
Streams Processing
Supervised learning



Supervised learning

Regression and classification

Regression and classification for streams



Regression

• Given a numeric class attribute, a regression algorithm 
builds a model that accurately predicts for every 
unlabelled instance attribute x a numeric value.


• Examples


• Stock-market price prediction


• Airplane delays



What is regression?
Given a large, noisy dataset A = [X y]

<latexit sha1_base64="rADex/odES4MuNwb2DONQhqv+Bg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUBCh6sVjBfsBaSib7aZdutnE3U0hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzz485U9q2v63Syura+kZ5s7K1vbO7V90/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/lfmdCpWKReNRpTL0QDwULGMHaSN4NukYu6qLeFUq9frVm1+0Z0DJxClKDAs1+9as3iEgSUqEJx0q5jh1rL8NSM8LptNJLFI0xGeMhdQ0VOKTKy2ZHT9GJUQYoiKQpodFM/T2R4VCpNPRNZ4j1SC16ufif5yY6uPQyJuJEU0Hmi4KEIx2hPAE0YJISzVNDMJHM3IrICEtMtMmpYkJwFl9eJu2zumPXnYfzWuO2iKMMR3AMp+DABTTgHprQAgJP8Ayv8GZNrBfr3fqYt5asYuYQ/sD6/AHnD5A6</latexit><latexit sha1_base64="rADex/odES4MuNwb2DONQhqv+Bg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUBCh6sVjBfsBaSib7aZdutnE3U0hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzz485U9q2v63Syura+kZ5s7K1vbO7V90/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/lfmdCpWKReNRpTL0QDwULGMHaSN4NukYu6qLeFUq9frVm1+0Z0DJxClKDAs1+9as3iEgSUqEJx0q5jh1rL8NSM8LptNJLFI0xGeMhdQ0VOKTKy2ZHT9GJUQYoiKQpodFM/T2R4VCpNPRNZ4j1SC16ufif5yY6uPQyJuJEU0Hmi4KEIx2hPAE0YJISzVNDMJHM3IrICEtMtMmpYkJwFl9eJu2zumPXnYfzWuO2iKMMR3AMp+DABTTgHprQAgJP8Ayv8GZNrBfr3fqYt5asYuYQ/sD6/AHnD5A6</latexit><latexit sha1_base64="rADex/odES4MuNwb2DONQhqv+Bg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUBCh6sVjBfsBaSib7aZdutnE3U0hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzz485U9q2v63Syura+kZ5s7K1vbO7V90/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/lfmdCpWKReNRpTL0QDwULGMHaSN4NukYu6qLeFUq9frVm1+0Z0DJxClKDAs1+9as3iEgSUqEJx0q5jh1rL8NSM8LptNJLFI0xGeMhdQ0VOKTKy2ZHT9GJUQYoiKQpodFM/T2R4VCpNPRNZ4j1SC16ufif5yY6uPQyJuJEU0Hmi4KEIx2hPAE0YJISzVNDMJHM3IrICEtMtMmpYkJwFl9eJu2zumPXnYfzWuO2iKMMR3AMp+DABTTgHprQAgJP8Ayv8GZNrBfr3fqYt5asYuYQ/sD6/AHnD5A6</latexit><latexit sha1_base64="rADex/odES4MuNwb2DONQhqv+Bg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUBCh6sVjBfsBaSib7aZdutnE3U0hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzz485U9q2v63Syura+kZ5s7K1vbO7V90/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/lfmdCpWKReNRpTL0QDwULGMHaSN4NukYu6qLeFUq9frVm1+0Z0DJxClKDAs1+9as3iEgSUqEJx0q5jh1rL8NSM8LptNJLFI0xGeMhdQ0VOKTKy2ZHT9GJUQYoiKQpodFM/T2R4VCpNPRNZ4j1SC16ufif5yY6uPQyJuJEU0Hmi4KEIx2hPAE0YJISzVNDMJHM3IrICEtMtMmpYkJwFl9eJu2zumPXnYfzWuO2iKMMR3AMp+DABTTgHprQAgJP8Ayv8GZNrBfr3fqYt5asYuYQ/sD6/AHnD5A6</latexit>

Try to find a simple model1. M(X)
<latexit sha1_base64="ObKI1ph9UksB5dewhHhJUvA6ZeE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrwIFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2ag7Y+GHi8N8PMvCDmTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqv986H1ZrbcHOgVeIVpAYFWsPq12AUkURQaQjHWvc9NzZ+ipVhhNN5ZZBoGmMyxWPat1RiQbWf5rfO0ZlVRiiMlC1pUK7+nkix0HomAtspsJnoZS8T//P6iQmv/ZTJODFUksWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOxIXjLL6+SzkXDcxvew2WteVPEUYYTOIU6eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPFZCNmA==</latexit><latexit sha1_base64="ObKI1ph9UksB5dewhHhJUvA6ZeE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrwIFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2ag7Y+GHi8N8PMvCDmTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqv986H1ZrbcHOgVeIVpAYFWsPq12AUkURQaQjHWvc9NzZ+ipVhhNN5ZZBoGmMyxWPat1RiQbWf5rfO0ZlVRiiMlC1pUK7+nkix0HomAtspsJnoZS8T//P6iQmv/ZTJODFUksWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOxIXjLL6+SzkXDcxvew2WteVPEUYYTOIU6eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPFZCNmA==</latexit><latexit sha1_base64="ObKI1ph9UksB5dewhHhJUvA6ZeE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrwIFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2ag7Y+GHi8N8PMvCDmTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqv986H1ZrbcHOgVeIVpAYFWsPq12AUkURQaQjHWvc9NzZ+ipVhhNN5ZZBoGmMyxWPat1RiQbWf5rfO0ZlVRiiMlC1pUK7+nkix0HomAtspsJnoZS8T//P6iQmv/ZTJODFUksWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOxIXjLL6+SzkXDcxvew2WteVPEUYYTOIU6eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPFZCNmA==</latexit><latexit sha1_base64="ObKI1ph9UksB5dewhHhJUvA6ZeE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrwIFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2ag7Y+GHi8N8PMvCDmTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqv986H1ZrbcHOgVeIVpAYFWsPq12AUkURQaQjHWvc9NzZ+ipVhhNN5ZZBoGmMyxWPat1RiQbWf5rfO0ZlVRiiMlC1pUK7+nkix0HomAtspsJnoZS8T//P6iQmv/ZTJODFUksWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOxIXjLL6+SzkXDcxvew2WteVPEUYYTOIU6eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPFZCNmA==</latexit>

Such that the data closely follows the model2. M(xi) ⇡ yi
<latexit sha1_base64="rSwO7oxf73EhgdVtspY6B3E7yK4=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyIoMuiGzdCBfuAdhgyaaYNzSQhyUiHob/ixoUibv0Rd/6NaTsLbT1w4XDOvdx7TyQZ1cbzvp219Y3Nre3STnl3b//g0D2qtLVIFSYtLJhQ3QhpwignLUMNI12pCEoiRjrR+Hbmd56I0lTwR5NJEiRoyGlMMTJWCt3KfW0S0nPYR1IqMYFZSEO36tW9OeAq8QtSBQWaofvVHwicJoQbzJDWPd+TJsiRMhQzMi33U00kwmM0JD1LOUqIDvL57VN4ZpUBjIWyxQ2cq78ncpRonSWR7UyQGellbyb+5/VSE18HOeUyNYTjxaI4ZdAIOAsCDqgi2LDMEoQVtbdCPEIKYWPjKtsQ/OWXV0n7ou57df/hstq4KeIogRNwCmrAB1egAe5AE7QABhPwDF7BmzN1Xpx352PRuuYUM8fgD5zPH+iYk7Q=</latexit><latexit sha1_base64="rSwO7oxf73EhgdVtspY6B3E7yK4=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyIoMuiGzdCBfuAdhgyaaYNzSQhyUiHob/ixoUibv0Rd/6NaTsLbT1w4XDOvdx7TyQZ1cbzvp219Y3Nre3STnl3b//g0D2qtLVIFSYtLJhQ3QhpwignLUMNI12pCEoiRjrR+Hbmd56I0lTwR5NJEiRoyGlMMTJWCt3KfW0S0nPYR1IqMYFZSEO36tW9OeAq8QtSBQWaofvVHwicJoQbzJDWPd+TJsiRMhQzMi33U00kwmM0JD1LOUqIDvL57VN4ZpUBjIWyxQ2cq78ncpRonSWR7UyQGellbyb+5/VSE18HOeUyNYTjxaI4ZdAIOAsCDqgi2LDMEoQVtbdCPEIKYWPjKtsQ/OWXV0n7ou57df/hstq4KeIogRNwCmrAB1egAe5AE7QABhPwDF7BmzN1Xpx352PRuuYUM8fgD5zPH+iYk7Q=</latexit><latexit sha1_base64="rSwO7oxf73EhgdVtspY6B3E7yK4=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyIoMuiGzdCBfuAdhgyaaYNzSQhyUiHob/ixoUibv0Rd/6NaTsLbT1w4XDOvdx7TyQZ1cbzvp219Y3Nre3STnl3b//g0D2qtLVIFSYtLJhQ3QhpwignLUMNI12pCEoiRjrR+Hbmd56I0lTwR5NJEiRoyGlMMTJWCt3KfW0S0nPYR1IqMYFZSEO36tW9OeAq8QtSBQWaofvVHwicJoQbzJDWPd+TJsiRMhQzMi33U00kwmM0JD1LOUqIDvL57VN4ZpUBjIWyxQ2cq78ncpRonSWR7UyQGellbyb+5/VSE18HOeUyNYTjxaI4ZdAIOAsCDqgi2LDMEoQVtbdCPEIKYWPjKtsQ/OWXV0n7ou57df/hstq4KeIogRNwCmrAB1egAe5AE7QABhPwDF7BmzN1Xpx352PRuuYUM8fgD5zPH+iYk7Q=</latexit><latexit sha1_base64="rSwO7oxf73EhgdVtspY6B3E7yK4=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyIoMuiGzdCBfuAdhgyaaYNzSQhyUiHob/ixoUibv0Rd/6NaTsLbT1w4XDOvdx7TyQZ1cbzvp219Y3Nre3STnl3b//g0D2qtLVIFSYtLJhQ3QhpwignLUMNI12pCEoiRjrR+Hbmd56I0lTwR5NJEiRoyGlMMTJWCt3KfW0S0nPYR1IqMYFZSEO36tW9OeAq8QtSBQWaofvVHwicJoQbzJDWPd+TJsiRMhQzMi33U00kwmM0JD1LOUqIDvL57VN4ZpUBjIWyxQ2cq78ncpRonSWR7UyQGellbyb+5/VSE18HOeUyNYTjxaI4ZdAIOAsCDqgi2LDMEoQVtbdCPEIKYWPjKtsQ/OWXV0n7ou57df/hstq4KeIogRNwCmrAB1egAe5AE7QABhPwDF7BmzN1Xpx352PRuuYUM8fgD5zPH+iYk7Q=</latexit>

The model allows to predict y from x

Q: Why not use PCA?

A: We want more than being close to all data: given an x we want to predict y



Evaluation



How to measure 
performance?



How to measure 
performance?



Linear regression
M(x) = ax+ b

<latexit sha1_base64="9qwPiZt/xO/2qyvwRThcEDrIE8o=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahIpREBL0IRS9ehAr2A9pQNttNu3Szibub0hL6O7x4UMSrP8ab/8ZtmoO2Phh4vDfDzDwv4kxp2/62ciura+sb+c3C1vbO7l5x/6ChwlgSWichD2XLw4pyJmhdM81pK5IUBx6nTW94O/ObIyoVC8WjnkTUDXBfMJ8RrI3k3pfHp+ga4TE6Q163WLIrdgq0TJyMlCBDrVv86vRCEgdUaMKxUm3HjrSbYKkZ4XRa6MSKRpgMcZ+2DRU4oMpN0qOn6MQoPeSH0pTQKFV/TyQ4UGoSeKYzwHqgFr2Z+J/XjrV/5SZMRLGmgswX+TFHOkSzBFCPSUo0nxiCiWTmVkQGWGKiTU4FE4Kz+PIyaZxXHLviPFyUqjdZHHk4gmMogwOXUIU7qEEdCDzBM7zCmzWyXqx362PemrOymUP4A+vzB+HGkDU=</latexit><latexit sha1_base64="9qwPiZt/xO/2qyvwRThcEDrIE8o=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahIpREBL0IRS9ehAr2A9pQNttNu3Szibub0hL6O7x4UMSrP8ab/8ZtmoO2Phh4vDfDzDwv4kxp2/62ciura+sb+c3C1vbO7l5x/6ChwlgSWichD2XLw4pyJmhdM81pK5IUBx6nTW94O/ObIyoVC8WjnkTUDXBfMJ8RrI3k3pfHp+ga4TE6Q163WLIrdgq0TJyMlCBDrVv86vRCEgdUaMKxUm3HjrSbYKkZ4XRa6MSKRpgMcZ+2DRU4oMpN0qOn6MQoPeSH0pTQKFV/TyQ4UGoSeKYzwHqgFr2Z+J/XjrV/5SZMRLGmgswX+TFHOkSzBFCPSUo0nxiCiWTmVkQGWGKiTU4FE4Kz+PIyaZxXHLviPFyUqjdZHHk4gmMogwOXUIU7qEEdCDzBM7zCmzWyXqx362PemrOymUP4A+vzB+HGkDU=</latexit><latexit sha1_base64="9qwPiZt/xO/2qyvwRThcEDrIE8o=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahIpREBL0IRS9ehAr2A9pQNttNu3Szibub0hL6O7x4UMSrP8ab/8ZtmoO2Phh4vDfDzDwv4kxp2/62ciura+sb+c3C1vbO7l5x/6ChwlgSWichD2XLw4pyJmhdM81pK5IUBx6nTW94O/ObIyoVC8WjnkTUDXBfMJ8RrI3k3pfHp+ga4TE6Q163WLIrdgq0TJyMlCBDrVv86vRCEgdUaMKxUm3HjrSbYKkZ4XRa6MSKRpgMcZ+2DRU4oMpN0qOn6MQoPeSH0pTQKFV/TyQ4UGoSeKYzwHqgFr2Z+J/XjrV/5SZMRLGmgswX+TFHOkSzBFCPSUo0nxiCiWTmVkQGWGKiTU4FE4Kz+PIyaZxXHLviPFyUqjdZHHk4gmMogwOXUIU7qEEdCDzBM7zCmzWyXqx362PemrOymUP4A+vzB+HGkDU=</latexit><latexit sha1_base64="9qwPiZt/xO/2qyvwRThcEDrIE8o=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBahIpREBL0IRS9ehAr2A9pQNttNu3Szibub0hL6O7x4UMSrP8ab/8ZtmoO2Phh4vDfDzDwv4kxp2/62ciura+sb+c3C1vbO7l5x/6ChwlgSWichD2XLw4pyJmhdM81pK5IUBx6nTW94O/ObIyoVC8WjnkTUDXBfMJ8RrI3k3pfHp+ga4TE6Q163WLIrdgq0TJyMlCBDrVv86vRCEgdUaMKxUm3HjrSbYKkZ4XRa6MSKRpgMcZ+2DRU4oMpN0qOn6MQoPeSH0pTQKFV/TyQ4UGoSeKYzwHqgFr2Z+J/XjrV/5SZMRLGmgswX+TFHOkSzBFCPSUo0nxiCiWTmVkQGWGKiTU4FE4Kz+PIyaZxXHLviPFyUqjdZHHk4gmMogwOXUIU7qEEdCDzBM7zCmzWyXqx362PemrOymUP4A+vzB+HGkDU=</latexit>



Minimizing the residual

nX

i=1

(M(xi)� yi)
2

<latexit sha1_base64="uni4whXaHJdoCox3tZ/x5uikYNU=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahLiwzRdCNUHTjRqhgH9BOh0yaaUOTzJBkxDJ048ZfceNCEbf+gzv/xrSdhVYP3MvhnHtJ7gliRpV2nC8rt7C4tLySXy2srW9sbtnbOw0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g+HlxG/eEaloJG71KCYeR31BQ4qRNpJv73dUwv2UnrvjroCl69K9T4/g8cj0bsW3i07ZmQL+JW5GiiBDzbc/O70IJ5wIjRlSqu06sfZSJDXFjIwLnUSRGOEh6pO2oQJxorx0esUYHhqlB8NImhIaTtWfGyniSo14YCY50gM1703E/7x2osMzL6UiTjQRePZQmDCoIziJBPaoJFizkSEIS2r+CvEASYS1Ca5gQnDnT/5LGpWy65Tdm5Ni9SKLIw/2wAEoARecgiq4AjVQBxg8gCfwAl6tR+vZerPeZ6M5K9vZBb9gfXwD3kmW2w==</latexit><latexit sha1_base64="uni4whXaHJdoCox3tZ/x5uikYNU=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahLiwzRdCNUHTjRqhgH9BOh0yaaUOTzJBkxDJ048ZfceNCEbf+gzv/xrSdhVYP3MvhnHtJ7gliRpV2nC8rt7C4tLySXy2srW9sbtnbOw0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g+HlxG/eEaloJG71KCYeR31BQ4qRNpJv73dUwv2UnrvjroCl69K9T4/g8cj0bsW3i07ZmQL+JW5GiiBDzbc/O70IJ5wIjRlSqu06sfZSJDXFjIwLnUSRGOEh6pO2oQJxorx0esUYHhqlB8NImhIaTtWfGyniSo14YCY50gM1703E/7x2osMzL6UiTjQRePZQmDCoIziJBPaoJFizkSEIS2r+CvEASYS1Ca5gQnDnT/5LGpWy65Tdm5Ni9SKLIw/2wAEoARecgiq4AjVQBxg8gCfwAl6tR+vZerPeZ6M5K9vZBb9gfXwD3kmW2w==</latexit><latexit sha1_base64="uni4whXaHJdoCox3tZ/x5uikYNU=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahLiwzRdCNUHTjRqhgH9BOh0yaaUOTzJBkxDJ048ZfceNCEbf+gzv/xrSdhVYP3MvhnHtJ7gliRpV2nC8rt7C4tLySXy2srW9sbtnbOw0VJRKTOo5YJFsBUoRRQeqaakZasSSIB4w0g+HlxG/eEaloJG71KCYeR31BQ4qRNpJv73dUwv2UnrvjroCl69K9T4/g8cj0bsW3i07ZmQL+JW5GiiBDzbc/O70IJ5wIjRlSqu06sfZSJDXFjIwLnUSRGOEh6pO2oQJxorx0esUYHhqlB8NImhIaTtWfGyniSo14YCY50gM1703E/7x2osMzL6UiTjQRePZQmDCoIziJBPaoJFizkSEIS2r+CvEASYS1Ca5gQnDnT/5LGpWy65Tdm5Ni9SKLIw/2wAEoARecgiq4AjVQBxg8gCfwAl6tR+vZerPeZ6M5K9vZBb9gfXwD3kmW2w==</latexit>

We want to use the explanatory variable x to predict the dependent variable y

Residual:

M(x) = ŷ
<latexit sha1_base64="GPwFnSiHyjaSVDaTCRaeq3cDxw0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS9ehAjmAckaZieTZMjsg5ledVnyH148KOLVf/Hm3zhJ9qCJBQ1FVTfdXV4khUbb/rZyS8srq2v59cLG5tb2TnF3r6HDWDFeZ6EMVcujmksR8DoKlLwVKU59T/KmN7qa+M0HrrQIgztMIu76dBCIvmAUjXR/U346JhekM6SYJuNusWRX7CnIInEyUoIMtW7xq9MLWezzAJmkWrcdO0I3pQoFk3xc6MSaR5SN6IC3DQ2oz7WbTq8ekyOj9Eg/VKYCJFP190RKfa0T3zOdPsWhnvcm4n9eO8b+uZuKIIqRB2y2qB9LgiGZREB6QnGGMjGEMiXMrYQNqaIMTVAFE4Iz//IiaZxUHLvi3J6WqpdZHHk4gEMogwNnUIVrqEEdGCh4hld4sx6tF+vd+pi15qxsZh/+wPr8ASf2kaM=</latexit><latexit sha1_base64="GPwFnSiHyjaSVDaTCRaeq3cDxw0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS9ehAjmAckaZieTZMjsg5ledVnyH148KOLVf/Hm3zhJ9qCJBQ1FVTfdXV4khUbb/rZyS8srq2v59cLG5tb2TnF3r6HDWDFeZ6EMVcujmksR8DoKlLwVKU59T/KmN7qa+M0HrrQIgztMIu76dBCIvmAUjXR/U346JhekM6SYJuNusWRX7CnIInEyUoIMtW7xq9MLWezzAJmkWrcdO0I3pQoFk3xc6MSaR5SN6IC3DQ2oz7WbTq8ekyOj9Eg/VKYCJFP190RKfa0T3zOdPsWhnvcm4n9eO8b+uZuKIIqRB2y2qB9LgiGZREB6QnGGMjGEMiXMrYQNqaIMTVAFE4Iz//IiaZxUHLvi3J6WqpdZHHk4gEMogwNnUIVrqEEdGCh4hld4sx6tF+vd+pi15qxsZh/+wPr8ASf2kaM=</latexit><latexit sha1_base64="GPwFnSiHyjaSVDaTCRaeq3cDxw0=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBL0IQS9ehAjmAckaZieTZMjsg5ledVnyH148KOLVf/Hm3zhJ9qCJBQ1FVTfdXV4khUbb/rZyS8srq2v59cLG5tb2TnF3r6HDWDFeZ6EMVcujmksR8DoKlLwVKU59T/KmN7qa+M0HrrQIgztMIu76dBCIvmAUjXR/U346JhekM6SYJuNusWRX7CnIInEyUoIMtW7xq9MLWezzAJmkWrcdO0I3pQoFk3xc6MSaR5SN6IC3DQ2oz7WbTq8ekyOj9Eg/VKYCJFP190RKfa0T3zOdPsWhnvcm4n9eO8b+uZuKIIqRB2y2qB9LgiGZREB6QnGGMjGEMiXMrYQNqaIMTVAFE4Iz//IiaZxUHLvi3J6WqpdZHHk4gEMogwNnUIVrqEEdGCh4hld4sx6tF+vd+pi15qxsZh/+wPr8ASf2kaM=</latexit>

ri = |yi � ŷi|
<latexit sha1_base64="eDqvlV40ZJisKWmG93OebuLaBro=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuLEkIuhGKLpxWcE+oA1hMp22QyeTMDMRQlo3/oobF4q49S/c+TdO2yy09cDlHs65l5l7gpgzpR3n2yosLa+srhXXSxubW9s79u5eQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB8GbiNx+oVCwS9zqNqRfivmA9RrA2km8fSJ+hKzRCqemnqDPAOkvHPhv5dtmpOFOgReLmpAw5ar791elGJAmp0IRjpdquE2svw1Izwum41EkUjTEZ4j5tGypwSJWXTS8Yo2OjdFEvkqaERlP190aGQ6XSMDCTIdYDNe9NxP+8dqJ7l17GRJxoKsjsoV7CkY7QJA7UZZISzVNDMJHM/BWRAZaYaBNayYTgzp+8SBpnFdepuHfn5ep1HkcRDuEITsCFC6jCLdSgDgQe4Rle4c16sl6sd+tjNlqw8p19+APr8wfr4JXq</latexit><latexit sha1_base64="eDqvlV40ZJisKWmG93OebuLaBro=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuLEkIuhGKLpxWcE+oA1hMp22QyeTMDMRQlo3/oobF4q49S/c+TdO2yy09cDlHs65l5l7gpgzpR3n2yosLa+srhXXSxubW9s79u5eQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB8GbiNx+oVCwS9zqNqRfivmA9RrA2km8fSJ+hKzRCqemnqDPAOkvHPhv5dtmpOFOgReLmpAw5ar791elGJAmp0IRjpdquE2svw1Izwum41EkUjTEZ4j5tGypwSJWXTS8Yo2OjdFEvkqaERlP190aGQ6XSMDCTIdYDNe9NxP+8dqJ7l17GRJxoKsjsoV7CkY7QJA7UZZISzVNDMJHM/BWRAZaYaBNayYTgzp+8SBpnFdepuHfn5ep1HkcRDuEITsCFC6jCLdSgDgQe4Rle4c16sl6sd+tjNlqw8p19+APr8wfr4JXq</latexit><latexit sha1_base64="eDqvlV40ZJisKWmG93OebuLaBro=">AAACAXicbVDLSsNAFL2pr1pfUTeCm8EiuLEkIuhGKLpxWcE+oA1hMp22QyeTMDMRQlo3/oobF4q49S/c+TdO2yy09cDlHs65l5l7gpgzpR3n2yosLa+srhXXSxubW9s79u5eQ0WJJLROIh7JVoAV5UzQumaa01YsKQ4DTpvB8GbiNx+oVCwS9zqNqRfivmA9RrA2km8fSJ+hKzRCqemnqDPAOkvHPhv5dtmpOFOgReLmpAw5ar791elGJAmp0IRjpdquE2svw1Izwum41EkUjTEZ4j5tGypwSJWXTS8Yo2OjdFEvkqaERlP190aGQ6XSMDCTIdYDNe9NxP+8dqJ7l17GRJxoKsjsoV7CkY7QJA7UZZISzVNDMJHM/BWRAZaYaBNayYTgzp+8SBpnFdepuHfn5ep1HkcRDuEITsCFC6jCLdSgDgQe4Rle4c16sl6sd+tjNlqw8p19+APr8wfr4JXq</latexit>

= |yi �M(xi)|
<latexit sha1_base64="kMXhIruEiT7KXrQ+AqAecbfOsms=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUhSURQTdC0Y0boYJ9QBvCZDpph04ezEykIe2vuHGhiFt/xJ1/47TNQlsPXDiccy/33uPFnEllWd/Gyura+sZmYau4vbO7t28elJoySgShDRLxSLQ9LClnIW0opjhtx4LiwOO05Q1vp37riQrJovBRpTF1AtwPmc8IVlpyzRK6RmOUugydofvKyGWnY9csW1VrBrRM7JyUIUfdNb+6vYgkAQ0V4VjKjm3FysmwUIxwOil2E0ljTIa4Tzuahjig0slmt0/QiVZ6yI+ErlChmfp7IsOBlGng6c4Aq4Fc9Kbif14nUf6Vk7EwThQNyXyRn3CkIjQNAvWYoETxVBNMBNO3IjLAAhOl4yrqEOzFl5dJ87xqW1X74aJcu8njKMARHEMFbLiEGtxBHRpAYATP8ApvxsR4Md6Nj3nripHPHMIfGJ8/C1GSgA==</latexit><latexit sha1_base64="kMXhIruEiT7KXrQ+AqAecbfOsms=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUhSURQTdC0Y0boYJ9QBvCZDpph04ezEykIe2vuHGhiFt/xJ1/47TNQlsPXDiccy/33uPFnEllWd/Gyura+sZmYau4vbO7t28elJoySgShDRLxSLQ9LClnIW0opjhtx4LiwOO05Q1vp37riQrJovBRpTF1AtwPmc8IVlpyzRK6RmOUugydofvKyGWnY9csW1VrBrRM7JyUIUfdNb+6vYgkAQ0V4VjKjm3FysmwUIxwOil2E0ljTIa4Tzuahjig0slmt0/QiVZ6yI+ErlChmfp7IsOBlGng6c4Aq4Fc9Kbif14nUf6Vk7EwThQNyXyRn3CkIjQNAvWYoETxVBNMBNO3IjLAAhOl4yrqEOzFl5dJ87xqW1X74aJcu8njKMARHEMFbLiEGtxBHRpAYATP8ApvxsR4Md6Nj3nripHPHMIfGJ8/C1GSgA==</latexit><latexit sha1_base64="kMXhIruEiT7KXrQ+AqAecbfOsms=">AAAB+3icbVDLSsNAFL3xWesr1qWbwSLUhSURQTdC0Y0boYJ9QBvCZDpph04ezEykIe2vuHGhiFt/xJ1/47TNQlsPXDiccy/33uPFnEllWd/Gyura+sZmYau4vbO7t28elJoySgShDRLxSLQ9LClnIW0opjhtx4LiwOO05Q1vp37riQrJovBRpTF1AtwPmc8IVlpyzRK6RmOUugydofvKyGWnY9csW1VrBrRM7JyUIUfdNb+6vYgkAQ0V4VjKjm3FysmwUIxwOil2E0ljTIa4Tzuahjig0slmt0/QiVZ6yI+ErlChmfp7IsOBlGng6c4Aq4Fc9Kbif14nUf6Vk7EwThQNyXyRn3CkIjQNAvWYoETxVBNMBNO3IjLAAhOl4yrqEOzFl5dJ87xqW1X74aJcu8njKMARHEMFbLiEGtxBHRpAYATP8ApvxsR4Md6Nj3nripHPHMIfGJ8/C1GSgA==</latexit>

Measuring fit error

on a dataset:



In 2D

minimize
a,b

nX

i=1

(aTxi � b� yi)
2

<latexit sha1_base64="KtEqW13AHblcMV0Soz5ee5wpJHk="></latexit><latexit sha1_base64="KtEqW13AHblcMV0Soz5ee5wpJHk="></latexit><latexit sha1_base64="KtEqW13AHblcMV0Soz5ee5wpJHk="></latexit><latexit sha1_base64="KtEqW13AHblcMV0Soz5ee5wpJHk="></latexit>

↵ = [b; a]
<latexit sha1_base64="ZHFzcTPJSHZmun4Bv9MsAQldN1M=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVQUGEoBePEcwDNkvoncwmQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BangSjvOt7Wyura+sVnaKm/v7O5V7P2DlkoySVmTJiKRnQAVEzxmTc21YJ1UMowCwdrB6Hbqtx+ZVDyJH/Q4ZX6Eg5iHnKI2Us+udFGkQyTXxAuuCPo9u+rUnBnIMnELUoUCjZ791e0nNItYrKlApTzXSbWfo9ScCjYpdzPFUqQjHDDP0Bgjpvx8dviEnBilT8JEmoo1mam/J3KMlBpHgemMUA/VojcV//O8TIeXfs7jNNMspvNFYSaITsg0BdLnklEtxoYgldzcSugQJVJtsiqbENzFl5dJ66zmOjX3/rxavyniKMERHMMpuHABdbiDBjSBQgbP8Apv1pP1Yr1bH/PWFauYOYQ/sD5/APNxkfY=</latexit><latexit sha1_base64="ZHFzcTPJSHZmun4Bv9MsAQldN1M=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVQUGEoBePEcwDNkvoncwmQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BangSjvOt7Wyura+sVnaKm/v7O5V7P2DlkoySVmTJiKRnQAVEzxmTc21YJ1UMowCwdrB6Hbqtx+ZVDyJH/Q4ZX6Eg5iHnKI2Us+udFGkQyTXxAuuCPo9u+rUnBnIMnELUoUCjZ791e0nNItYrKlApTzXSbWfo9ScCjYpdzPFUqQjHDDP0Bgjpvx8dviEnBilT8JEmoo1mam/J3KMlBpHgemMUA/VojcV//O8TIeXfs7jNNMspvNFYSaITsg0BdLnklEtxoYgldzcSugQJVJtsiqbENzFl5dJ66zmOjX3/rxavyniKMERHMMpuHABdbiDBjSBQgbP8Apv1pP1Yr1bH/PWFauYOYQ/sD5/APNxkfY=</latexit><latexit sha1_base64="ZHFzcTPJSHZmun4Bv9MsAQldN1M=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVQUGEoBePEcwDNkvoncwmQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BangSjvOt7Wyura+sVnaKm/v7O5V7P2DlkoySVmTJiKRnQAVEzxmTc21YJ1UMowCwdrB6Hbqtx+ZVDyJH/Q4ZX6Eg5iHnKI2Us+udFGkQyTXxAuuCPo9u+rUnBnIMnELUoUCjZ791e0nNItYrKlApTzXSbWfo9ScCjYpdzPFUqQjHDDP0Bgjpvx8dviEnBilT8JEmoo1mam/J3KMlBpHgemMUA/VojcV//O8TIeXfs7jNNMspvNFYSaITsg0BdLnklEtxoYgldzcSugQJVJtsiqbENzFl5dJ66zmOjX3/rxavyniKMERHMMpuHABdbiDBjSBQgbP8Apv1pP1Yr1bH/PWFauYOYQ/sD5/APNxkfY=</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="xCXUSEX8lJs1+GwiHHm8qdXlUsE=">AAAB7XicbZBLSwMxFIXv1Fet1Y5u3QSL4KrMuFEoguDGZQX7gOlQ7qSZNjSTGZKMUIf+EjcuFPHvuPPfmD4W2nog8HFOwr05USa4Np737ZS2tnd298r7lYPq4VHNPa52dJoryto0FanqRaiZ4JK1DTeC9TLFMIkE60aTu3nefWJK81Q+mmnGwgRHksecorHWwK31UWRjJDckiJoEw4Fb9xreQmQT/BXUYaXWwP3qD1OaJ0waKlDrwPcyExaoDKeCzSr9XLMM6QRHLLAoMWE6LBaLz8i5dYYkTpU90pCF+/tFgYnW0ySyNxM0Y72ezc3/siA38XVYcJnlhkm6HBTngpiUzFsgQ64YNWJqAanidldCx6iQGttVxZbgr395EzqXDd9r+A8elOEUzuACfLiCW7iHFrSBQg4v8AbvzrPz6nws6yo5q95O4I+czx+q7ZCT</latexit><latexit sha1_base64="xCXUSEX8lJs1+GwiHHm8qdXlUsE=">AAAB7XicbZBLSwMxFIXv1Fet1Y5u3QSL4KrMuFEoguDGZQX7gOlQ7qSZNjSTGZKMUIf+EjcuFPHvuPPfmD4W2nog8HFOwr05USa4Np737ZS2tnd298r7lYPq4VHNPa52dJoryto0FanqRaiZ4JK1DTeC9TLFMIkE60aTu3nefWJK81Q+mmnGwgRHksecorHWwK31UWRjJDckiJoEw4Fb9xreQmQT/BXUYaXWwP3qD1OaJ0waKlDrwPcyExaoDKeCzSr9XLMM6QRHLLAoMWE6LBaLz8i5dYYkTpU90pCF+/tFgYnW0ySyNxM0Y72ezc3/siA38XVYcJnlhkm6HBTngpiUzFsgQ64YNWJqAanidldCx6iQGttVxZbgr395EzqXDd9r+A8elOEUzuACfLiCW7iHFrSBQg4v8AbvzrPz6nws6yo5q95O4I+czx+q7ZCT</latexit><latexit sha1_base64="obu1sJ4DxxHqgZo4sm30YBY6iEc=">AAAB+HicbVDLSgNBEOyNrxgfWfXoZTAInsKuFwURgl48RjAP2CyhdzKbDJl9MDMrxCVf4sWDIl79FG/+jZNkD5pY0FBUddPdFaSCK+0431ZpbX1jc6u8XdnZ3duv2geHbZVkkrIWTUQiuwEqJnjMWpprwbqpZBgFgnWC8e3M7zwyqXgSP+hJyvwIhzEPOUVtpL5d7aFIR0iuiRdcEfT7ds2pO3OQVeIWpAYFmn37qzdIaBaxWFOBSnmuk2o/R6k5FWxa6WWKpUjHOGSeoTFGTPn5/PApOTXKgISJNBVrMld/T+QYKTWJAtMZoR6pZW8m/ud5mQ4v/ZzHaaZZTBeLwkwQnZBZCmTAJaNaTAxBKrm5ldARSqTaZFUxIbjLL6+S9nndderuvVNr3BRxlOEYTuAMXLiABtxBE1pAIYNneIU368l6sd6tj0VrySpmjuAPrM8f8jGR8g==</latexit><latexit sha1_base64="ZHFzcTPJSHZmun4Bv9MsAQldN1M=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVQUGEoBePEcwDNkvoncwmQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BangSjvOt7Wyura+sVnaKm/v7O5V7P2DlkoySVmTJiKRnQAVEzxmTc21YJ1UMowCwdrB6Hbqtx+ZVDyJH/Q4ZX6Eg5iHnKI2Us+udFGkQyTXxAuuCPo9u+rUnBnIMnELUoUCjZ791e0nNItYrKlApTzXSbWfo9ScCjYpdzPFUqQjHDDP0Bgjpvx8dviEnBilT8JEmoo1mam/J3KMlBpHgemMUA/VojcV//O8TIeXfs7jNNMspvNFYSaITsg0BdLnklEtxoYgldzcSugQJVJtsiqbENzFl5dJ66zmOjX3/rxavyniKMERHMMpuHABdbiDBjSBQgbP8Apv1pP1Yr1bH/PWFauYOYQ/sD5/APNxkfY=</latexit><latexit sha1_base64="ZHFzcTPJSHZmun4Bv9MsAQldN1M=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVQUGEoBePEcwDNkvoncwmQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BangSjvOt7Wyura+sVnaKm/v7O5V7P2DlkoySVmTJiKRnQAVEzxmTc21YJ1UMowCwdrB6Hbqtx+ZVDyJH/Q4ZX6Eg5iHnKI2Us+udFGkQyTXxAuuCPo9u+rUnBnIMnELUoUCjZ791e0nNItYrKlApTzXSbWfo9ScCjYpdzPFUqQjHDDP0Bgjpvx8dviEnBilT8JEmoo1mam/J3KMlBpHgemMUA/VojcV//O8TIeXfs7jNNMspvNFYSaITsg0BdLnklEtxoYgldzcSugQJVJtsiqbENzFl5dJ66zmOjX3/rxavyniKMERHMMpuHABdbiDBjSBQgbP8Apv1pP1Yr1bH/PWFauYOYQ/sD5/APNxkfY=</latexit><latexit sha1_base64="ZHFzcTPJSHZmun4Bv9MsAQldN1M=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVQUGEoBePEcwDNkvoncwmQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BangSjvOt7Wyura+sVnaKm/v7O5V7P2DlkoySVmTJiKRnQAVEzxmTc21YJ1UMowCwdrB6Hbqtx+ZVDyJH/Q4ZX6Eg5iHnKI2Us+udFGkQyTXxAuuCPo9u+rUnBnIMnELUoUCjZ791e0nNItYrKlApTzXSbWfo9ScCjYpdzPFUqQjHDDP0Bgjpvx8dviEnBilT8JEmoo1mam/J3KMlBpHgemMUA/VojcV//O8TIeXfs7jNNMspvNFYSaITsg0BdLnklEtxoYgldzcSugQJVJtsiqbENzFl5dJ66zmOjX3/rxavyniKMERHMMpuHABdbiDBjSBQgbP8Apv1pP1Yr1bH/PWFauYOYQ/sD5/APNxkfY=</latexit><latexit sha1_base64="ZHFzcTPJSHZmun4Bv9MsAQldN1M=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVQUGEoBePEcwDNkvoncwmQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BangSjvOt7Wyura+sVnaKm/v7O5V7P2DlkoySVmTJiKRnQAVEzxmTc21YJ1UMowCwdrB6Hbqtx+ZVDyJH/Q4ZX6Eg5iHnKI2Us+udFGkQyTXxAuuCPo9u+rUnBnIMnELUoUCjZ791e0nNItYrKlApTzXSbWfo9ScCjYpdzPFUqQjHDDP0Bgjpvx8dviEnBilT8JEmoo1mam/J3KMlBpHgemMUA/VojcV//O8TIeXfs7jNNMspvNFYSaITsg0BdLnklEtxoYgldzcSugQJVJtsiqbENzFl5dJ66zmOjX3/rxavyniKMERHMMpuHABdbiDBjSBQgbP8Apv1pP1Yr1bH/PWFauYOYQ/sD5/APNxkfY=</latexit><latexit sha1_base64="ZHFzcTPJSHZmun4Bv9MsAQldN1M=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVQUGEoBePEcwDNkvoncwmQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BangSjvOt7Wyura+sVnaKm/v7O5V7P2DlkoySVmTJiKRnQAVEzxmTc21YJ1UMowCwdrB6Hbqtx+ZVDyJH/Q4ZX6Eg5iHnKI2Us+udFGkQyTXxAuuCPo9u+rUnBnIMnELUoUCjZ791e0nNItYrKlApTzXSbWfo9ScCjYpdzPFUqQjHDDP0Bgjpvx8dviEnBilT8JEmoo1mam/J3KMlBpHgemMUA/VojcV//O8TIeXfs7jNNMspvNFYSaITsg0BdLnklEtxoYgldzcSugQJVJtsiqbENzFl5dJ66zmOjX3/rxavyniKMERHMMpuHABdbiDBjSBQgbP8Apv1pP1Yr1bH/PWFauYOYQ/sD5/APNxkfY=</latexit><latexit sha1_base64="ZHFzcTPJSHZmun4Bv9MsAQldN1M=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAbBU9gVQUGEoBePEcwDNkvoncwmQ2YfzMwKccmXePGgiFc/xZt/4yTZgyYWNBRV3XR3BangSjvOt7Wyura+sVnaKm/v7O5V7P2DlkoySVmTJiKRnQAVEzxmTc21YJ1UMowCwdrB6Hbqtx+ZVDyJH/Q4ZX6Eg5iHnKI2Us+udFGkQyTXxAuuCPo9u+rUnBnIMnELUoUCjZ791e0nNItYrKlApTzXSbWfo9ScCjYpdzPFUqQjHDDP0Bgjpvx8dviEnBilT8JEmoo1mam/J3KMlBpHgemMUA/VojcV//O8TIeXfs7jNNMspvNFYSaITsg0BdLnklEtxoYgldzcSugQJVJtsiqbENzFl5dJ66zmOjX3/rxavyniKMERHMMpuHABdbiDBjSBQgbP8Apv1pP1Yr1bH/PWFauYOYQ/sD5/APNxkfY=</latexit>

X = [1 X1]
<latexit sha1_base64="DVfIibodesEHzxjpV0n9hrBicNs=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KlkRFEQoevFYwbaBNJbNdtMu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMC1PBtXHdb2dpeWV1bb20Ud7c2t7Zreztt3SSKcqaNBGJ8kKimeCSNQ03gnmpYiQOBWuHw5uJ335kSvNE3ptRyoKY9CWPOCXGSg8eukI+Rp1L5HVx0K1U3Zo7BVokuCBVKNDoVr46vYRmMZOGCqK1j93UBDlRhlPBxuVOpllK6JD0mW+pJDHTQT69eoyOrdJDUaJsSYOm6u+JnMRaj+LQdsbEDPS8NxH/8/zMRBdBzmWaGSbpbFGUCWQSNIkA9bhi1IiRJYQqbm9FdEAUocYGVbYh4PmXF0nrtIbdGr47q9avizhKcAhHcAIYzqEOt9CAJlBQ8Ayv8OY8OS/Ou/Mxa11yipkD+APn8wdvnpCD</latexit><latexit sha1_base64="DVfIibodesEHzxjpV0n9hrBicNs=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KlkRFEQoevFYwbaBNJbNdtMu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMC1PBtXHdb2dpeWV1bb20Ud7c2t7Zreztt3SSKcqaNBGJ8kKimeCSNQ03gnmpYiQOBWuHw5uJ335kSvNE3ptRyoKY9CWPOCXGSg8eukI+Rp1L5HVx0K1U3Zo7BVokuCBVKNDoVr46vYRmMZOGCqK1j93UBDlRhlPBxuVOpllK6JD0mW+pJDHTQT69eoyOrdJDUaJsSYOm6u+JnMRaj+LQdsbEDPS8NxH/8/zMRBdBzmWaGSbpbFGUCWQSNIkA9bhi1IiRJYQqbm9FdEAUocYGVbYh4PmXF0nrtIbdGr47q9avizhKcAhHcAIYzqEOt9CAJlBQ8Ayv8OY8OS/Ou/Mxa11yipkD+APn8wdvnpCD</latexit><latexit sha1_base64="DVfIibodesEHzxjpV0n9hrBicNs=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KlkRFEQoevFYwbaBNJbNdtMu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMC1PBtXHdb2dpeWV1bb20Ud7c2t7Zreztt3SSKcqaNBGJ8kKimeCSNQ03gnmpYiQOBWuHw5uJ335kSvNE3ptRyoKY9CWPOCXGSg8eukI+Rp1L5HVx0K1U3Zo7BVokuCBVKNDoVr46vYRmMZOGCqK1j93UBDlRhlPBxuVOpllK6JD0mW+pJDHTQT69eoyOrdJDUaJsSYOm6u+JnMRaj+LQdsbEDPS8NxH/8/zMRBdBzmWaGSbpbFGUCWQSNIkA9bhi1IiRJYQqbm9FdEAUocYGVbYh4PmXF0nrtIbdGr47q9avizhKcAhHcAIYzqEOt9CAJlBQ8Ayv8OY8OS/Ou/Mxa11yipkD+APn8wdvnpCD</latexit><latexit sha1_base64="DVfIibodesEHzxjpV0n9hrBicNs=">AAAB9XicbVBNS8NAEJ34WetX1aOXxSJ4KlkRFEQoevFYwbaBNJbNdtMu3WzC7kYpof/DiwdFvPpfvPlv3LY5aOuDgcd7M8zMC1PBtXHdb2dpeWV1bb20Ud7c2t7Zreztt3SSKcqaNBGJ8kKimeCSNQ03gnmpYiQOBWuHw5uJ335kSvNE3ptRyoKY9CWPOCXGSg8eukI+Rp1L5HVx0K1U3Zo7BVokuCBVKNDoVr46vYRmMZOGCqK1j93UBDlRhlPBxuVOpllK6JD0mW+pJDHTQT69eoyOrdJDUaJsSYOm6u+JnMRaj+LQdsbEDPS8NxH/8/zMRBdBzmWaGSbpbFGUCWQSNIkA9bhi1IiRJYQqbm9FdEAUocYGVbYh4PmXF0nrtIbdGr47q9avizhKcAhHcAIYzqEOt9CAJlBQ8Ayv8OY8OS/Ou/Mxa11yipkD+APn8wdvnpCD</latexit>

Q: Is the residual the distance to the line?

A: No, it is the error of the value of the model evaluated at x and the true y



Closed form solution

minimize
↵

kX↵� yk2
<latexit sha1_base64="KcOxmiShZnJZ6x2rdc8aUTA2Zcg=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+DGMqOCLotuXFawtdCpJZPe2mCSGZI7Yh3nQ9z4K25cKOLGheDfmD4Wvg4EDufcy805USKFRd//9CYmp6ZnZufmCwuLS8srxdW1uo1Tw6HGYxmbRsQsSKGhhgIlNBIDTEUSzqOr44F/fg3GilifYT+BlmKXWnQFZ+ikdnEvVAx7cZKFCDeYKaGFErdA87ydhUwmPZaHd40Rozu0H95d7LaLJb/sD0H/kmBMSmSMarv4HnZinirQyCWzthn4CbYyZlBwCXkhTC0kjF+xS2g6qpkC28qG4XK65ZQO7cbGPY10qH7fyJiytq8iNzmIYn97A/E/r5li97CVCZ2kCJqPDnVTSTGmg6ZoRxjgKPuOMG6E+yvlPWYYR9dnwZUQ/I78l9R3y4FfDk73S5WjcR1zZINskm0SkANSISekSmqEk3vySJ7Ji/fgPXmv3ttodMIb76yTH/A+vgBkiaK6</latexit><latexit sha1_base64="KcOxmiShZnJZ6x2rdc8aUTA2Zcg=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+DGMqOCLotuXFawtdCpJZPe2mCSGZI7Yh3nQ9z4K25cKOLGheDfmD4Wvg4EDufcy805USKFRd//9CYmp6ZnZufmCwuLS8srxdW1uo1Tw6HGYxmbRsQsSKGhhgIlNBIDTEUSzqOr44F/fg3GilifYT+BlmKXWnQFZ+ikdnEvVAx7cZKFCDeYKaGFErdA87ydhUwmPZaHd40Rozu0H95d7LaLJb/sD0H/kmBMSmSMarv4HnZinirQyCWzthn4CbYyZlBwCXkhTC0kjF+xS2g6qpkC28qG4XK65ZQO7cbGPY10qH7fyJiytq8iNzmIYn97A/E/r5li97CVCZ2kCJqPDnVTSTGmg6ZoRxjgKPuOMG6E+yvlPWYYR9dnwZUQ/I78l9R3y4FfDk73S5WjcR1zZINskm0SkANSISekSmqEk3vySJ7Ji/fgPXmv3ttodMIb76yTH/A+vgBkiaK6</latexit><latexit sha1_base64="KcOxmiShZnJZ6x2rdc8aUTA2Zcg=">AAACHHicbVDLSgMxFM34tr6qLt0Ei+DGMqOCLotuXFawtdCpJZPe2mCSGZI7Yh3nQ9z4K25cKOLGheDfmD4Wvg4EDufcy805USKFRd//9CYmp6ZnZufmCwuLS8srxdW1uo1Tw6HGYxmbRsQsSKGhhgIlNBIDTEUSzqOr44F/fg3GilifYT+BlmKXWnQFZ+ikdnEvVAx7cZKFCDeYKaGFErdA87ydhUwmPZaHd40Rozu0H95d7LaLJb/sD0H/kmBMSmSMarv4HnZinirQyCWzthn4CbYyZlBwCXkhTC0kjF+xS2g6qpkC28qG4XK65ZQO7cbGPY10qH7fyJiytq8iNzmIYn97A/E/r5li97CVCZ2kCJqPDnVTSTGmg6ZoRxjgKPuOMG6E+yvlPWYYR9dnwZUQ/I78l9R3y4FfDk73S5WjcR1zZINskm0SkANSISekSmqEk3vySJ7Ji/fgPXmv3ttodMIb76yTH/A+vgBkiaK6</latexit>

Matrices too large!



Classification
Given k different classes, a classifier algorithm builds a model that 
accurately predicts for every unlabelled instance x the class C to which 
the instance belongs.

Examples:


Spam filter


Twitter sentiment analysis



Such that the data closely reproduces the model2. M(xi) ⇡ yi
<latexit sha1_base64="rSwO7oxf73EhgdVtspY6B3E7yK4=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyIoMuiGzdCBfuAdhgyaaYNzSQhyUiHob/ixoUibv0Rd/6NaTsLbT1w4XDOvdx7TyQZ1cbzvp219Y3Nre3STnl3b//g0D2qtLVIFSYtLJhQ3QhpwignLUMNI12pCEoiRjrR+Hbmd56I0lTwR5NJEiRoyGlMMTJWCt3KfW0S0nPYR1IqMYFZSEO36tW9OeAq8QtSBQWaofvVHwicJoQbzJDWPd+TJsiRMhQzMi33U00kwmM0JD1LOUqIDvL57VN4ZpUBjIWyxQ2cq78ncpRonSWR7UyQGellbyb+5/VSE18HOeUyNYTjxaI4ZdAIOAsCDqgi2LDMEoQVtbdCPEIKYWPjKtsQ/OWXV0n7ou57df/hstq4KeIogRNwCmrAB1egAe5AE7QABhPwDF7BmzN1Xpx352PRuuYUM8fgD5zPH+iYk7Q=</latexit><latexit sha1_base64="rSwO7oxf73EhgdVtspY6B3E7yK4=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyIoMuiGzdCBfuAdhgyaaYNzSQhyUiHob/ixoUibv0Rd/6NaTsLbT1w4XDOvdx7TyQZ1cbzvp219Y3Nre3STnl3b//g0D2qtLVIFSYtLJhQ3QhpwignLUMNI12pCEoiRjrR+Hbmd56I0lTwR5NJEiRoyGlMMTJWCt3KfW0S0nPYR1IqMYFZSEO36tW9OeAq8QtSBQWaofvVHwicJoQbzJDWPd+TJsiRMhQzMi33U00kwmM0JD1LOUqIDvL57VN4ZpUBjIWyxQ2cq78ncpRonSWR7UyQGellbyb+5/VSE18HOeUyNYTjxaI4ZdAIOAsCDqgi2LDMEoQVtbdCPEIKYWPjKtsQ/OWXV0n7ou57df/hstq4KeIogRNwCmrAB1egAe5AE7QABhPwDF7BmzN1Xpx352PRuuYUM8fgD5zPH+iYk7Q=</latexit><latexit sha1_base64="rSwO7oxf73EhgdVtspY6B3E7yK4=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyIoMuiGzdCBfuAdhgyaaYNzSQhyUiHob/ixoUibv0Rd/6NaTsLbT1w4XDOvdx7TyQZ1cbzvp219Y3Nre3STnl3b//g0D2qtLVIFSYtLJhQ3QhpwignLUMNI12pCEoiRjrR+Hbmd56I0lTwR5NJEiRoyGlMMTJWCt3KfW0S0nPYR1IqMYFZSEO36tW9OeAq8QtSBQWaofvVHwicJoQbzJDWPd+TJsiRMhQzMi33U00kwmM0JD1LOUqIDvL57VN4ZpUBjIWyxQ2cq78ncpRonSWR7UyQGellbyb+5/VSE18HOeUyNYTjxaI4ZdAIOAsCDqgi2LDMEoQVtbdCPEIKYWPjKtsQ/OWXV0n7ou57df/hstq4KeIogRNwCmrAB1egAe5AE7QABhPwDF7BmzN1Xpx352PRuuYUM8fgD5zPH+iYk7Q=</latexit><latexit sha1_base64="rSwO7oxf73EhgdVtspY6B3E7yK4=">AAAB+3icbVDLSgMxFM34rPU11qWbYBHqpsyIoMuiGzdCBfuAdhgyaaYNzSQhyUiHob/ixoUibv0Rd/6NaTsLbT1w4XDOvdx7TyQZ1cbzvp219Y3Nre3STnl3b//g0D2qtLVIFSYtLJhQ3QhpwignLUMNI12pCEoiRjrR+Hbmd56I0lTwR5NJEiRoyGlMMTJWCt3KfW0S0nPYR1IqMYFZSEO36tW9OeAq8QtSBQWaofvVHwicJoQbzJDWPd+TJsiRMhQzMi33U00kwmM0JD1LOUqIDvL57VN4ZpUBjIWyxQ2cq78ncpRonSWR7UyQGellbyb+5/VSE18HOeUyNYTjxaI4ZdAIOAsCDqgi2LDMEoQVtbdCPEIKYWPjKtsQ/OWXV0n7ou57df/hstq4KeIogRNwCmrAB1egAe5AE7QABhPwDF7BmzN1Xpx352PRuuYUM8fgD5zPH+iYk7Q=</latexit>

What is classification?
Given a large, noisy dataset A = [X y]

<latexit sha1_base64="rADex/odES4MuNwb2DONQhqv+Bg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUBCh6sVjBfsBaSib7aZdutnE3U0hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzz485U9q2v63Syura+kZ5s7K1vbO7V90/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/lfmdCpWKReNRpTL0QDwULGMHaSN4NukYu6qLeFUq9frVm1+0Z0DJxClKDAs1+9as3iEgSUqEJx0q5jh1rL8NSM8LptNJLFI0xGeMhdQ0VOKTKy2ZHT9GJUQYoiKQpodFM/T2R4VCpNPRNZ4j1SC16ufif5yY6uPQyJuJEU0Hmi4KEIx2hPAE0YJISzVNDMJHM3IrICEtMtMmpYkJwFl9eJu2zumPXnYfzWuO2iKMMR3AMp+DABTTgHprQAgJP8Ayv8GZNrBfr3fqYt5asYuYQ/sD6/AHnD5A6</latexit><latexit sha1_base64="rADex/odES4MuNwb2DONQhqv+Bg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUBCh6sVjBfsBaSib7aZdutnE3U0hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzz485U9q2v63Syura+kZ5s7K1vbO7V90/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/lfmdCpWKReNRpTL0QDwULGMHaSN4NukYu6qLeFUq9frVm1+0Z0DJxClKDAs1+9as3iEgSUqEJx0q5jh1rL8NSM8LptNJLFI0xGeMhdQ0VOKTKy2ZHT9GJUQYoiKQpodFM/T2R4VCpNPRNZ4j1SC16ufif5yY6uPQyJuJEU0Hmi4KEIx2hPAE0YJISzVNDMJHM3IrICEtMtMmpYkJwFl9eJu2zumPXnYfzWuO2iKMMR3AMp+DABTTgHprQAgJP8Ayv8GZNrBfr3fqYt5asYuYQ/sD6/AHnD5A6</latexit><latexit sha1_base64="rADex/odES4MuNwb2DONQhqv+Bg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUBCh6sVjBfsBaSib7aZdutnE3U0hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzz485U9q2v63Syura+kZ5s7K1vbO7V90/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/lfmdCpWKReNRpTL0QDwULGMHaSN4NukYu6qLeFUq9frVm1+0Z0DJxClKDAs1+9as3iEgSUqEJx0q5jh1rL8NSM8LptNJLFI0xGeMhdQ0VOKTKy2ZHT9GJUQYoiKQpodFM/T2R4VCpNPRNZ4j1SC16ufif5yY6uPQyJuJEU0Hmi4KEIx2hPAE0YJISzVNDMJHM3IrICEtMtMmpYkJwFl9eJu2zumPXnYfzWuO2iKMMR3AMp+DABTTgHprQAgJP8Ayv8GZNrBfr3fqYt5asYuYQ/sD6/AHnD5A6</latexit><latexit sha1_base64="rADex/odES4MuNwb2DONQhqv+Bg=">AAAB9HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUBCh6sVjBfsBaSib7aZdutnE3U0hhP4OLx4U8eqP8ea/cdPmoK0PBh7vzTAzz485U9q2v63Syura+kZ5s7K1vbO7V90/aKsokYS2SMQj2fWxopwJ2tJMc9qNJcWhz2nHH9/lfmdCpWKReNRpTL0QDwULGMHaSN4NukYu6qLeFUq9frVm1+0Z0DJxClKDAs1+9as3iEgSUqEJx0q5jh1rL8NSM8LptNJLFI0xGeMhdQ0VOKTKy2ZHT9GJUQYoiKQpodFM/T2R4VCpNPRNZ4j1SC16ufif5yY6uPQyJuJEU0Hmi4KEIx2hPAE0YJISzVNDMJHM3IrICEtMtMmpYkJwFl9eJu2zumPXnYfzWuO2iKMMR3AMp+DABTTgHprQAgJP8Ayv8GZNrBfr3fqYt5asYuYQ/sD6/AHnD5A6</latexit>

Try to find a simple model1. M(X)
<latexit sha1_base64="ObKI1ph9UksB5dewhHhJUvA6ZeE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrwIFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2ag7Y+GHi8N8PMvCDmTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqv986H1ZrbcHOgVeIVpAYFWsPq12AUkURQaQjHWvc9NzZ+ipVhhNN5ZZBoGmMyxWPat1RiQbWf5rfO0ZlVRiiMlC1pUK7+nkix0HomAtspsJnoZS8T//P6iQmv/ZTJODFUksWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOxIXjLL6+SzkXDcxvew2WteVPEUYYTOIU6eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPFZCNmA==</latexit><latexit sha1_base64="ObKI1ph9UksB5dewhHhJUvA6ZeE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrwIFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2ag7Y+GHi8N8PMvCDmTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqv986H1ZrbcHOgVeIVpAYFWsPq12AUkURQaQjHWvc9NzZ+ipVhhNN5ZZBoGmMyxWPat1RiQbWf5rfO0ZlVRiiMlC1pUK7+nkix0HomAtspsJnoZS8T//P6iQmv/ZTJODFUksWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOxIXjLL6+SzkXDcxvew2WteVPEUYYTOIU6eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPFZCNmA==</latexit><latexit sha1_base64="ObKI1ph9UksB5dewhHhJUvA6ZeE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrwIFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2ag7Y+GHi8N8PMvCDmTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqv986H1ZrbcHOgVeIVpAYFWsPq12AUkURQaQjHWvc9NzZ+ipVhhNN5ZZBoGmMyxWPat1RiQbWf5rfO0ZlVRiiMlC1pUK7+nkix0HomAtspsJnoZS8T//P6iQmv/ZTJODFUksWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOxIXjLL6+SzkXDcxvew2WteVPEUYYTOIU6eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPFZCNmA==</latexit><latexit sha1_base64="ObKI1ph9UksB5dewhHhJUvA6ZeE=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBahXkoigh6LXrwIFewHtKFstpt26e4m7G6EEvoXvHhQxKt/yJv/xk2ag7Y+GHi8N8PMvCDmTBvX/XZKa+sbm1vl7crO7t7+QfXwqKOjRBHaJhGPVC/AmnImadsww2kvVhSLgNNuML3N/O4TVZpF8tHMYuoLPJYsZASbTLqv986H1ZrbcHOgVeIVpAYFWsPq12AUkURQaQjHWvc9NzZ+ipVhhNN5ZZBoGmMyxWPat1RiQbWf5rfO0ZlVRiiMlC1pUK7+nkix0HomAtspsJnoZS8T//P6iQmv/ZTJODFUksWiMOHIRCh7HI2YosTwmSWYKGZvRWSCFSbGxlOxIXjLL6+SzkXDcxvew2WteVPEUYYTOIU6eHAFTbiDFrSBwASe4RXeHOG8OO/Ox6K15BQzx/AHzucPFZCNmA==</latexit>

The model allows to predict y from x

Q: Why not use regression?

A: We do not wish to follow ordered continuous values 

Where y takes values in a finite, unordered set of labels



Classification for streams



Logistic regression

minimize
↵

NX

n=1

log(1 + exp(ynX
T
n ↵))

<latexit sha1_base64="ZdQBb2iz06G3BV8iXNHL8P6XiL4="></latexit>

Training the logistic regression classifier is finding a solution to



Fitting a model to data
We are minimizing a loss over the model parameters

L(↵, X, y) =
NX

n=1

L(↵, xn, yn)
<latexit sha1_base64="Bi0y+tT6shBuHhKYgqIybWesStk=">AAACGnicbVDLSsNAFJ3UV62vqEs3g0VooZSkCropFN24EKlgH9DUMJlO26GTSZiZiCH0O9z4K25cKOJO3Pg3TtsstPXAhcM593LvPV7IqFSW9W1klpZXVtey67mNza3tHXN3rymDSGDSwAELRNtDkjDKSUNRxUg7FAT5HiMtb3Qx8Vv3REga8FsVh6TrowGnfYqR0pJr2vCq4CAWDlEJtktxEVahIyPfTXjVHt9d/3IfXF6KXV50zbxVtqaAi8ROSR6kqLvmp9MLcOQTrjBDUnZsK1TdBAlFMSPjnBNJEiI8QgPS0ZQjn8huMn1tDI+00oP9QOjiCk7V3xMJ8qWMfU93+kgN5bw3Ef/zOpHqn3UTysNIEY5ni/oRgyqAk5xgjwqCFYs1QVhQfSvEQyQQVjrNnA7Bnn95kTQrZfu4XLk5ydfO0ziy4AAcggKwwSmogUtQBw2AwSN4Bq/gzXgyXox342PWmjHSmX3wB8bXD64tnjA=</latexit>

minimize
↵2A

L(↵, X, y)
<latexit sha1_base64="mz7vXlnkxchjI3BtC0mMDcrZAnE="></latexit>

In river: optim class 



Gradient descent

↵(k + 1) ↵(k)� �(k)rL(↵(k), X, y)
<latexit sha1_base64="gxsrIQ0DJljsgxzKP7feaAcmi90="></latexit>

++ k
<latexit sha1_base64="aHoMTqTdRnSd7NOYObhLJS6O0qM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgBMJuFPQY9OIxonlAsoTZyWwyZHZ2mekVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvzW09cGxGrRxwn3I/oQIlQMIpWeiiXR71iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuG1PxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt+eZU0qxXvolK9vyzVbrI48nACp3AOHlxBDe6gDg1gMIBneIU3RzovzrvzsWjNOdnMMfyB8/kDoIWNXQ==</latexit>

N passes over the data just to compute one GD iteration!

Repeat

Learning rate (step size)  
determines convergence speed



Gradient descent 
convergence

Strong assumptions:

Convex loss, for which the infimum can be attained

With Lipschitz continuous gradient

krL(↵)�rL(�)k  Dk↵� �k
<latexit sha1_base64="bRinRBC0+wlYcc6HRw8q29K8lBM=">AAACLHicbVBNSwMxFMz6WetX1aOXYBHqwbJbBT2KevDgoYKtQreUt+mrDWaza5IVSvUHefGvCOLBIl79HWbbRbR1IDDMzOPlTRALro3rDpyp6ZnZufncQn5xaXlltbC2XtdRohjWWCQidR2ARsEl1gw3Aq9jhRAGAq+C25PUv7pHpXkkL00vxmYIN5J3OANjpVbhxH+gvoRAAD0v+SDiLuzQ3R+JlvwAjZXSmMA7emrZKJamUs9/aBWKbtkdgk4SLyNFkqHaKrz67YglIUrDBGjd8NzYNPugDGcCH/N+ojEGdgs32LBUQoi62R8e+0i3rdKmnUjZJw0dqr8n+hBq3QsDmwzBdPW4l4r/eY3EdA6bfS7jxKBko0WdRFAT0bQ52uYKmRE9S4Apbv9KWRcUMGP7zdsSvPGTJ0m9Uvb2ypWL/eLRcVZHjmySLVIiHjkgR+SMVEmNMPJEXsg7GTjPzpvz4XyOolNONrNB/sD5+gb+VaUL</latexit>

8↵,� 2 dom(rL)
<latexit sha1_base64="4IIXJRDATae0x2ZRNmgF8Jz92L4=">AAACGHicbVA9SwNBEN3zM8avqKXNYhAUJN6poKVoY2GhYBIhF8LcZmIW9/aO3TkxHPkZNv4VGwtFbNP5b9zEFH49GHi8N8PMvChV0pLvf3gTk1PTM7OFueL8wuLScmlltWaTzAisikQl5joCi0pqrJIkhdepQYgjhfXo9nTo1+/QWJnoK+ql2IzhRsuOFEBOapV2w05iQCmeh6DSLuyEERL0eSg1DwnvKW8ncX8r1BAp4OfbrVLZr/gj8L8kGJMyG+OiVRqE7URkMWoSCqxtBH5KzRwMSaGwXwwziymIW7jBhqMaYrTNfPRYn286pc3dha408ZH6fSKH2NpeHLnOGKhrf3tD8T+vkVHnqJlLnWaEWnwt6mSKU8KHKfG2NChI9RwBYaS7lYsuGBDksiy6EILfL/8ltb1KsF/ZuzwoH5+M4yiwdbbBtljADtkxO2MXrMoEe2BP7IW9eo/es/fmvX+1TnjjmTX2A97gE0MVn+I=</latexit>

Largest possible �(k) =
1

D
<latexit sha1_base64="uwe0C697/SbYGR8OQrJoW/u5mWA=">AAAB/3icbVBNS8NAEJ3Ur1q/ooIXL4tFqJeSVEEvQlEPHivYD2hK2Ww37dLdJOxuhBJ78K948aCIV/+GN/+N2zYHbX0w8Hhvhpl5fsyZ0o7zbeWWlldW1/LrhY3Nre0de3evoaJEElonEY9ky8eKchbSumaa01YsKRY+p01/eD3xmw9UKhaF93oU047A/ZAFjGBtpK594PWxEBiVhifoEnmBxCR1xzddu+iUnSnQInEzUoQMta795fUikggaasKxUm3XiXUnxVIzwum44CWKxpgMcZ+2DQ2xoKqTTu8fo2Oj9FAQSVOhRlP190SKhVIj4ZtOgfVAzXsT8T+vnejgopOyME40DclsUZBwpCM0CQP1mKRE85EhmEhmbkVkgE0G2kRWMCG48y8vkkal7J6WK3dnxepVFkceDuEISuDCOVThFmpQBwKP8Ayv8GY9WS/Wu/Uxa81Z2cw+/IH1+QPFeZSo</latexit>

Lipschitz constant



Accelerated gradient method

� = ↵(k � 1) +
k � 2

k + 1
(↵(k � 1)� ↵(k � 2))

<latexit sha1_base64="UThKScNAZRww7il6D0Qz3udQ6rw=">AAACKXicbVDLSgMxFM34rPVVdekmWISW0jIzCroRim5cVrAP6JRyJ820YTIPkoxQhv6OG3/FjYKibv0R0wdYWw8EDuecy809bsyZVKb5aaysrq1vbGa2sts7u3v7uYPDhowSQWidRDwSLRck5SykdcUUp61YUAhcTpuufzP2mw9USBaF92oY004A/ZB5jIDSUjdXdVyqAF9hB3g8gIJftoq4hB1PAEn9sj1K/ZI1Ksy75d+sXSx2c3mzYk6Al4k1I3k0Q62be3V6EUkCGirCQcq2Zcaqk4JQjHA6yjqJpDEQH/q0rWkIAZWddHLpCJ9qpYe9SOgXKjxR5ydSCKQcBq5OBqAGctEbi/957UR5l52UhXGiaEimi7yEYxXhcW24xwQlig81ASKY/ismA9AlKV1uVpdgLZ68TBp2xTqr2Hfn+er1rI4MOkYnqIAsdIGq6BbVUB0R9Iie0Rt6N56MF+PD+JpGV4zZzBH6A+P7B/FYors=</latexit>

↵(k) = � � �(k)rL(�, X, y)
<latexit sha1_base64="aILhRZIIQfHylOfbxjaJYTmebHg=">AAACGnicbVA9SwNBEN3zM8avqKXNYhASiOEuCtoIQRsLiwjmA3IhzG02yZLdvWN3Twghv8PGv2JjoYid2Phv3FxSaOKDgcd7M8zMCyLOtHHdb2dpeWV1bT21kd7c2t7Zzezt13QYK0KrJOShagSgKWeSVg0znDYiRUEEnNaDwfXErz9QpVko780woi0BPcm6jICxUjvj+cCjPuQGeXyJ/YAawCfY74EQieZLCDjg21xiFRqFYb6dybpFNwFeJN6MZNEMlXbm0++EJBZUGsJB66bnRqY1AmUY4XSc9mNNIyAD6NGmpRIE1a1R8toYH1ulg7uhsiUNTtTfEyMQWg9FYDsFmL6e9ybif14zNt2L1ojJKDZUkumibsyxCfEkJ9xhihLDh5YAUczeikkfFBBj00zbELz5lxdJrVT0Toulu7Ns+WoWRwodoiOUQx46R2V0gyqoigh6RM/oFb05T86L8+58TFuXnNnMAfoD5+sHguOeDA==</latexit>

++ k
<latexit sha1_base64="aHoMTqTdRnSd7NOYObhLJS6O0qM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgBMJuFPQY9OIxonlAsoTZyWwyZHZ2mekVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvzW09cGxGrRxwn3I/oQIlQMIpWeiiXR71iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuG1PxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt+eZU0qxXvolK9vyzVbrI48nACp3AOHlxBDe6gDg1gMIBneIU3RzovzrvzsWjNOdnMMfyB8/kDoIWNXQ==</latexit>

Repeat



Extrapolated point

↵(k � 2)
<latexit sha1_base64="igfb5YeBquA93bYN3pRI/mWL8vw=">AAAB8nicbVBNSwMxEM3Wr1q/qh69BItQD5bdKuix6MVjBfsB26XMptk2NJssSVYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RA05UzQlmGG026iKMQhp51wfDfzO09UaSbFo5kkNIhhKFjECBgr+T3gyQiq44v6eb9ccWvuHHiVeDmpoBzNfvmrN5AkjakwhIPWvucmJshAGUY4nZZ6qaYJkDEMqW+pgJjqIJufPMVnVhngSCpbwuC5+nsig1jrSRzazhjMSC97M/E/z09NdBNkTCSpoYIsFkUpx0bi2f94wBQlhk8sAaKYvRWTESggxqZUsiF4yy+vkna95l3W6g9XlcZtHkcRnaBTVEUeukYNdI+aqIUIkugZvaI3xzgvzrvzsWgtOPnMMfoD5/MHAPmQaQ==</latexit>

↵(k � 1)
<latexit sha1_base64="DDPm/hm8ZFWxUGG3PEPDoCxCIyw=">AAAB8nicbVBNSwMxEJ2tX7V+VT16CRahHiy7VdBj0YvHCvYDtkvJptk2NJssSVYoS3+GFw+KePXXePPfmLZ70NYHA4/3ZpiZFyacaeO6305hbX1jc6u4XdrZ3ds/KB8etbVMFaEtIrlU3RBrypmgLcMMp91EURyHnHbC8d3M7zxRpZkUj2aS0CDGQ8EiRrCxkt/DPBnh6vjCO++XK27NnQOtEi8nFcjR7Je/egNJ0pgKQzjW2vfcxAQZVoYRTqelXqppgskYD6lvqcAx1UE2P3mKzqwyQJFUtoRBc/X3RIZjrSdxaDtjbEZ62ZuJ/3l+aqKbIGMiSQ0VZLEoSjkyEs3+RwOmKDF8YgkmitlbERlhhYmxKZVsCN7yy6ukXa95l7X6w1WlcZvHUYQTOIUqeHANDbiHJrSAgIRneIU3xzgvzrvzsWgtOPnMMfyB8/kD/2WQaA==</latexit>

�
<latexit sha1_base64="EpwadKl79nuFFVBzWqBryCC0A38=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGCaQttKJvtpl262YTdiVBCf4MXD4p49Qd589+4bXPQ1gcDj/dmmJkXplIYdN1vZ219Y3Nru7RT3t3bPzisHB23TJJpxn2WyER3Qmq4FIr7KFDyTqo5jUPJ2+H4bua3n7g2IlGPOEl5ENOhEpFgFK3k90KOtF+pujV3DrJKvIJUoUCzX/nqDRKWxVwhk9SYruemGORUo2CST8u9zPCUsjEd8q6lisbcBPn82Ck5t8qARIm2pZDM1d8TOY2NmcSh7YwpjsyyNxP/87oZRjdBLlSaIVdssSjKJMGEzD4nA6E5QzmxhDIt7K2EjaimDG0+ZRuCt/zyKmnVa95lrf5wVW3cFnGU4BTO4AI8uIYG3EMTfGAg4Ble4c1Rzovz7nwsWtecYuYE/sD5/AHFJI6o</latexit>

↵(k) = � � �(k)rL(�)
<latexit sha1_base64="LHGnaYMqqu5WO7nmp61Pjw4JlnY=">AAACFnicbVA9SwNBEN2LXzF+RS1tFoOQFAl3UdBGCNpYWEQwH5ALYW6zSZbs7h27e0II+RU2/hUbC0Vsxc5/4+aSQhMfDDzem2FmXhBxpo3rfjupldW19Y30ZmZre2d3L7t/UNdhrAitkZCHqhmAppxJWjPMcNqMFAURcNoIhtdTv/FAlWahvDejiLYF9CXrMQLGSp1s0QceDSA/LOBL7AfUAC5ivw9CJJovIeCAb/OJVehkc27JTYCXiTcnOTRHtZP98rshiQWVhnDQuuW5kWmPQRlGOJ1k/FjTCMgQ+rRlqQRBdXucvDXBJ1bp4l6obEmDE/X3xBiE1iMR2E4BZqAXvan4n9eKTe+iPWYyig2VZLaoF3NsQjzNCHeZosTwkSVAFLO3YjIABcTYJDM2BG/x5WVSL5e801L57ixXuZrHkUZH6BjlkYfOUQXdoCqqIYIe0TN6RW/Ok/PivDsfs9aUM585RH/gfP4A8A2cuw==</latexit>

� = ↵(k � 1) +
k � 2

k + 1
(↵(k � 1)� ↵(k � 2))

<latexit sha1_base64="UThKScNAZRww7il6D0Qz3udQ6rw=">AAACKXicbVDLSgMxFM34rPVVdekmWISW0jIzCroRim5cVrAP6JRyJ820YTIPkoxQhv6OG3/FjYKibv0R0wdYWw8EDuecy809bsyZVKb5aaysrq1vbGa2sts7u3v7uYPDhowSQWidRDwSLRck5SykdcUUp61YUAhcTpuufzP2mw9USBaF92oY004A/ZB5jIDSUjdXdVyqAF9hB3g8gIJftoq4hB1PAEn9sj1K/ZI1Ksy75d+sXSx2c3mzYk6Al4k1I3k0Q62be3V6EUkCGirCQcq2Zcaqk4JQjHA6yjqJpDEQH/q0rWkIAZWddHLpCJ9qpYe9SOgXKjxR5ydSCKQcBq5OBqAGctEbi/957UR5l52UhXGiaEimi7yEYxXhcW24xwQlig81ASKY/ismA9AlKV1uVpdgLZ68TBp2xTqr2Hfn+er1rI4MOkYnqIAsdIGq6BbVUB0R9Iie0Rt6N56MF+PD+JpGV4zZzBH6A+P7B/FYors=</latexit>

Drawing from L. Vandenberghe



Incremental batch gradient 
method
Approximate rL(↵, X, y) =

NX

n=1

rL(↵, Xn, yn)
<latexit sha1_base64="TipckP/aVcbz7phm2gEng9T9uxk=">AAACKXicbVDLSgMxFM34rPVVdekmWIQWSpmpgm4KRTcuRCrYB3TqcCdN29BMZkgyQhn6O278FTcKirr1R0wfC209EDiccy439/gRZ0rb9qe1tLyyurae2khvbm3v7Gb29usqjCWhNRLyUDZ9UJQzQWuaaU6bkaQQ+Jw2/MHl2G88UKlYKO70MKLtAHqCdRkBbSQvU3EF+Bzwdc4FHvWhgJsFPMzjMnZVHHiJKDuj+xu8mPKEyXki72WydtGeAC8SZ0ayaIaql3l1OyGJAyo04aBUy7Ej3U5AakY4HaXdWNEIyAB6tGWogICqdjK5dISPjdLB3VCaJzSeqL8nEgiUGga+SQag+2reG4v/ea1Yd8/bCRNRrKkg00XdmGMd4nFtuMMkJZoPDQEimfkrJn2QQLQpN21KcOZPXiT1UtE5KZZuT7OVi1kdKXSIjlAOOegMVdAVqqIaIugRPaM39G49WS/Wh/U1jS5Zs5kD9AfW9w+BvKO6</latexit>

By a noisy gradient

Where B is a batch of data, in sequence. Allows for learning data streams.

r̂BL(↵, X, y) =
X

n2B

rL(↵, Xn, yn)
<latexit sha1_base64="uFsqYJyGeNHJI7cdiTVh6VZVUUY="></latexit>



Incremental batch gradient 
method

↵(k + 1) ↵(k)� �(k)r̂BL(↵(k), X, y)
<latexit sha1_base64="V5MEyxMzGMgsk1kxUeDLMCnV5iY="></latexit>

Collect B

++ k
<latexit sha1_base64="aHoMTqTdRnSd7NOYObhLJS6O0qM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgBMJuFPQY9OIxonlAsoTZyWwyZHZ2mekVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvzW09cGxGrRxwn3I/oQIlQMIpWeiiXR71iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuG1PxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt+eZU0qxXvolK9vyzVbrI48nACp3AOHlxBDe6gDg1gMIBneIU3RzovzrvzsWjNOdnMMfyB8/kDoIWNXQ==</latexit>

Repeat



Why should it work?

Assumption valid on learning problems, 
not extensible to general optimization problems with the form:

Main assumption:

The data is produced by the same underlying process

The model loss will behave similarly for all data points

f(x) =
X

i

fi(xi)
<latexit sha1_base64="G9pFiKWrxm2UBM98GyU+MtBqVlg=">AAACA3icbVDLSgMxFM3UVx1fo+50EyxCuykzVdCNUHTjsoJ9QFuGTJppQ5PMkGSkZSi48VfcuFDErT/hzr8xbWehrQcuHM65l3vvCWJGlXbdbyu3srq2vpHftLe2d3b3nP2DhooSiUkdRyySrQApwqggdU01I61YEsQDRprB8GbqNx+IVDQS93ocky5HfUFDipE2ku8c2WFxVIJXsKMS7qd0AkOfFkc+LUHfKbhldwa4TLyMFECGmu98dXoRTjgRGjOkVNtzY91NkdQUMzKxO4kiMcJD1CdtQwXiRHXT2Q8TeGqUHgwjaUpoOFN/T6SIKzXmgenkSA/UojcV//PaiQ4vuykVcaKJwPNFYcKgjuA0ENijkmDNxoYgLKm5FeIBkghrE5ttQvAWX14mjUrZOytX7s4L1essjjw4BiegCDxwAargFtRAHWDwCJ7BK3iznqwX6936mLfmrGzmEPyB9fkDAzKV2Q==</latexit>

In the iteration perspective, the minimized function is always changing!



Stochastic gradient method

++ k
<latexit sha1_base64="aHoMTqTdRnSd7NOYObhLJS6O0qM=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMgBMJuFPQY9OIxonlAsoTZyWwyZHZ2mekVQsgnePGgiFe/yJt/4yTZgyYWNBRV3XR3BYkUBl3328mtrW9sbuW3Czu7e/sHxcOjpolTzXiDxTLW7YAaLoXiDRQoeTvRnEaB5K1gdDvzW09cGxGrRxwn3I/oQIlQMIpWeiiXR71iya24c5BV4mWkBBnqveJXtx+zNOIKmaTGdDw3QX9CNQom+bTQTQ1PKBvRAe9YqmjEjT+ZnzolZ1bpkzDWthSSufp7YkIjY8ZRYDsjikOz7M3E/7xOiuG1PxEqSZErtlgUppJgTGZ/k77QnKEcW0KZFvZWwoZUU4Y2nYINwVt+eZU0qxXvolK9vyzVbrI48nACp3AOHlxBDe6gDg1gMIBneIU3RzovzrvzsWjNOdnMMfyB8/kDoIWNXQ==</latexit>

Repeat

↵(k + 1) ↵(k)� �(k)r̂iL(↵(k), Xi, yi)
<latexit sha1_base64="tWGZ99Xd3nq0WJbmR1EqxyMv9eg="></latexit>

1X

k=0

(�(k))2 < 1
<latexit sha1_base64="VF/yALMEB9VA0Bby3mVF9yC4PPs=">AAACEXicbVC7SgNBFJ2Nrxhfq5Y2g0FImrAbBS0UgjaWEcwDspswO5lNhszMLjOzQljyCzb+io2FIrZ2dv6Nk2QLTTxw4XDOvdx7TxAzqrTjfFu5ldW19Y38ZmFre2d3z94/aKookZg0cMQi2Q6QIowK0tBUM9KOJUE8YKQVjG6mfuuBSEUjca/HMfE5GggaUoy0kXp2yVMJ76WjK2fS9agI9RiWvAHiHJVG5XK3Ci/hXO7ZRafizACXiZuRIshQ79lfXj/CCSdCY4aU6rhOrP0USU0xI5OClygSIzxCA9IxVCBOlJ/OPprAE6P0YRhJU0LDmfp7IkVcqTEPTCdHeqgWvan4n9dJdHjhp1TEiSYCzxeFCYM6gtN4YJ9KgjUbG4KwpOZWiIdIIqxNiAUTgrv48jJpVivuaaV6d1asXWdx5MEROAYl4IJzUAO3oA4aAINH8AxewZv1ZL1Y79bHvDVnZTOH4A+szx93y5wh</latexit>

1X

k=0

�(k) = 1
<latexit sha1_base64="IiEPToXM7urfaej2PKIb1i7vcQo=">AAACDXicbVDLSsNAFJ34rPVVdelmsAp1U5Iq6KZQdOOygn1AE8NkOmmHzEzCzEQIoT/gxl9x40IRt+7d+TdOHwttPXDhcM693HtPkDCqtG1/W0vLK6tr64WN4ubW9s5uaW+/reJUYtLCMYtlN0CKMCpIS1PNSDeRBPGAkU4QXY/9zgORisbiTmcJ8TgaCBpSjLSR/NKxq1Lu51HdHt27VIQ6g+4AcY4q0Smsw6nkl8p21Z4ALhJnRspghqZf+nL7MU45ERozpFTPsRPt5UhqihkZFd1UkQThCA1Iz1CBOFFePvlmBE+M0odhLE0JDSfq74kccaUyHphOjvRQzXtj8T+vl+rw0supSFJNBJ4uClMGdQzH0cA+lQRrlhmCsKTmVoiHSCKsTYBFE4Iz//Iiadeqzlm1dnteblzN4iiAQ3AEKsABF6ABbkATtAAGj+AZvII368l6sd6tj2nrkjWbOQB/YH3+AF+qmxk=</latexit>

Choice of step-size:

Sample i ⇠ U{1, · · · , N}
<latexit sha1_base64="omn9aKZXJ4nx9cyjEUQfqD9F21E=">AAACC3icbVBNS8NAEN34WetX1KOXpUXwUEpSBT0WvXiSCqYtNKFsNpt26WYTdjdCCbl78a948aCIV/+AN/+NmzYHbX0w8Hhvhpl5fsKoVJb1baysrq1vbFa2qts7u3v75sFhV8apwMTBMYtF30eSMMqJo6hipJ8IgiKfkZ4/uS783gMRksb8Xk0T4kVoxGlIMVJaGpo1Cl1JI+hGSI0xYpmTQzezG9DFQaxk49bNh2bdalozwGVil6QOSnSG5pcbxDiNCFeYISkHtpUoL0NCUcxIXnVTSRKEJ2hEBppyFBHpZbNfcniilQCGsdDFFZypvycyFEk5jXzdWZwsF71C/M8bpCq89DLKk1QRjueLwpRBFcMiGBhQQbBiU00QFlTfCvEYCYSVjq+qQ7AXX14m3VbTPmu27s7r7asyjgo4BjVwCmxwAdrgBnSAAzB4BM/gFbwZT8aL8W58zFtXjHLmCPyB8fkDg8GaFA==</latexit>



Acceleration

Used in training of Big Data models 
and other specific fields like NLP, CV, etc

No guarantees



Decision trees
• A very popular classifier technique 


• Tree models are very easy to interpret and visualize 


• In a decision tree, each internal node corresponds to an attribute that 
splits into a branch for each attribute value, and leaves correspond to 
classification predictors


• Requires little data preparation. Other techniques often require data 
normalization, dummy variables need to be created and blank values to 
be removed.


• Can be unstable. Small variations in the data might result in a completely 
different tree being generated. This problem is mitigated by using 
decision trees within an ensemble.



Example: iris dataset

Example from Scikit-Learn documentation



Hoeffding trees: decision 
trees for streams
• Pedro Domingos and Geoff Hulten (VFDT)


• Only sees a training data point once


• With high probability, constructs an identical model that a 
traditional (greedy) method would learn


• Has theoretical guarantees on the error rate


• Remember Hoeffding inequality? (Lecture 1 of the module)


• In river: https://riverml.xyz/latest/api/tree/
HoeffdingTreeClassifier/



Gini index
• Popularized by the CART (classification and regression 

tree) algorithm for classification trees


• A measure of how often a randomly chosen element from 
the set would be incorrectly labeled if it was randomly 
labeled according to the distribution of labels in the 
subset


• For J classes it can be computed as 
where pj is the fraction of items labeled 
as class j 

<latexit sha1_base64="S0RyLxwKWTndZ4RZKtkyuU5lVbE=">AAACBXicbVDLSgMxFM3UV62vUZe6CBahLiwzUtRNoehCcVXBPqAdh0yaadNmMkOSEcrQjRt/xY0LRdz6D+78G9N2Ftp64HIP59xLco8XMSqVZX0bmYXFpeWV7GpubX1jc8vc3qnLMBaY1HDIQtH0kCSMclJTVDHSjARBgcdIwxtcjv3GAxGShvxODSPiBKjLqU8xUlpyzf0rWIZtGQdu0i/bo/sbGLl9WLCPdTtyzbxVtCaA88ROSR6kqLrmV7sT4jggXGGGpGzZVqScBAlFMSOjXDuWJEJ4gLqkpSlHAZFOMrliBA+10oF+KHRxBSfq740EBVIOA09PBkj15Kw3Fv/zWrHyz52E8ihWhOPpQ37MoArhOBLYoYJgxYaaICyo/ivEPSQQVjq4nA7Bnj15ntRPivZpsXRbylcu0jiyYA8cgAKwwRmogGtQBTWAwSN4Bq/gzXgyXox342M6mjHSnV3wB8bnDzFolnk=</latexit>

G =
JX

j=1

pj(1� pj)



VFDT main algorithm



VFDT grow tree



Dealing with drift: Hoeffding 
Adaptive Tree

In river: https://riverml.xyz/latest/api/tree/HoeffdingAdaptiveTreeClassifier/



Perceptron (Neural Network)

<latexit sha1_base64="Yiv5lj3XTNkZeLuMbMR6EA0kT1Y="></latexit>

J(w) =
1

N

NX

n=1

(hw(xn)� yn)
2



Perceptron (Neural Network)

• As the sign is not differentiable, we use the Sigmoid 
function 
 

•



Learning the Perceptron: 
minimize MSE J(w)



Perceptron for streams


