aI3Ff/zepmOLv2ciTTTVJD5oijjSCdoGgDqM0mJ5mNDMJHM3IrIEEtMtImpYkJwFl9eJu5Z/aru3J/XGjdFGmU4gmM4BQcuoAF30AIXCKTwDK/wZmXWi/VufcxbS1Yxcwh/YH3+AILGkDw=</latexit><latexit sha1_base64="/UWdF50WCH0iTALrYUZZROOFOLo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9CqxePtRhbaELYbDft0s0m7G6EEvo3vHhQ8eqv8ea/cdvmoK0PBh7vzTAzL0w5U9q2v63Syura+kZ5s7K1vbO7V90/eFRJJgl1ScIT2Q2xopwJ6mqmOe2mkuI45LQTjm6nfueJSsUS8aDHKfVjPBAsYgRrI3nNoI2uUdNrsaAdVGt23Z4BLROnIDUo0AqqX14/IVlMhSYcK9Vz7FT7OZaaEU4nFS9TNMVkhAe0Z6jAMVV+Prt5gk6M0kdRIk0JjWbq74kcx0qN49B0xlgP1aI3Ff/zepmOLv2ciTTTVJD5oijjSCdoGgDqM0mJ5mNDMJHM3IrIEEtMtImpYkJwFl9eJu5Z/aru3J/XGjdFGmU4gmM4BQcuoAF30AIXCKTwDK/wZmXWi/VufcxbS1Yxcwh/YH3+AILGkDw=</latexit><latexit sha1_base64="/UWdF50WCH0iTALrYUZZROOFOLo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9CqxePtRhbaELYbDft0s0m7G6EEvo3vHhQ8eqv8ea/cdvmoK0PBh7vzTAzL0w5U9q2v63Syura+kZ5s7K1vbO7V90/eFRJJgl1ScIT2Q2xopwJ6mqmOe2mkuI45LQTjm6nfueJSsUS8aDHKfVjPBAsYgRrI3nNoI2uUdNrsaAdVGt23Z4BLROnIDUo0AqqX14/IVlMhSYcK9Vz7FT7OZaaEU4nFS9TNMVkhAe0Z6jAMVV+Prt5gk6M0kdRIk0JjWbq74kcx0qN49B0xlgP1aI3Ff/zepmOLv2ciTTTVJD5oijjSCdoGgDqM0mJ5mNDMJHM3IrIEEtMtImpYkJwFl9eJu5Z/aru3J/XGjdFGmU4gmM4BQcuoAF30AIXCKTwDK/wZmXWi/VufcxbS1Yxcwh/YH3+AILGkDw=</latexit><latexit sha1_base64="/UWdF50WCH0iTALrYUZZROOFOLo=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUA9CqxePtRhbaELYbDft0s0m7G6EEvo3vHhQ8eqv8ea/cdvmoK0PBh7vzTAzL0w5U9q2v63Syura+kZ5s7K1vbO7V90/eFRJJgl1ScIT2Q2xopwJ6mqmOe2mkuI45LQTjm6nfueJSsUS8aDHKfVjPBAsYgRrI3nNoI2uUdNrsaAdVGt23Z4BLROnIDUo0AqqX14/IVlMhSYcK9Vz7FT7OZaaEU4nFS9TNMVkhAe0Z6jAMVV+Prt5gk6M0kdRIk0JjWbq74kcx0qN49B0xlgP1aI3Ff/zepmOLv2ciTTTVJD5oijjSCdoGgDqM0mJ5mNDMJHM3IrIEEtMtImpYkJwFl9eJu5Z/aru3J/XGjdFGmU4gmM4BQcuoAF30AIXCKTwDK/wZmXWi/VufcxbS1Yxcwh/YH3+AILGkDw=</latexit>

Projection of A 
onto the 
subspace of R



Row sampling

P (kA�A⇧RkF  kA�AkkF + ✏kAkF ) � 1� �
<latexit sha1_base64="YeHrYCMoNCOUK7rHZi/W4lu8I1I="></latexit><latexit sha1_base64="YeHrYCMoNCOUK7rHZi/W4lu8I1I="></latexit><latexit sha1_base64="YeHrYCMoNCOUK7rHZi/W4lu8I1I="></latexit><latexit sha1_base64="YeHrYCMoNCOUK7rHZi/W4lu8I1I="></latexit>

R =

2

4
wi1ai1
· · ·

witait

3

5

<latexit sha1_base64="gNcKC2Wny/gowlWdkPJHp0eOYAc="></latexit><latexit sha1_base64="gNcKC2Wny/gowlWdkPJHp0eOYAc="></latexit><latexit sha1_base64="gNcKC2Wny/gowlWdkPJHp0eOYAc="></latexit><latexit sha1_base64="gNcKC2Wny/gowlWdkPJHp0eOYAc="></latexit>

t = (k/✏)2 log(1/�)
<latexit sha1_base64="gXdsB8bdjEUWgnH7s3jwYEi9jN4=">AAACCXicbVA9SwNBEN2L3/Hr1NJmNQixiXdBUAtBtLGMYDSQi2FvM4lL9naP3TkhhNQ2/hUbCxVb/4Gd/8bNR+HXg4HHezPMzItTKSwGwaeXm5qemZ2bX8gvLi2vrPpr61dWZ4ZDlWupTS1mFqRQUEWBEmqpAZbEEq7j7tnQv74DY4VWl9hLoZGwjhJtwRk6qelvIT2mxe5eBKkVUqvdmzKNpO4Uw72oBRLZbtMvBKVgBPqXhBNSIBNUmv5H1NI8S0Ahl8zaehik2Ogzg4JLGOSjzELKeJd1oO6oYgnYRn/0yoDuOKVF29q4UkhH6veJPkus7SWx60wY3trf3lD8z6tn2D5s9IVKMwTFx4vamaSo6TAX2hIGOMqeI4wb4W6l/JYZxtGll3chhL9f/kuq5dJRKbzYL5ycTtKYJ5tkmxRJSA7ICTknFVIlnNyTR/JMXrwH78l79d7GrTlvMrNBfsB7/wJiAJhg</latexit><latexit sha1_base64="gXdsB8bdjEUWgnH7s3jwYEi9jN4=">AAACCXicbVA9SwNBEN2L3/Hr1NJmNQixiXdBUAtBtLGMYDSQi2FvM4lL9naP3TkhhNQ2/hUbCxVb/4Gd/8bNR+HXg4HHezPMzItTKSwGwaeXm5qemZ2bX8gvLi2vrPpr61dWZ4ZDlWupTS1mFqRQUEWBEmqpAZbEEq7j7tnQv74DY4VWl9hLoZGwjhJtwRk6qelvIT2mxe5eBKkVUqvdmzKNpO4Uw72oBRLZbtMvBKVgBPqXhBNSIBNUmv5H1NI8S0Ahl8zaehik2Ogzg4JLGOSjzELKeJd1oO6oYgnYRn/0yoDuOKVF29q4UkhH6veJPkus7SWx60wY3trf3lD8z6tn2D5s9IVKMwTFx4vamaSo6TAX2hIGOMqeI4wb4W6l/JYZxtGll3chhL9f/kuq5dJRKbzYL5ycTtKYJ5tkmxRJSA7ICTknFVIlnNyTR/JMXrwH78l79d7GrTlvMrNBfsB7/wJiAJhg</latexit><latexit sha1_base64="gXdsB8bdjEUWgnH7s3jwYEi9jN4=">AAACCXicbVA9SwNBEN2L3/Hr1NJmNQixiXdBUAtBtLGMYDSQi2FvM4lL9naP3TkhhNQ2/hUbCxVb/4Gd/8bNR+HXg4HHezPMzItTKSwGwaeXm5qemZ2bX8gvLi2vrPpr61dWZ4ZDlWupTS1mFqRQUEWBEmqpAZbEEq7j7tnQv74DY4VWl9hLoZGwjhJtwRk6qelvIT2mxe5eBKkVUqvdmzKNpO4Uw72oBRLZbtMvBKVgBPqXhBNSIBNUmv5H1NI8S0Ahl8zaehik2Ogzg4JLGOSjzELKeJd1oO6oYgnYRn/0yoDuOKVF29q4UkhH6veJPkus7SWx60wY3trf3lD8z6tn2D5s9IVKMwTFx4vamaSo6TAX2hIGOMqeI4wb4W6l/JYZxtGll3chhL9f/kuq5dJRKbzYL5ycTtKYJ5tkmxRJSA7ICTknFVIlnNyTR/JMXrwH78l79d7GrTlvMrNBfsB7/wJiAJhg</latexit><latexit sha1_base64="gXdsB8bdjEUWgnH7s3jwYEi9jN4=">AAACCXicbVA9SwNBEN2L3/Hr1NJmNQixiXdBUAtBtLGMYDSQi2FvM4lL9naP3TkhhNQ2/hUbCxVb/4Gd/8bNR+HXg4HHezPMzItTKSwGwaeXm5qemZ2bX8gvLi2vrPpr61dWZ4ZDlWupTS1mFqRQUEWBEmqpAZbEEq7j7tnQv74DY4VWl9hLoZGwjhJtwRk6qelvIT2mxe5eBKkVUqvdmzKNpO4Uw72oBRLZbtMvBKVgBPqXhBNSIBNUmv5H1NI8S0Ahl8zaehik2Ogzg4JLGOSjzELKeJd1oO6oYgnYRn/0yoDuOKVF29q4UkhH6veJPkus7SWx60wY3trf3lD8z6tn2D5s9IVKMwTFx4vamaSo6TAX2hIGOMqeI4wb4W6l/JYZxtGll3chhL9f/kuq5dJRKbzYL5ycTtKYJ5tkmxRJSA7ICTknFVIlnNyTR/JMXrwH78l79d7GrTlvMrNBfsB7/wJiAJhg</latexit>

⇧R = RT (RRT )�1R
<latexit sha1_base64="ed/Is8RFqXhAf+nmLqdpydhMaOw=">AAAB/3icbVC7TsMwFHXKq5RXgIGBxaJCKgNVgpCAAamChbFEDa3UppHjuq1Vx4lsB6mKsvArLAyAWPkNNv4Gt80ALUe6V0fn3Cv7niBmVCrL+jYKS8srq2vF9dLG5tb2jrm79yCjRGDi4ohFohUgSRjlxFVUMdKKBUFhwEgzGN1O/OYjEZJGvKHGMfFCNOC0TzFSWvLNg06d+g68hk63UXF0O+mmp3bm+GbZqlpTwEVi56QMctR986vTi3ASEq4wQ1K2bStWXoqEopiRrNRJJIkRHqEBaWvKUUikl04PyOCxVnqwHwldXMGp+nsjRaGU4zDQkyFSQznvTcT/vHai+pdeSnmcKMLx7KF+wqCK4CQN2KOCYMXGmiAsqP4rxEMkEFY6s5IOwZ4/eZG4Z9Wrqn1/Xq7d5GkUwSE4AhVggwtQA3egDlyAQQaewSt4M56MF+Pd+JiNFox8Zx/8gfH5AxRqlFk=</latexit><latexit sha1_base64="ed/Is8RFqXhAf+nmLqdpydhMaOw=">AAAB/3icbVC7TsMwFHXKq5RXgIGBxaJCKgNVgpCAAamChbFEDa3UppHjuq1Vx4lsB6mKsvArLAyAWPkNNv4Gt80ALUe6V0fn3Cv7niBmVCrL+jYKS8srq2vF9dLG5tb2jrm79yCjRGDi4ohFohUgSRjlxFVUMdKKBUFhwEgzGN1O/OYjEZJGvKHGMfFCNOC0TzFSWvLNg06d+g68hk63UXF0O+mmp3bm+GbZqlpTwEVi56QMctR986vTi3ASEq4wQ1K2bStWXoqEopiRrNRJJIkRHqEBaWvKUUikl04PyOCxVnqwHwldXMGp+nsjRaGU4zDQkyFSQznvTcT/vHai+pdeSnmcKMLx7KF+wqCK4CQN2KOCYMXGmiAsqP4rxEMkEFY6s5IOwZ4/eZG4Z9Wrqn1/Xq7d5GkUwSE4AhVggwtQA3egDlyAQQaewSt4M56MF+Pd+JiNFox8Zx/8gfH5AxRqlFk=</latexit><latexit sha1_base64="ed/Is8RFqXhAf+nmLqdpydhMaOw=">AAAB/3icbVC7TsMwFHXKq5RXgIGBxaJCKgNVgpCAAamChbFEDa3UppHjuq1Vx4lsB6mKsvArLAyAWPkNNv4Gt80ALUe6V0fn3Cv7niBmVCrL+jYKS8srq2vF9dLG5tb2jrm79yCjRGDi4ohFohUgSRjlxFVUMdKKBUFhwEgzGN1O/OYjEZJGvKHGMfFCNOC0TzFSWvLNg06d+g68hk63UXF0O+mmp3bm+GbZqlpTwEVi56QMctR986vTi3ASEq4wQ1K2bStWXoqEopiRrNRJJIkRHqEBaWvKUUikl04PyOCxVnqwHwldXMGp+nsjRaGU4zDQkyFSQznvTcT/vHai+pdeSnmcKMLx7KF+wqCK4CQN2KOCYMXGmiAsqP4rxEMkEFY6s5IOwZ4/eZG4Z9Wrqn1/Xq7d5GkUwSE4AhVggwtQA3egDlyAQQaewSt4M56MF+Pd+JiNFox8Zx/8gfH5AxRqlFk=</latexit><latexit sha1_base64="ed/Is8RFqXhAf+nmLqdpydhMaOw=">AAAB/3icbVC7TsMwFHXKq5RXgIGBxaJCKgNVgpCAAamChbFEDa3UppHjuq1Vx4lsB6mKsvArLAyAWPkNNv4Gt80ALUe6V0fn3Cv7niBmVCrL+jYKS8srq2vF9dLG5tb2jrm79yCjRGDi4ohFohUgSRjlxFVUMdKKBUFhwEgzGN1O/OYjEZJGvKHGMfFCNOC0TzFSWvLNg06d+g68hk63UXF0O+mmp3bm+GbZqlpTwEVi56QMctR986vTi3ASEq4wQ1K2bStWXoqEopiRrNRJJIkRHqEBaWvKUUikl04PyOCxVnqwHwldXMGp+nsjRaGU4zDQkyFSQznvTcT/vHai+pdeSnmcKMLx7KF+wqCK4CQN2KOCYMXGmiAsqP4rxEMkEFY6s5IOwZ4/eZG4Z9Wrqn1/Xq7d5GkUwSE4AhVggwtQA3egDlyAQQaewSt4M56MF+Pd+JiNFox8Zx/8gfH5AxRqlFk=</latexit>

Remember:

It can be proven:

Alan Frieze, Ravi Kannan, and Santosh Vempala. Fast Monte-Carlo algorithms for finding low-rank approximations. In Foundations 
of Computer Science, 1998. Proceedings. 39th Annual Symposium on. IEEE, 1998



Row sampling

We can sample columns or columns and rows

A ⇡ CUR
<latexit sha1_base64="2F/zJ64fJlDW7Y2w6D97QFXgMkk=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/WGcvGIxhUS2JBu6UJDt13bLpFs+B1ePKjx6p/x5r+xwB4UfckkL+/NZGZemHCmjet+OYWl5ZXVteJ6aWNza3unvLt3r2WqCPWJ5FK1QqwpZ4L6hhlOW4miOA45bYbD+tRvjqjSTIo7M05oEOO+YBEj2FgpuEQdnCRKPqK6f9stV9yqOwP6S7ycVCBHo1v+7PQkSWMqDOFY67bnJibIsDKMcDopdVJNE0yGuE/blgocUx1ks6Mn6MgqPRRJZUsYNFN/TmQ41noch7YzxmagF72p+J/XTk10HmRMJKmhgswXRSlHRqJpAqjHFCWGjy3BRDF7KyIDrDAxNqeSDcFbfPkv8U+qF1Xv5rRSu8rTKMIBHMIxeHAGNbiGBvhA4AGe4AVenZHz7Lw57/PWgpPP7MMvOB/fE2mRMQ==</latexit><latexit sha1_base64="2F/zJ64fJlDW7Y2w6D97QFXgMkk=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/WGcvGIxhUS2JBu6UJDt13bLpFs+B1ePKjx6p/x5r+xwB4UfckkL+/NZGZemHCmjet+OYWl5ZXVteJ6aWNza3unvLt3r2WqCPWJ5FK1QqwpZ4L6hhlOW4miOA45bYbD+tRvjqjSTIo7M05oEOO+YBEj2FgpuEQdnCRKPqK6f9stV9yqOwP6S7ycVCBHo1v+7PQkSWMqDOFY67bnJibIsDKMcDopdVJNE0yGuE/blgocUx1ks6Mn6MgqPRRJZUsYNFN/TmQ41noch7YzxmagF72p+J/XTk10HmRMJKmhgswXRSlHRqJpAqjHFCWGjy3BRDF7KyIDrDAxNqeSDcFbfPkv8U+qF1Xv5rRSu8rTKMIBHMIxeHAGNbiGBvhA4AGe4AVenZHz7Lw57/PWgpPP7MMvOB/fE2mRMQ==</latexit><latexit sha1_base64="2F/zJ64fJlDW7Y2w6D97QFXgMkk=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/WGcvGIxhUS2JBu6UJDt13bLpFs+B1ePKjx6p/x5r+xwB4UfckkL+/NZGZemHCmjet+OYWl5ZXVteJ6aWNza3unvLt3r2WqCPWJ5FK1QqwpZ4L6hhlOW4miOA45bYbD+tRvjqjSTIo7M05oEOO+YBEj2FgpuEQdnCRKPqK6f9stV9yqOwP6S7ycVCBHo1v+7PQkSWMqDOFY67bnJibIsDKMcDopdVJNE0yGuE/blgocUx1ks6Mn6MgqPRRJZUsYNFN/TmQ41noch7YzxmagF72p+J/XTk10HmRMJKmhgswXRSlHRqJpAqjHFCWGjy3BRDF7KyIDrDAxNqeSDcFbfPkv8U+qF1Xv5rRSu8rTKMIBHMIxeHAGNbiGBvhA4AGe4AVenZHz7Lw57/PWgpPP7MMvOB/fE2mRMQ==</latexit><latexit sha1_base64="2F/zJ64fJlDW7Y2w6D97QFXgMkk=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/WGcvGIxhUS2JBu6UJDt13bLpFs+B1ePKjx6p/x5r+xwB4UfckkL+/NZGZemHCmjet+OYWl5ZXVteJ6aWNza3unvLt3r2WqCPWJ5FK1QqwpZ4L6hhlOW4miOA45bYbD+tRvjqjSTIo7M05oEOO+YBEj2FgpuEQdnCRKPqK6f9stV9yqOwP6S7ycVCBHo1v+7PQkSWMqDOFY67bnJibIsDKMcDopdVJNE0yGuE/blgocUx1ks6Mn6MgqPRRJZUsYNFN/TmQ41noch7YzxmagF72p+J/XTk10HmRMJKmhgswXRSlHRqJpAqjHFCWGjy3BRDF7KyIDrDAxNqeSDcFbfPkv8U+qF1Xv5rRSu8rTKMIBHMIxeHAGNbiGBvhA4AGe4AVenZHz7Lw57/PWgpPP7MMvOB/fE2mRMQ==</latexit>

Sampled 
columns

Sampled 
rows



Row sampling: CUR 
decomposition

A ⇡ CUR
<latexit sha1_base64="2F/zJ64fJlDW7Y2w6D97QFXgMkk=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/WGcvGIxhUS2JBu6UJDt13bLpFs+B1ePKjx6p/x5r+xwB4UfckkL+/NZGZemHCmjet+OYWl5ZXVteJ6aWNza3unvLt3r2WqCPWJ5FK1QqwpZ4L6hhlOW4miOA45bYbD+tRvjqjSTIo7M05oEOO+YBEj2FgpuEQdnCRKPqK6f9stV9yqOwP6S7ycVCBHo1v+7PQkSWMqDOFY67bnJibIsDKMcDopdVJNE0yGuE/blgocUx1ks6Mn6MgqPRRJZUsYNFN/TmQ41noch7YzxmagF72p+J/XTk10HmRMJKmhgswXRSlHRqJpAqjHFCWGjy3BRDF7KyIDrDAxNqeSDcFbfPkv8U+qF1Xv5rRSu8rTKMIBHMIxeHAGNbiGBvhA4AGe4AVenZHz7Lw57/PWgpPP7MMvOB/fE2mRMQ==</latexit><latexit sha1_base64="2F/zJ64fJlDW7Y2w6D97QFXgMkk=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/WGcvGIxhUS2JBu6UJDt13bLpFs+B1ePKjx6p/x5r+xwB4UfckkL+/NZGZemHCmjet+OYWl5ZXVteJ6aWNza3unvLt3r2WqCPWJ5FK1QqwpZ4L6hhlOW4miOA45bYbD+tRvjqjSTIo7M05oEOO+YBEj2FgpuEQdnCRKPqK6f9stV9yqOwP6S7ycVCBHo1v+7PQkSWMqDOFY67bnJibIsDKMcDopdVJNE0yGuE/blgocUx1ks6Mn6MgqPRRJZUsYNFN/TmQ41noch7YzxmagF72p+J/XTk10HmRMJKmhgswXRSlHRqJpAqjHFCWGjy3BRDF7KyIDrDAxNqeSDcFbfPkv8U+qF1Xv5rRSu8rTKMIBHMIxeHAGNbiGBvhA4AGe4AVenZHz7Lw57/PWgpPP7MMvOB/fE2mRMQ==</latexit><latexit sha1_base64="2F/zJ64fJlDW7Y2w6D97QFXgMkk=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/WGcvGIxhUS2JBu6UJDt13bLpFs+B1ePKjx6p/x5r+xwB4UfckkL+/NZGZemHCmjet+OYWl5ZXVteJ6aWNza3unvLt3r2WqCPWJ5FK1QqwpZ4L6hhlOW4miOA45bYbD+tRvjqjSTIo7M05oEOO+YBEj2FgpuEQdnCRKPqK6f9stV9yqOwP6S7ycVCBHo1v+7PQkSWMqDOFY67bnJibIsDKMcDopdVJNE0yGuE/blgocUx1ks6Mn6MgqPRRJZUsYNFN/TmQ41noch7YzxmagF72p+J/XTk10HmRMJKmhgswXRSlHRqJpAqjHFCWGjy3BRDF7KyIDrDAxNqeSDcFbfPkv8U+qF1Xv5rRSu8rTKMIBHMIxeHAGNbiGBvhA4AGe4AVenZHz7Lw57/PWgpPP7MMvOB/fE2mRMQ==</latexit><latexit sha1_base64="2F/zJ64fJlDW7Y2w6D97QFXgMkk=">AAAB83icbVBNTwIxEJ3FL8Qv1KOXRmLiiewaE/WGcvGIxhUS2JBu6UJDt13bLpFs+B1ePKjx6p/x5r+xwB4UfckkL+/NZGZemHCmjet+OYWl5ZXVteJ6aWNza3unvLt3r2WqCPWJ5FK1QqwpZ4L6hhlOW4miOA45bYbD+tRvjqjSTIo7M05oEOO+YBEj2FgpuEQdnCRKPqK6f9stV9yqOwP6S7ycVCBHo1v+7PQkSWMqDOFY67bnJibIsDKMcDopdVJNE0yGuE/blgocUx1ks6Mn6MgqPRRJZUsYNFN/TmQ41noch7YzxmagF72p+J/XTk10HmRMJKmhgswXRSlHRqJpAqjHFCWGjy3BRDF7KyIDrDAxNqeSDcFbfPkv8U+qF1Xv5rRSu8rTKMIBHMIxeHAGNbiGBvhA4AGe4AVenZHz7Lw57/PWgpPP7MMvOB/fE2mRMQ==</latexit>

Avrim Blum, John Hopcroft, and Ravindran Kannan, Foundations of Data Science



Frequent directions
Intuition: frequent items algorithm

Finding repeated elements, Misra, Gries, 1982

Goal: estimate the frequency of each item in a stream of items

There are m different items, and a stream of n items appearing 

The frequencyfi
<latexit sha1_base64="IzvKE+NDHFtEonY59ln26PTwohc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPuqJXrXm1t0ZyDLxClKDAs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJTf0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOlUbAje4svLxD+rX9W9u/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OdJ5cd6dj3lrySlmDuEPnM8fssONmg==</latexit><latexit sha1_base64="IzvKE+NDHFtEonY59ln26PTwohc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPuqJXrXm1t0ZyDLxClKDAs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJTf0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOlUbAje4svLxD+rX9W9u/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OdJ5cd6dj3lrySlmDuEPnM8fssONmg==</latexit><latexit sha1_base64="IzvKE+NDHFtEonY59ln26PTwohc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPuqJXrXm1t0ZyDLxClKDAs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJTf0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOlUbAje4svLxD+rX9W9u/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OdJ5cd6dj3lrySlmDuEPnM8fssONmg==</latexit><latexit sha1_base64="IzvKE+NDHFtEonY59ln26PTwohc=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx4rGltoQ9lsN+3SzSbsToQS+hO8eFDx6j/y5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h88miTTjPsskYluh9RwKRT3UaDk7VRzGoeSt8LRzdRvPXFtRKIecJzyIKYDJSLBKFrpPuqJXrXm1t0ZyDLxClKDAs1e9avbT1gWc4VMUmM6nptikFONgkk+qXQzw1PKRnTAO5YqGnMT5LNTJ+TEKn0SJdqWQjJTf0/kNDZmHIe2M6Y4NIveVPzP62QYXQa5UGmGXLH5oiiTBBMy/Zv0heYM5dgSyrSwtxI2pJoytOlUbAje4svLxD+rX9W9u/Na47pIowxHcAyn4MEFNOAWmuADgwE8wyu8OdJ5cd6dj3lrySlmDuEPnM8fssONmg==</latexit>

is the number of times item i  appeared on the stream



Frequent items

m
<latexit sha1_base64="CtNBlvh1gZfP7+4+v48993Q12R8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaca9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBD/ozF</latexit><latexit sha1_base64="CtNBlvh1gZfP7+4+v48993Q12R8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaca9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBD/ozF</latexit><latexit sha1_base64="CtNBlvh1gZfP7+4+v48993Q12R8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaca9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBD/ozF</latexit><latexit sha1_base64="CtNBlvh1gZfP7+4+v48993Q12R8=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWaca9SdWvuDGSZeAWpQoFGr/LV7Scsi1EaJqjWHc9NTZBTZTgTOCl3M40pZSM6wI6lksaog3x26IScWqVPokTZkobM1N8TOY21Hseh7YypGepFbyr+53UyE10FOZdpZlCy+aIoE8QkZPo16XOFzIixJZQpbm8lbEgVZcZmU7YheIsvLxP/vHZd85oX1fpNkUYJjuEEzsCDS6jDHTTABwYIz/AKb86j8+K8Ox/z1hWnmDmCP3A+fwBD/ozF</latexit>

Edo Liberty

But, in general, we cannot use m counters…



Frequent items

2`
<latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit>

Keep less than a fixed # of counters



Frequent items

2`
<latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit>

if an item has a counter, increment it 



Frequent items

2`
<latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit>

If not, use a free counter and increasing it



Frequent items

2`
<latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit>

Now we have no slot available



Frequent items

2`
<latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit>

Compute the median

f` = 2
<latexit sha1_base64="Up56to4a7AH7AT0bobP9sS1irGE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFawttqFstpN26WYTdjdCCf0XXjyoePXnePPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQybLBaxagdUo+ASm4Ybge1EIY0Cga1gdDP1W0+oNI/lvRkn6Ed0IHnIGTVWegx7XRSCXJFar1xxq+4MZJl4OalAjkav/NXtxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbxhJxYpU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvgZl0lqULL5ojAVxMRk+j7pc4XMiLEllClubyVsSBVlxoZUsiF4iy8vk2ateln17s4q9es8jSIcwTGcggfnUIdbaEATGEh4hld4c7Tz4rw7H/PWgpPPHMIfOJ8/mKKPvw==</latexit><latexit sha1_base64="Up56to4a7AH7AT0bobP9sS1irGE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFawttqFstpN26WYTdjdCCf0XXjyoePXnePPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQybLBaxagdUo+ASm4Ybge1EIY0Cga1gdDP1W0+oNI/lvRkn6Ed0IHnIGTVWegx7XRSCXJFar1xxq+4MZJl4OalAjkav/NXtxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbxhJxYpU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvgZl0lqULL5ojAVxMRk+j7pc4XMiLEllClubyVsSBVlxoZUsiF4iy8vk2ateln17s4q9es8jSIcwTGcggfnUIdbaEATGEh4hld4c7Tz4rw7H/PWgpPPHMIfOJ8/mKKPvw==</latexit><latexit sha1_base64="Up56to4a7AH7AT0bobP9sS1irGE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFawttqFstpN26WYTdjdCCf0XXjyoePXnePPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQybLBaxagdUo+ASm4Ybge1EIY0Cga1gdDP1W0+oNI/lvRkn6Ed0IHnIGTVWegx7XRSCXJFar1xxq+4MZJl4OalAjkav/NXtxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbxhJxYpU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvgZl0lqULL5ojAVxMRk+j7pc4XMiLEllClubyVsSBVlxoZUsiF4iy8vk2ateln17s4q9es8jSIcwTGcggfnUIdbaEATGEh4hld4c7Tz4rw7H/PWgpPPHMIfOJ8/mKKPvw==</latexit><latexit sha1_base64="Up56to4a7AH7AT0bobP9sS1irGE=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoB6EohePFawttqFstpN26WYTdjdCCf0XXjyoePXnePPfuG1z0NYHA4/3ZpiZFySCa+O6305hZXVtfaO4Wdra3tndK+8fPOg4VQybLBaxagdUo+ASm4Ybge1EIY0Cga1gdDP1W0+oNI/lvRkn6Ed0IHnIGTVWegx7XRSCXJFar1xxq+4MZJl4OalAjkav/NXtxyyNUBomqNYdz02Mn1FlOBM4KXVTjQllIzrAjqWSRqj9bHbxhJxYpU/CWNmShszU3xMZjbQeR4HtjKgZ6kVvKv7ndVITXvgZl0lqULL5ojAVxMRk+j7pc4XMiLEllClubyVsSBVlxoZUsiF4iy8vk2ateln17s4q9es8jSIcwTGcggfnUIdbaEATGEh4hld4c7Tz4rw7H/PWgpPPHMIfOJ8/mKKPvw==</latexit>



Frequent items

2`
<latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit>

Decrease all items by f`
<latexit sha1_base64="/4ejEqpn2XCOCJvXTRFEK86CAq4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUDbbSbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIphj5LRKLaIdUouETfcCOwnSqkcSiwFY5up37rCZXmiXww4xSDmA4kjzijxkrNqNdFIXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzayfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdPXSZ8rZEaMLaFMcXsrYUOqKDM2oLINwVt8eZn457Xrmnd/Ua3fFGmU4BhO4Aw8uIQ63EEDfGDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/xxY7o</latexit><latexit sha1_base64="/4ejEqpn2XCOCJvXTRFEK86CAq4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUDbbSbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIphj5LRKLaIdUouETfcCOwnSqkcSiwFY5up37rCZXmiXww4xSDmA4kjzijxkrNqNdFIXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzayfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdPXSZ8rZEaMLaFMcXsrYUOqKDM2oLINwVt8eZn457Xrmnd/Ua3fFGmU4BhO4Aw8uIQ63EEDfGDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/xxY7o</latexit><latexit sha1_base64="/4ejEqpn2XCOCJvXTRFEK86CAq4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUDbbSbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIphj5LRKLaIdUouETfcCOwnSqkcSiwFY5up37rCZXmiXww4xSDmA4kjzijxkrNqNdFIXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzayfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdPXSZ8rZEaMLaFMcXsrYUOqKDM2oLINwVt8eZn457Xrmnd/Ua3fFGmU4BhO4Aw8uIQ63EEDfGDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/xxY7o</latexit><latexit sha1_base64="/4ejEqpn2XCOCJvXTRFEK86CAq4=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMF0xbaUDbbSbt2swm7G6GE/gcvHlS8+oO8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw2dZIphj5LRKLaIdUouETfcCOwnSqkcSiwFY5up37rCZXmiXww4xSDmA4kjzijxkrNqNdFIXqVqltzZyDLxCtIFQo0epWvbj9hWYzSMEG17nhuaoKcKsOZwEm5m2lMKRvRAXYslTRGHeSzayfk1Cp9EiXKljRkpv6eyGms9TgObWdMzVAvelPxP6+TmegqyLlMM4OSzRdFmSAmIdPXSZ8rZEaMLaFMcXsrYUOqKDM2oLINwVt8eZn457Xrmnd/Ua3fFGmU4BhO4Aw8uIQ63EEDfGDwCM/wCm9O4rw4787HvHXFKWaO4A+czx/xxY7o</latexit>



Frequent items

2`
<latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit>

And continue…



Frequent items
Approximated counts: f 0

i
<latexit sha1_base64="Szn+FsF/+4NGgXx82gOYEE/PXZM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMFY4ttLJvtpF262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vbvdZIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zCZXmibwzoxSDmPYljzijxkoP0WMnVTzGLu9Wqm7NnYIsEq8gVSjQ6Fa+Or2EZTFKwwTVuu25qQlyqgxnAsflTqYxpWxI+9i2VNIYdZBPLx6TY6v0SJQoW9KQqfp7Iqex1qM4tJ0xNQM9703E/7x2ZqKLIOcyzQxKNlsUZYKYhEzeJz2ukBkxsoQyxe2thA2ooszYkMo2BG/+5UXin9Yua97tWbV+VaRRgkM4ghPw4BzqcAMN8IGBhGd4hTdHOy/Ou/Mxa11yipkD+APn8wcRapC3</latexit><latexit sha1_base64="Szn+FsF/+4NGgXx82gOYEE/PXZM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMFY4ttLJvtpF262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vbvdZIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zCZXmibwzoxSDmPYljzijxkoP0WMnVTzGLu9Wqm7NnYIsEq8gVSjQ6Fa+Or2EZTFKwwTVuu25qQlyqgxnAsflTqYxpWxI+9i2VNIYdZBPLx6TY6v0SJQoW9KQqfp7Iqex1qM4tJ0xNQM9703E/7x2ZqKLIOcyzQxKNlsUZYKYhEzeJz2ukBkxsoQyxe2thA2ooszYkMo2BG/+5UXin9Yua97tWbV+VaRRgkM4ghPw4BzqcAMN8IGBhGd4hTdHOy/Ou/Mxa11yipkD+APn8wcRapC3</latexit><latexit sha1_base64="Szn+FsF/+4NGgXx82gOYEE/PXZM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMFY4ttLJvtpF262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vbvdZIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zCZXmibwzoxSDmPYljzijxkoP0WMnVTzGLu9Wqm7NnYIsEq8gVSjQ6Fa+Or2EZTFKwwTVuu25qQlyqgxnAsflTqYxpWxI+9i2VNIYdZBPLx6TY6v0SJQoW9KQqfp7Iqex1qM4tJ0xNQM9703E/7x2ZqKLIOcyzQxKNlsUZYKYhEzeJz2ukBkxsoQyxe2thA2ooszYkMo2BG/+5UXin9Yua97tWbV+VaRRgkM4ghPw4BzqcAMN8IGBhGd4hTdHOy/Ou/Mxa11yipkD+APn8wcRapC3</latexit><latexit sha1_base64="Szn+FsF/+4NGgXx82gOYEE/PXZM=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMFY4ttLJvtpF262YTdjVBC/4UXDype/Tne/Ddu2xy09cHA470ZZuaFqeDauO63s7S8srq2Xtoob25t7+xW9vbvdZIphj5LRKJaIdUouETfcCOwlSqkcSiwGQ6vJ37zCZXmibwzoxSDmPYljzijxkoP0WMnVTzGLu9Wqm7NnYIsEq8gVSjQ6Fa+Or2EZTFKwwTVuu25qQlyqgxnAsflTqYxpWxI+9i2VNIYdZBPLx6TY6v0SJQoW9KQqfp7Iqex1qM4tJ0xNQM9703E/7x2ZqKLIOcyzQxKNlsUZYKYhEzeJz2ukBkxsoQyxe2thA2ooszYkMo2BG/+5UXin9Yua97tWbV+VaRRgkM4ghPw4BzqcAMN8IGBhGd4hTdHOy/Ou/Mxa11yipkD+APn8wcRapC3</latexit>

|fi � f 0
i | 

n

`
<latexit sha1_base64="TlXres6xnfJ5lM3lYTIWDWqVOAk=">AAACDnicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEBHQRNJRBwiRSbKzzZZ2ccj6buzNS5OQPaPgVGgpAtNR0/A2XRwEJI600mtnV7k6Ycqa0bX9bc/MLi0vLhZXi6tr6xmZpa/tWJZmk4NKEJ7IREgWcCXA10xwaqQQShxzqYfdy6NcfQCqWiBvdS8GPSVuwiFGijRSUDvpRwPARju68VLIYAtbHHod77EWS0FwMcg84HwSlsl2xR8CzxJmQMpqgFpS+vFZCsxiEppwo1XTsVPs5kZpRDoOilylICe2SNjQNFSQG5eejfwZ43ygtHCXSlNB4pP6eyEmsVC8OTWdMdEdNe0PxP6+Z6ejMz5lIMw2CjhdFGcc6wcNwcItJoJr3DCFUMnMrph1igtAmwqIJwZl+eZa4x5XzinN9Uq5eTNIooF20hw6Rg05RFV2hGnIRRY/oGb2iN+vJerHerY9x65w1mdlBf2B9/gA1NJxg</latexit><latexit sha1_base64="TlXres6xnfJ5lM3lYTIWDWqVOAk=">AAACDnicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEBHQRNJRBwiRSbKzzZZ2ccj6buzNS5OQPaPgVGgpAtNR0/A2XRwEJI600mtnV7k6Ycqa0bX9bc/MLi0vLhZXi6tr6xmZpa/tWJZmk4NKEJ7IREgWcCXA10xwaqQQShxzqYfdy6NcfQCqWiBvdS8GPSVuwiFGijRSUDvpRwPARju68VLIYAtbHHod77EWS0FwMcg84HwSlsl2xR8CzxJmQMpqgFpS+vFZCsxiEppwo1XTsVPs5kZpRDoOilylICe2SNjQNFSQG5eejfwZ43ygtHCXSlNB4pP6eyEmsVC8OTWdMdEdNe0PxP6+Z6ejMz5lIMw2CjhdFGcc6wcNwcItJoJr3DCFUMnMrph1igtAmwqIJwZl+eZa4x5XzinN9Uq5eTNIooF20hw6Rg05RFV2hGnIRRY/oGb2iN+vJerHerY9x65w1mdlBf2B9/gA1NJxg</latexit><latexit sha1_base64="TlXres6xnfJ5lM3lYTIWDWqVOAk=">AAACDnicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEBHQRNJRBwiRSbKzzZZ2ccj6buzNS5OQPaPgVGgpAtNR0/A2XRwEJI600mtnV7k6Ycqa0bX9bc/MLi0vLhZXi6tr6xmZpa/tWJZmk4NKEJ7IREgWcCXA10xwaqQQShxzqYfdy6NcfQCqWiBvdS8GPSVuwiFGijRSUDvpRwPARju68VLIYAtbHHod77EWS0FwMcg84HwSlsl2xR8CzxJmQMpqgFpS+vFZCsxiEppwo1XTsVPs5kZpRDoOilylICe2SNjQNFSQG5eejfwZ43ygtHCXSlNB4pP6eyEmsVC8OTWdMdEdNe0PxP6+Z6ejMz5lIMw2CjhdFGcc6wcNwcItJoJr3DCFUMnMrph1igtAmwqIJwZl+eZa4x5XzinN9Uq5eTNIooF20hw6Rg05RFV2hGnIRRY/oGb2iN+vJerHerY9x65w1mdlBf2B9/gA1NJxg</latexit><latexit sha1_base64="TlXres6xnfJ5lM3lYTIWDWqVOAk=">AAACDnicbVC7TsNAEDzzDOEVoKQ5EYFoiGyEBHQRNJRBwiRSbKzzZZ2ccj6buzNS5OQPaPgVGgpAtNR0/A2XRwEJI600mtnV7k6Ycqa0bX9bc/MLi0vLhZXi6tr6xmZpa/tWJZmk4NKEJ7IREgWcCXA10xwaqQQShxzqYfdy6NcfQCqWiBvdS8GPSVuwiFGijRSUDvpRwPARju68VLIYAtbHHod77EWS0FwMcg84HwSlsl2xR8CzxJmQMpqgFpS+vFZCsxiEppwo1XTsVPs5kZpRDoOilylICe2SNjQNFSQG5eejfwZ43ygtHCXSlNB4pP6eyEmsVC8OTWdMdEdNe0PxP6+Z6ejMz5lIMw2CjhdFGcc6wcNwcItJoJr3DCFUMnMrph1igtAmwqIJwZl+eZa4x5XzinN9Uq5eTNIooF20hw6Rg05RFV2hGnIRRY/oGb2iN+vJerHerY9x65w1mdlBf2B9/gA1NJxg</latexit>

Finding repeated elements, Misra, Gries, 1982



Frequent directions
B 2 R2`⇥m

<latexit sha1_base64="G0i7ltKQdHiaClMWDjV6YymBInc=">AAACCXicbVA9T8MwEHXKVylfAUYWQ4XEVCUVErBVZWEsiNBKTagc122t2k5kO0hVlJmFv8LCAIiVf8DGv8FpM0DLk056eu9Od/fCmFGlHefbKi0tr6yuldcrG5tb2zv27t6dihKJiYcjFslOiBRhVBBPU81IJ5YE8ZCRdji+zP32A5GKRuJWT2IScDQUdEAx0kbq2YdN6FMBfY70KAzTm+w+rfuEMehryomCPOvZVafmTAEXiVuQKijQ6tlffj/CCSdCY4aU6rpOrIMUSU0xI1nFTxSJER6jIekaKpDZE6TTVzJ4bJQ+HETSlNBwqv6eSBFXasJD05mfrOa9XPzP6yZ6cB6kVMSJJgLPFg0SBnUE81xgn0qCNZsYgrCk5laIR0girE16FROCO//yIvHqtYuae31abTSLNMrgAByBE+CCM9AAV6AFPIDBI3gGr+DNerJerHfrY9ZasoqZffAH1ucPuU+Z3g==</latexit><latexit sha1_base64="G0i7ltKQdHiaClMWDjV6YymBInc=">AAACCXicbVA9T8MwEHXKVylfAUYWQ4XEVCUVErBVZWEsiNBKTagc122t2k5kO0hVlJmFv8LCAIiVf8DGv8FpM0DLk056eu9Od/fCmFGlHefbKi0tr6yuldcrG5tb2zv27t6dihKJiYcjFslOiBRhVBBPU81IJ5YE8ZCRdji+zP32A5GKRuJWT2IScDQUdEAx0kbq2YdN6FMBfY70KAzTm+w+rfuEMehryomCPOvZVafmTAEXiVuQKijQ6tlffj/CCSdCY4aU6rpOrIMUSU0xI1nFTxSJER6jIekaKpDZE6TTVzJ4bJQ+HETSlNBwqv6eSBFXasJD05mfrOa9XPzP6yZ6cB6kVMSJJgLPFg0SBnUE81xgn0qCNZsYgrCk5laIR0girE16FROCO//yIvHqtYuae31abTSLNMrgAByBE+CCM9AAV6AFPIDBI3gGr+DNerJerHfrY9ZasoqZffAH1ucPuU+Z3g==</latexit><latexit sha1_base64="G0i7ltKQdHiaClMWDjV6YymBInc=">AAACCXicbVA9T8MwEHXKVylfAUYWQ4XEVCUVErBVZWEsiNBKTagc122t2k5kO0hVlJmFv8LCAIiVf8DGv8FpM0DLk056eu9Od/fCmFGlHefbKi0tr6yuldcrG5tb2zv27t6dihKJiYcjFslOiBRhVBBPU81IJ5YE8ZCRdji+zP32A5GKRuJWT2IScDQUdEAx0kbq2YdN6FMBfY70KAzTm+w+rfuEMehryomCPOvZVafmTAEXiVuQKijQ6tlffj/CCSdCY4aU6rpOrIMUSU0xI1nFTxSJER6jIekaKpDZE6TTVzJ4bJQ+HETSlNBwqv6eSBFXasJD05mfrOa9XPzP6yZ6cB6kVMSJJgLPFg0SBnUE81xgn0qCNZsYgrCk5laIR0girE16FROCO//yIvHqtYuae31abTSLNMrgAByBE+CCM9AAV6AFPIDBI3gGr+DNerJerHfrY9ZasoqZffAH1ucPuU+Z3g==</latexit><latexit sha1_base64="G0i7ltKQdHiaClMWDjV6YymBInc=">AAACCXicbVA9T8MwEHXKVylfAUYWQ4XEVCUVErBVZWEsiNBKTagc122t2k5kO0hVlJmFv8LCAIiVf8DGv8FpM0DLk056eu9Od/fCmFGlHefbKi0tr6yuldcrG5tb2zv27t6dihKJiYcjFslOiBRhVBBPU81IJ5YE8ZCRdji+zP32A5GKRuJWT2IScDQUdEAx0kbq2YdN6FMBfY70KAzTm+w+rfuEMehryomCPOvZVafmTAEXiVuQKijQ6tlffj/CCSdCY4aU6rpOrIMUSU0xI1nFTxSJER6jIekaKpDZE6TTVzJ4bJQ+HETSlNBwqv6eSBFXasJD05mfrOa9XPzP6yZ6cB6kVMSJJgLPFg0SBnUE81xgn0qCNZsYgrCk5laIR0girE16FROCO//yIvHqtYuae31abTSLNMrgAByBE+CCM9AAV6AFPIDBI3gGr+DNerJerHfrY9ZasoqZffAH1ucPuU+Z3g==</latexit>

with only        rows (directions)2`
<latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit>

Take the first rows from A as B2`
<latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit><latexit sha1_base64="UVWRAJNXNQd1jLqX3CDSJKR/gzI=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKoN6KXjxWMLbQhrLZTtqlm03Y3Qgl9Dd48aDi1T/kzX/jts1BWx8MPN6bYWZemAqujet+O6W19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/PbT6g0T+SDmaQYxHQoecQZNVbyGz0Uol+tuXV3DrJKvILUoECrX/3qDRKWxSgNE1TrruemJsipMpwJnFZ6mcaUsjEdYtdSSWPUQT4/dkrOrDIgUaJsSUPm6u+JnMZaT+LQdsbUjPSyNxP/87qZia6CnMs0MyjZYlGUCWISMvucDLhCZsTEEsoUt7cSNqKKMmPzqdgQvOWXV4nfqF/XvfuLWvOmSKMMJ3AK5+DBJTThDlrgAwMOz/AKb450Xpx352PRWnKKmWP4A+fzB+vgjks=</latexit>

S = diag(�1, . . . ,�2`)
<latexit sha1_base64="phZ2osvOF7DVfDFc5Ch9rfs8A8A=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDJTBHUhFN24rGhtoVNKJr1tQzMPkjtiGeY33PgrblyouO3OvzF9LLT1QMjhnHtvco8XSaHRtr+tzNLyyupadj23sbm1vZPf3XvQYaw41HgoQ9XwmAYpAqihQAmNSAHzPQl1b3A99uuPoLQIg3scRtDyWS8QXcEZGqmdt+/oJXURnjDpCNZLi64WPZ+1nRPqdkLU5poKSdkFKdPjdr5gl+wJ6CJxZqRAZqi28yMziMc+BMgl07rp2BG2EqZQcAlpzo01RIwPWA+ahgbMB91KJpul9MgoHdoNlTkB0on6uyNhvtZD3zOVPsO+nvfG4n9eM8bueSsRQRQjBHz6UDeWFEM6jol2hAKOcmgI40qYv1LeZ4pxNGHmTAjO/MqLpFYuXZSc29NC5WqWRpYckENSJA45IxVyQ6qkRjh5Jq/knXxYL9ab9Wl9TUsz1qxnn/yBNfoBNmufaA==</latexit><latexit sha1_base64="phZ2osvOF7DVfDFc5Ch9rfs8A8A=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDJTBHUhFN24rGhtoVNKJr1tQzMPkjtiGeY33PgrblyouO3OvzF9LLT1QMjhnHtvco8XSaHRtr+tzNLyyupadj23sbm1vZPf3XvQYaw41HgoQ9XwmAYpAqihQAmNSAHzPQl1b3A99uuPoLQIg3scRtDyWS8QXcEZGqmdt+/oJXURnjDpCNZLi64WPZ+1nRPqdkLU5poKSdkFKdPjdr5gl+wJ6CJxZqRAZqi28yMziMc+BMgl07rp2BG2EqZQcAlpzo01RIwPWA+ahgbMB91KJpul9MgoHdoNlTkB0on6uyNhvtZD3zOVPsO+nvfG4n9eM8bueSsRQRQjBHz6UDeWFEM6jol2hAKOcmgI40qYv1LeZ4pxNGHmTAjO/MqLpFYuXZSc29NC5WqWRpYckENSJA45IxVyQ6qkRjh5Jq/knXxYL9ab9Wl9TUsz1qxnn/yBNfoBNmufaA==</latexit><latexit sha1_base64="phZ2osvOF7DVfDFc5Ch9rfs8A8A=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDJTBHUhFN24rGhtoVNKJr1tQzMPkjtiGeY33PgrblyouO3OvzF9LLT1QMjhnHtvco8XSaHRtr+tzNLyyupadj23sbm1vZPf3XvQYaw41HgoQ9XwmAYpAqihQAmNSAHzPQl1b3A99uuPoLQIg3scRtDyWS8QXcEZGqmdt+/oJXURnjDpCNZLi64WPZ+1nRPqdkLU5poKSdkFKdPjdr5gl+wJ6CJxZqRAZqi28yMziMc+BMgl07rp2BG2EqZQcAlpzo01RIwPWA+ahgbMB91KJpul9MgoHdoNlTkB0on6uyNhvtZD3zOVPsO+nvfG4n9eM8bueSsRQRQjBHz6UDeWFEM6jol2hAKOcmgI40qYv1LeZ4pxNGHmTAjO/MqLpFYuXZSc29NC5WqWRpYckENSJA45IxVyQ6qkRjh5Jq/knXxYL9ab9Wl9TUsz1qxnn/yBNfoBNmufaA==</latexit><latexit sha1_base64="phZ2osvOF7DVfDFc5Ch9rfs8A8A=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDJTBHUhFN24rGhtoVNKJr1tQzMPkjtiGeY33PgrblyouO3OvzF9LLT1QMjhnHtvco8XSaHRtr+tzNLyyupadj23sbm1vZPf3XvQYaw41HgoQ9XwmAYpAqihQAmNSAHzPQl1b3A99uuPoLQIg3scRtDyWS8QXcEZGqmdt+/oJXURnjDpCNZLi64WPZ+1nRPqdkLU5poKSdkFKdPjdr5gl+wJ6CJxZqRAZqi28yMziMc+BMgl07rp2BG2EqZQcAlpzo01RIwPWA+ahgbMB91KJpul9MgoHdoNlTkB0on6uyNhvtZD3zOVPsO+nvfG4n9eM8bueSsRQRQjBHz6UDeWFEM6jol2hAKOcmgI40qYv1LeZ4pxNGHmTAjO/MqLpFYuXZSc29NC5WqWRpYckENSJA45IxVyQ6qkRjh5Jq/knXxYL9ab9Wl9TUsz1qxnn/yBNfoBNmufaA==</latexit>

if �2` > 0
<latexit sha1_base64="oO4+odSmkNJyKjEZzDlOvuEcpvg=">AAAB+nicbVBNS8NAEN34WetXrEcvi0XwVJIiqBcpevFYwdhCE8JmO22X7iZhdyOWkL/ixYOKV3+JN/+N2zYHbX0w8Hhvhpl5UcqZ0o7zba2srq1vbFa2qts7u3v79kHtQSWZpODRhCeyGxEFnMXgaaY5dFMJREQcOtH4Zup3HkEqlsT3epJCIMgwZgNGiTZSaNd8xYaChHnTB84LfIWd0K47DWcGvEzcktRRiXZof/n9hGYCYk05UarnOqkOciI1oxyKqp8pSAkdkyH0DI2JABXks9sLfGKUPh4k0lSs8Uz9PZETodRERKZTED1Si95U/M/rZXpwEeQsTjMNMZ0vGmQc6wRPg8B9JoFqPjGEUMnMrZiOiCRUm7iqJgR38eVl4jUblw337qzeui7TqKAjdIxOkYvOUQvdojbyEEVP6Bm9ojersF6sd+tj3rpilTOH6A+szx81PpNw</latexit><latexit sha1_base64="oO4+odSmkNJyKjEZzDlOvuEcpvg=">AAAB+nicbVBNS8NAEN34WetXrEcvi0XwVJIiqBcpevFYwdhCE8JmO22X7iZhdyOWkL/ixYOKV3+JN/+N2zYHbX0w8Hhvhpl5UcqZ0o7zba2srq1vbFa2qts7u3v79kHtQSWZpODRhCeyGxEFnMXgaaY5dFMJREQcOtH4Zup3HkEqlsT3epJCIMgwZgNGiTZSaNd8xYaChHnTB84LfIWd0K47DWcGvEzcktRRiXZof/n9hGYCYk05UarnOqkOciI1oxyKqp8pSAkdkyH0DI2JABXks9sLfGKUPh4k0lSs8Uz9PZETodRERKZTED1Si95U/M/rZXpwEeQsTjMNMZ0vGmQc6wRPg8B9JoFqPjGEUMnMrZiOiCRUm7iqJgR38eVl4jUblw337qzeui7TqKAjdIxOkYvOUQvdojbyEEVP6Bm9ojersF6sd+tj3rpilTOH6A+szx81PpNw</latexit><latexit sha1_base64="oO4+odSmkNJyKjEZzDlOvuEcpvg=">AAAB+nicbVBNS8NAEN34WetXrEcvi0XwVJIiqBcpevFYwdhCE8JmO22X7iZhdyOWkL/ixYOKV3+JN/+N2zYHbX0w8Hhvhpl5UcqZ0o7zba2srq1vbFa2qts7u3v79kHtQSWZpODRhCeyGxEFnMXgaaY5dFMJREQcOtH4Zup3HkEqlsT3epJCIMgwZgNGiTZSaNd8xYaChHnTB84LfIWd0K47DWcGvEzcktRRiXZof/n9hGYCYk05UarnOqkOciI1oxyKqp8pSAkdkyH0DI2JABXks9sLfGKUPh4k0lSs8Uz9PZETodRERKZTED1Si95U/M/rZXpwEeQsTjMNMZ0vGmQc6wRPg8B9JoFqPjGEUMnMrZiOiCRUm7iqJgR38eVl4jUblw337qzeui7TqKAjdIxOkYvOUQvdojbyEEVP6Bm9ojersF6sd+tj3rpilTOH6A+szx81PpNw</latexit><latexit sha1_base64="oO4+odSmkNJyKjEZzDlOvuEcpvg=">AAAB+nicbVBNS8NAEN34WetXrEcvi0XwVJIiqBcpevFYwdhCE8JmO22X7iZhdyOWkL/ixYOKV3+JN/+N2zYHbX0w8Hhvhpl5UcqZ0o7zba2srq1vbFa2qts7u3v79kHtQSWZpODRhCeyGxEFnMXgaaY5dFMJREQcOtH4Zup3HkEqlsT3epJCIMgwZgNGiTZSaNd8xYaChHnTB84LfIWd0K47DWcGvEzcktRRiXZof/n9hGYCYk05UarnOqkOciI1oxyKqp8pSAkdkyH0DI2JABXks9sLfGKUPh4k0lSs8Uz9PZETodRERKZTED1Si95U/M/rZXpwEeQsTjMNMZ0vGmQc6wRPg8B9JoFqPjGEUMnMrZiOiCRUm7iqJgR38eVl4jUblw337qzeui7TqKAjdIxOkYvOUQvdojbyEEVP6Bm9ojersF6sd+tj3rpilTOH6A+szx81PpNw</latexit>

� = �2
`

<latexit sha1_base64="CdWIDYD3mcv/AktPfpMcIyGrClU=">AAACAHicbVBNS8NAEN34WetX1IvgZbEInkpSBPUgFL14rGBsoYlhs5m0Szcf7G6EEurFv+LFg4pXf4Y3/43bNgdtfTDweG+GmXlBxplUlvVtLCwuLa+sVtaq6xubW9vmzu6dTHNBwaEpT0UnIBI4S8BRTHHoZAJIHHBoB4Orsd9+ACFZmtyqYQZeTHoJixglSku+ue+GwBXBF9iVrBcTv3CB89F9wzdrVt2aAM8TuyQ1VKLlm19umNI8hkRRTqTs2lamvIIIxSiHUdXNJWSEDkgPupomJAbpFZMPRvhIKyGOUqErUXii/p4oSCzlMA50Z0xUX856Y/E/r5ur6MwrWJLlChI6XRTlHKsUj+PAIRNAFR9qQqhg+lZM+0QQqnRoVR2CPfvyPHEa9fO6fXNSa16WaVTQATpEx8hGp6iJrlELOYiiR/SMXtGb8WS8GO/Gx7R1wShn9tAfGJ8/ISqWPw==</latexit><latexit sha1_base64="CdWIDYD3mcv/AktPfpMcIyGrClU=">AAACAHicbVBNS8NAEN34WetX1IvgZbEInkpSBPUgFL14rGBsoYlhs5m0Szcf7G6EEurFv+LFg4pXf4Y3/43bNgdtfTDweG+GmXlBxplUlvVtLCwuLa+sVtaq6xubW9vmzu6dTHNBwaEpT0UnIBI4S8BRTHHoZAJIHHBoB4Orsd9+ACFZmtyqYQZeTHoJixglSku+ue+GwBXBF9iVrBcTv3CB89F9wzdrVt2aAM8TuyQ1VKLlm19umNI8hkRRTqTs2lamvIIIxSiHUdXNJWSEDkgPupomJAbpFZMPRvhIKyGOUqErUXii/p4oSCzlMA50Z0xUX856Y/E/r5ur6MwrWJLlChI6XRTlHKsUj+PAIRNAFR9qQqhg+lZM+0QQqnRoVR2CPfvyPHEa9fO6fXNSa16WaVTQATpEx8hGp6iJrlELOYiiR/SMXtGb8WS8GO/Gx7R1wShn9tAfGJ8/ISqWPw==</latexit><latexit sha1_base64="CdWIDYD3mcv/AktPfpMcIyGrClU=">AAACAHicbVBNS8NAEN34WetX1IvgZbEInkpSBPUgFL14rGBsoYlhs5m0Szcf7G6EEurFv+LFg4pXf4Y3/43bNgdtfTDweG+GmXlBxplUlvVtLCwuLa+sVtaq6xubW9vmzu6dTHNBwaEpT0UnIBI4S8BRTHHoZAJIHHBoB4Orsd9+ACFZmtyqYQZeTHoJixglSku+ue+GwBXBF9iVrBcTv3CB89F9wzdrVt2aAM8TuyQ1VKLlm19umNI8hkRRTqTs2lamvIIIxSiHUdXNJWSEDkgPupomJAbpFZMPRvhIKyGOUqErUXii/p4oSCzlMA50Z0xUX856Y/E/r5ur6MwrWJLlChI6XRTlHKsUj+PAIRNAFR9qQqhg+lZM+0QQqnRoVR2CPfvyPHEa9fO6fXNSa16WaVTQATpEx8hGp6iJrlELOYiiR/SMXtGb8WS8GO/Gx7R1wShn9tAfGJ8/ISqWPw==</latexit><latexit sha1_base64="CdWIDYD3mcv/AktPfpMcIyGrClU=">AAACAHicbVBNS8NAEN34WetX1IvgZbEInkpSBPUgFL14rGBsoYlhs5m0Szcf7G6EEurFv+LFg4pXf4Y3/43bNgdtfTDweG+GmXlBxplUlvVtLCwuLa+sVtaq6xubW9vmzu6dTHNBwaEpT0UnIBI4S8BRTHHoZAJIHHBoB4Orsd9+ACFZmtyqYQZeTHoJixglSku+ue+GwBXBF9iVrBcTv3CB89F9wzdrVt2aAM8TuyQ1VKLlm19umNI8hkRRTqTs2lamvIIIxSiHUdXNJWSEDkgPupomJAbpFZMPRvhIKyGOUqErUXii/p4oSCzlMA50Z0xUX856Y/E/r5ur6MwrWJLlChI6XRTlHKsUj+PAIRNAFR9qQqhg+lZM+0QQqnRoVR2CPfvyPHEa9fO6fXNSa16WaVTQATpEx8hGp6iJrlELOYiiR/SMXtGb8WS8GO/Gx7R1wShn9tAfGJ8/ISqWPw==</latexit>

subtract to each squared entry in S

S0 = diag(
q

�2
1 � �, . . . ,

q
�2
`�1 � �, 0, . . . , 0)

<latexit sha1_base64="SkPLdtj9XTf1RH/s8FvrDQOWRXw="></latexit><latexit sha1_base64="SkPLdtj9XTf1RH/s8FvrDQOWRXw="></latexit><latexit sha1_base64="SkPLdtj9XTf1RH/s8FvrDQOWRXw="></latexit><latexit sha1_base64="SkPLdtj9XTf1RH/s8FvrDQOWRXw="></latexit>

B = S0V T
<latexit sha1_base64="oQAYY4cDg1F1C/l1ELFO/H1O5NY=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUA9CqRePFZu20KZls920SzebsLsplNB/4sWDild/ijf/jds2B60+GHi8N8PMvCDhTGnH+bIKa+sbm1vF7dLO7t7+gX141FRxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjO/mfmtCpWKxaOhpQv0IDwULGcHaSH3brqFb9NjrJpJFFDV7jb5ddirOAugvcXNShhz1vv3ZHcQkjajQhGOlOq6TaD/DUjPC6azUTRVNMBnjIe0YKnBElZ8tLp+hM6MMUBhLU0KjhfpzIsORUtMoMJ0R1iO16s3F/7xOqsNrP2MiSTUVZLkoTDnSMZrHgAZMUqL51BBMJDO3IjLCEhNtwiqZENzVl/8S76JyU3EfLsvVWp5GEU7gFM7BhSuowj3UwQMCE3iCF3i1MuvZerPel60FK585hl+wPr4BDTeSMA==</latexit><latexit sha1_base64="oQAYY4cDg1F1C/l1ELFO/H1O5NY=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUA9CqRePFZu20KZls920SzebsLsplNB/4sWDild/ijf/jds2B60+GHi8N8PMvCDhTGnH+bIKa+sbm1vF7dLO7t7+gX141FRxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjO/mfmtCpWKxaOhpQv0IDwULGcHaSH3brqFb9NjrJpJFFDV7jb5ddirOAugvcXNShhz1vv3ZHcQkjajQhGOlOq6TaD/DUjPC6azUTRVNMBnjIe0YKnBElZ8tLp+hM6MMUBhLU0KjhfpzIsORUtMoMJ0R1iO16s3F/7xOqsNrP2MiSTUVZLkoTDnSMZrHgAZMUqL51BBMJDO3IjLCEhNtwiqZENzVl/8S76JyU3EfLsvVWp5GEU7gFM7BhSuowj3UwQMCE3iCF3i1MuvZerPel60FK585hl+wPr4BDTeSMA==</latexit><latexit sha1_base64="oQAYY4cDg1F1C/l1ELFO/H1O5NY=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUA9CqRePFZu20KZls920SzebsLsplNB/4sWDild/ijf/jds2B60+GHi8N8PMvCDhTGnH+bIKa+sbm1vF7dLO7t7+gX141FRxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjO/mfmtCpWKxaOhpQv0IDwULGcHaSH3brqFb9NjrJpJFFDV7jb5ddirOAugvcXNShhz1vv3ZHcQkjajQhGOlOq6TaD/DUjPC6azUTRVNMBnjIe0YKnBElZ8tLp+hM6MMUBhLU0KjhfpzIsORUtMoMJ0R1iO16s3F/7xOqsNrP2MiSTUVZLkoTDnSMZrHgAZMUqL51BBMJDO3IjLCEhNtwiqZENzVl/8S76JyU3EfLsvVWp5GEU7gFM7BhSuowj3UwQMCE3iCF3i1MuvZerPel60FK585hl+wPr4BDTeSMA==</latexit><latexit sha1_base64="oQAYY4cDg1F1C/l1ELFO/H1O5NY=">AAAB+HicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEUA9CqRePFZu20KZls920SzebsLsplNB/4sWDild/ijf/jds2B60+GHi8N8PMvCDhTGnH+bIKa+sbm1vF7dLO7t7+gX141FRxKgn1SMxj2Q6wopwJ6mmmOW0nkuIo4LQVjO/mfmtCpWKxaOhpQv0IDwULGcHaSH3brqFb9NjrJpJFFDV7jb5ddirOAugvcXNShhz1vv3ZHcQkjajQhGOlOq6TaD/DUjPC6azUTRVNMBnjIe0YKnBElZ8tLp+hM6MMUBhLU0KjhfpzIsORUtMoMJ0R1iO16s3F/7xOqsNrP2MiSTUVZLkoTDnSMZrHgAZMUqL51BBMJDO3IjLCEhNtwiqZENzVl/8S76JyU3EfLsvVWp5GEU7gFM7BhSuowj3UwQMCE3iCF3i1MuvZerPel60FK585hl+wPr4BDTeSMA==</latexit>



Frequent directions

For any direction (unit norm) x
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Why does it work?

When some mass is deleted from one counter it is also deleted from all 
counters, and none can be negative

Squared mass can be summed along orthogonal directions independently


