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Information Theory

Basics on Probabilities and Notation
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Ensemble

B An ensemble X is a triple (x, Ax, Px ), where the outcome x is the value of a random variable,

which takes on one of a set of possible values, Ax = {ai, az, ..., ai, ..., a1}, having
probabilities Px ={p1, p2, ..., pi}, with P(x = a;) = pi,pi= 0 and ) P(x=a,)=1
a,eX

W Axis the alphabet of X

¥ P(x = a;) may be written as P(a;) or as P(x).
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Ensemble

B An ensemble X is a triple (x, Ax, Px ), where the outcome x is the value of a random variable,

which takes on one of a set of possible values, Ax = {ai, az, ..., ai, ..., a1}, having
probabilities Px ={p1, p2, ..., pi}, with P(x = a;) = pi,pi= 0 and ) P(x=a,)=1
a;eX

W Axis the alphabet of X

¥ P(x = a;) may be written as P(a;) or as P(x).

¥ Probability of a subset. If T is a subset of Ax then:

P(T)=P(xeT)=) P(x=a,)

a;eT
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Ensemble: an example

B A letter that 1s randomly chosen from an English document. Lo i
1 a 00575  a
. 2 b 00128 p
B There are twenty-seven possible letters: 3 ¢ 00263 ¢
4 d 0025 4
5 e 00913 e
W a7z, 6 £ 0.0173 £
7 g 00133 g
8 h 00313 n
W space 9 i 0.0599 i
10 j 00006  j
11 k 00084  k
¥ character ‘- . 12 1 0.0335 1
13 m 00235 m
14 n 0059  n
15 o 0.0689 o)
16 p 00192 P
17 q 00008 4
18 r 00508 T
19 s 00567 s
20 t 00706  t
21 u 00334 u
22 v 00069 vV
23 w 00119 W
24 x 00073 X
25 y 00164 Y
, _ 26 z 00007 2z
* estimated from “The Frequently Asked Questions Manual for Linux” 27 — 01928 -
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Ensemble: an example

B A letter that is randomly chosen from an English document. U
1 a 00575  a
. 2 b 00128 p
B There are twenty-seven possible letters: 3 ¢ 00263 ¢
4 d 0025 4
5 e 00913 e
W a7z, 6 £ 0.0173 £
7 g 00133 g
8 h 00313 n
W space 9 i 0.0599 i
10 j 00006  j
11 k 00084  k
W character ‘- . 12 1 0.0335 1
13 m 00235 m
14 n 0059  n
15 o 0.0689 o)
16 p 00192 P
. 17 q 00008 4
B Let Vbe the set of vowels V={a,e,1,0,u}. 18 r 0.0508 r
19 s 00567 s
20 t 00706  t
21 u 00334 u
22 v 00069 vV
23 w 00119 W
24 x 00073 X
25 y 00164 Y
, , _ 26 z 00007 2z
* estimated from “The Frequently Asked Questions Manual for Linux” 27 — 01928 -
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Ensemble: an example

B A letter that is randomly chosen from an English document. U
1 a 00575  a
. 2 b 00128 p
B There are twenty-seven possible letters: 3 ¢ 00263 ¢
4 4 0025 4
5 e 00913 e
W a7z, 6 £ 0.0173 £
7 g 00133 g
8 h 00313 n
W space 9 i 0.0599 i
10 j 00006
11 k 00084  k
W character ‘- . 12 1 0.0335 1
13 m 00235 m
14 n 00596 n
15 o 0.0689 o)
16 p 00192 P
. 17 q 00008 g
B Let Vbe the set of vowels V={a,e,1,0,u}. 18 r 0.0508 r
19 s 00567 s
20 t 00706  t
= P(V)=0.06+0.09+0.06+0.07+0.03=0.31 21 u  0.0334 u
22 v 00069 vV
23 w 00119 W
24 x 00073 X
25 y 00164 Y
, , _ 26 z 00007  Z
* estimated from “The Frequently Asked Questions Manual for Linux” 27— 01928 -
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Joint Ensemble

B An joint ensemble XY is an ensemble in which each outcome is an ordered pair x, y with
xeA ={a,...a;} and YEA =1{b,....a,}.
We call P(x, y) the joint probability of x and y.

® Notes:
B xy«>»x,y

¥ the two variables are not necessarily independent.
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Joint Ensemble

B An joint ensemble XY is an ensemble in which each outcome is an ordered pair x, y with
xeA ={a,...a;} and YEA =1{b,....a,}.
We call P(x, y) the joint probability of x and y.

® Notes:
B xy«>»x,y

¥ the two variables are not necessarily independent.

B Example: bigrams xy in English from
“The Frequently Asked Questions Manual for Linux”

® In general P(x,y) # P(y, x)
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Joint Ensemble

An joint ensemble XY is an ensemble in which each outcome is an ordered pair x, y with
X € Ax — {al,...,a,} and Y € Ay — {bla'--aaj}.

We call P(x, y) the joint probability of x and y.

Notes:

Xy «-» X,y

the two variables are not necessarily independent.

Example: bigrams xy in English from

“The Frequently Asked Questions Manual for Linux”

N<MHasdednROOWO BEBHKRWUR-SMHODQAONT M 8

IngeneralP(X,y)ip()’,X) abcdefghijklmnopqrstuvwxyz-— Y
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Joint Ensemble

An joint ensemble XY is an ensemble in which each outcome is an ordered pair x, y with
xeA ={a,,...,a,} and Y E Ay =1b,,....a,}.
We call P(x, y) the joint probability of x and y.
Notes:

Xy «-» X,y

the two variables are not necessarily independent.

Example: bigrams xy in English from

“The Frequently Asked Questions Manual for Linux”

N<MasdednrR OGO BBEBHKRWHBMHODAONT P 8

IngeneralP(X,y)ip()’,X) abcdefghijklmnopqrstuvwxyz-— Y
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Joint Ensemble

B An joint ensemble XY is an ensemble in which each outcome is an ordered pair x, y with
xeA ={a,...a;} and YEA =1{b,....a,}.
We call P(x, y) the joint probability of x and y.

® Notes:

B xy«»x,y

¥ the two variables are not necessarily independent.

B Example: bigrams xy in English from

“The Frequently Asked Questions Manual for Linux”

N<MKssdedcdnRQOQUWOo E BHRWGHBRHOQAONT P 8

[ ]
IngeneralP(x,y):tP(y,x) abcdefghijklmnopqrstuvwxyz— y
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Marginal Probability

B Marginal probability P(x) from the joint probability P(x, y)

P(x=a,)= ) P(x=a,)) P(x)= ) P(x,y)

yeAy yeAy

B Marginal probability P(y) from the joint probability P(x, y)

P(y)= ), P(x,y)

xeAy
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Marginal Probability

B Marginal probability P(x) from the joint probability P(x, y)

P(x=a,)= ) P(x=a,)) P(x)= ) P(x,y)

yeAy yeAy

B Marginal probability P(y) from the joint probability P(x, y)

P(y)= ), P(x,y)

X€Ay

N<MHasdednRR OGO B BHKRWC.HBFMRHOQAONTD ® &

— -llll.ll-- -lll-lll..l-l---
abcdefghijklmnopqrstuvwxyz— y
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Marginal Probability

B Marginal probability P(x) from the joint probability P(x, y)

P(x=a,)= ) P(x=a,)) P(x)= ) P(x,y)

yedy yeAy

B Marginal probability P(y) from the joint probability P(x, y)

P(y)= ), P(x,y)

X€Ay

B This joint ensemble has the special

property that its two marginal distributions,

P(x) and P(y), are 1dentical.

N<MHasdednRR OGO B BHKRWC.HBFMRHOQAONTD ® &

— -llll.ll-- -lll-lll..l-l---
abcdefghijklmnopqrstuvwxyz— y
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Condicional Probability

B P(x=aily=b))is the probability that x equals a;, given y equals b;:

P(x=a;,y=0,)
P(y=b,)

P(x=aly=b,)= if P(y=b;)#0

W IfP(y=>bj)=0then P(x =a;ly= b)) is undefined
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Condicional Probability

B P(x=aily=b))is the probability that x equals a;, given y equals b;:

P(x=a;,y=0,)
P(y=b,)

P(x=aly=b,)= if P(y=b;)#0

W IfP(y=>bj)=0then P(x =a;ly= b)) is undefined
® From P(x,y) we can obtain P(x | y) and P(y | x)

¥ To obtain P(y | x) we normalize the rows by dividing each P(x, y) in a row by P(x).

Y P(ylx)=1
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Condicional Probability

B P(x=aily=b))is the probability that x equals a;, given y equals b;:

P(x=a;,y=0,)
P(y=>b,)

P(x=aly=b,)= if P(y=b;)#0

W IfP(y=>bj)=0then P(x =a;ly= b)) is undefined
® From P(x,y) we can obtain P(x | y) and P(y | x)

¥ To obtain P(y | x) we normalize the rows by dividing each P(x, y) in a row by P(x).
Y P(ylx)=1
y

®  To obtain P(x | y) we normalize the columns by dividing each P(x, y) in a column by P(y).

Y P(xly)=1
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8

N<XKE<ednRRQOQUWOBBEBHRNRUHSTMWHOQAOT ®

Condicional Probability: Example

To obtain P(y | x) we normalize the rows by dividing each P(x, y) in a row by P(x).

abcdefghijklmnopqrstuvwxyz— y
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N<XKE<ednRRQOQUWOBBEBHRNRUHSTMWHOQAOT ®

Condicional Probability: Example

To obtain P(y | x) we normalize the rows by dividing each P(x, y) in a row by P(x).

abcdefghijklmnopqrstuvwxyz— y
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Condicional Probability: Example

To obtain P(y | x) we normalize the rows by dividing each P(x, y) in a row by P(x).

8

N<XKE<ednRRQOQUWOBBEBHRNRUHSTMWHOQAOT ®

-HE=
| N<M S < e cnRO00 BBHRH-BRHOQAONT Y K

abcdefghijklmnopqrstuvwxyz— y abcdefghijklmnopqrstuvwxyz— y
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8

N<XKE<ednRRQOQUWOBBEBHRNRUHSTMWHOQAOT ®

Condicional Probability: Example

To obtain P(x | y) we normalize the rows by dividing each P(x, y) in a column by P(y).

abcdefghijklmnopqrstuvwxyz— y
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N<XKE<ednRRQOQUWOBBEBHRNRUHSTMWHOQAOT ®

Condicional Probability: Example

To obtain P(x | y) we normalize the rows by dividing each P(x, y) in a column by P(y).

abcdefghijklmnopqrstuvwxyz— y
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Condicional Probability: Example

To obtain P(x | y) we normalize the rows by dividing each P(x, y) in a column by P(y).

8

Q0O B BHRUH-BRHOQL.OT'Y 8

N<XKE<ednRRQOQUWOBBEBHRNRUHSTMWHOQAOT ®

HE =
| N<MsEdcdnH

abcdefghijklmnopqrstuvwxyz— y abcdefghijklmnopqrstuvwxyz— y
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Condicional Probability: Example

For each x, P(y | x) 1s a probability distribution.

P(ylx=q)

| N<M S < ctnRO00 BBHRH-BMRHOQAONT Y K

abcdefghijklmnopqrstuvwxyz— y
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Condicional Probability: Example

For each x, P(y | x) 1s a probability distribution.

P(ylx=q)

The two most probable values for the second
letter y given that the first letter x 1s q are u

and -.

| N<M S < ctnRO00 BBHRH-BMRHOQAONT Y K

abcdefghijklmnopqrstuvwxyz— y

FACULDADE DE o
CIENCIAS E TECNOLOGIA Probabilities and Inference - 13
UNIVERSIDADE NOVA DE LISBOA



Condicional Probability: Example

For each x, P(y | x) 1s a probability distribution.

P(ylx=q)

The two most probable values for the second
letter y given that the first letter x 1s q are u
and -.

abcdefghijklmnopqrstuvwxyz— y

| N<M S < ctnRO00 BBHRH-BMRHOQAONT Y K
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Condicional Probability: Example

For each y, P(x|y) 1s a probability distribution.

Q0O B BHRUH-BRHOQL.OT'Y 8

N<MHE<ecdnH

abcdefghijklmnopqrstuvwxyz— y
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Condicional Probability: Example

For each y, P(x|y) 1s a probability distribution.

The two most probable values for the first
letter x given that the second letter y 1s u are

n and o.

Q0O B BHRUH-BRHOQL.OT'Y 8

| N<MsEdcdnH

-ll-Ql--ilIil-il.--l
abcdefghijklmnopqrstuvwxyz— y
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Condicional Probability: Example

For each y, P(x|y) 1s a probability distribution.

The two most probable values for the first
letter x given that the second letter y 1s u are

n and o.

QTO BBHRUH-PRHOQLONTY 8

| N<MsEdcdnH

-ll-Ql--ilIil-il.--l
abcdefghijklmnopqrstuvwxyz— y
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Product and Sum rules
T e

B P(.1H) - H denotes assumptions on which the probabilities are based.
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Product and Sum rules

B P(.1H) - H denotes assumptions on which the probabilities are based.
B Product rule (or chain rule)
B Pxy Hy=Pxl|ly,H)P(y|lHy=P(ylx,H) P(x| H)

¥ Obtained from the definition of conditional probability
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Product and Sum rules

B P(.1H) - H denotes assumptions on which the probabilities are based.
B Product rule (or chain rule)
B Pxy Hy=Py|H)Px|ly,H)=Px|H)P(ylx,H)

¥ Obtained from the definition of conditional probability
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Product and Sum rules

B P(.1H) - H denotes assumptions on which the probabilities are based.
B Product rule (or chain rule)
B Pxy Hy=Py|H)Px|ly,H)=Px|H)P(ylx,H)

¥ Obtained from the definition of conditional probability

B Sum rule

¥ Arewriting of the marginal probability definition
= P(x|H)=) P(x,y| H)
y
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Product and Sum rules

B P(.1H) - H denotes assumptions on which the probabilities are based.
B Product rule (or chain rule)
B Pxy Hy=Py|H)Px|ly,H)=Px|H)P(ylx,H)

W Obtained from the definition of conditional probability (&% R

B Sum rule

B A rewriting of the marginal probability definition e G&QQ

= P(x|H)=) P(x,y| H) Qo

= P(xIH)=) P(x|y,H)P(y| H)

FACULDADE DE

c CIENCIAS E TECNOLOGIA Probabilities and Inference - 15
UNIVERSIDADE NOVA DE LISBOA



Bayes’' Theorem

W Essential to integrate new pieces of evidence.

P(xly,H)P(y| H)
P(x|H)

P(ylx,H)=
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Bayes’' Theorem

W Essential to integrate new pieces of evidence.

P(xly,H)P(y| H)

PO == )

P(xly,H)P(y| H)

Porix.H)= S P(x1y . H)P(y'| H)
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Bayes' Theorem: a geometric interpretation

B Consider this modified version of a Venn Diagram where the area of each event A, ..., F is

proportional to its probability
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Bayes' Theorem: a geometric interpretation

B Consider this modified version of a Venn Diagram where the area of each event A, ..., F is

proportional to its probability

® PA+....PF)=1

A B C ® P(E) 1s the most probable event

¥ P(B) is the less probable event
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Bayes' Theorem: a geometric interpretation

B Consider this modified version of a Venn Diagram where the area of each event A, ..., F is

proportional to its probability

® PA+....PF)=1

A ) ® P(E) 1s the most probable event

¥ P(B) is the less probable event

D E F ® Now lets get a new evidence.

¥ Z happen!
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Bayes' Theorem: a geometric interpretation

B Consider this modified version of a Venn Diagram where the area of each event A, ..., F is

proportional to its probability

® PA+....PF)=1

A ) ® P(E) 1s the most probable event

¥ P(B) is the less probable event

D E F ® Now lets get a new evidence.

¥ Z happen!

® What are now the new probabilities?
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !

¥ What are the probabilities A, ...., F, that are

inside Z, before Z happen?
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !

P(A,Z) P(B,Z) P(C,Z)
NN
Pl(E, Z) \P(F, Z)
D E F

¥ What are the probabilities A, ...., F, that are

inside Z, before Z happen?

C
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !

P(A,Z) P(B,Z) P(C,Z)
NN
Pl(E, Z) \P(F, Z)
D E F

¥ What are the probabilities A, ...., F, that are

inside Z, before Z happen?

® Notice that X P(_,7Z)=P(Z)

C
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !

P(A,Z) P(B,Z) P(C,Z)

\ ¥ What are the probabilities A, ...., F, that are
A )

> z inside Z, before Z happen?

pl(E, 7) \ P(F, Z) M Notice that X P(_,7Z) =P(Z)
D E F

® Now, We just have to scale those
probabilities such that P(Z) = 1, 1.e, such that

P(A,Z) +P(B,Z) +P(C,Z) + P(E,F) + P(F,Z) = 1
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !

P(A]Z)

\
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !

P(A|Z) PB[Z) PC1Z)

\ |

\ A B C

\

E|Z) \
P(F | Z)

N —t—

P
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !

P(A|Z) PB[Z) PC1Z)

\ |

\

E|Z) \
P(F | Z)

N ——

P
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Bayes' Theorem: a geometric interpretation

W If we now that Z happen, then P(Z) =1

¥ So nothing else outside Z matters !

P(A|Z) PB|Z) PC1Z) B PA.Z)->PAIZ)=P(A.Z)/ P(Z)

|
\ B PB.,7Z)>PBI1Z)=PB,Z)/PZ)
B P(C,7Z)->P(C1Z)=P(C,Z)/PZ)
B P(E,Z)->PEIZ)=PE,Z)/PZ)

B P(F,Z)>P(F|Z)=PF, Z)/PZ)

\ ® PDIZ)=0

E|Z) \
P(F | Z)

N ——

P
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Bayes’' Theorem

B Essencial para integrar novas evidéncias.

P(xly,H)P(y| H)

PO == )
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Bayes’' Theorem

B Essencial para integrar novas evidéncias.

P(xly,H)P(y| H)

PO == )

P(xly,H)P(y| H)

Pirlx.H)= S PxIy H)P(y'|H)
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An example: the presentation
L

M Jo has a test for a nasty disease.
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An example: the presentation

B Jo has a test for a nasty disease.

¢ Jo’s state of health by the variable a,
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An example: the presentation

B Jo has a test for a nasty disease.

Il
[—

¢ Jo’s state of health by the variable a, a Jo has the disease

I
=

a Jo does not have the disease
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An example: the presentation

B Jo has a test for a nasty disease.

Il
[—

¢ Jo’s state of health by the variable a, a Jo has the disease

I
=

a Jo does not have the disease

¢ The test result by b.
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An example: the presentation

B Jo has a test for a nasty disease.

Il
[—

¢ Jo’s state of health by the variable a, a Jo has the disease

I
=

a Jo does not have the disease

¢ The test result by b.

¢ The result of the test is either ‘positive’ (b = 1) or ‘negative’ (b = 0)
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An example: the presentation

B Jo has a test for a nasty disease.

Il
[—

¢ Jo’s state of health by the variable a, a Jo has the disease

I
=

a Jo does not have the disease

¢ The test result by b.

¢ The result of the test is either ‘positive’ (b = 1) or ‘negative’ (b = 0)

¢ The test is 95% reliable:
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An example: the presentation

B Jo has a test for a nasty disease.

Il
[—

¢ Jo’s state of health by the variable a, a Jo has the disease

I
=

a Jo does not have the disease

¢ The test result by b.

¢ The result of the test is either ‘positive’ (b = 1) or ‘negative’ (b = 0)
¢ The test is 95% reliable:
— 11 95% of cases of people who really have the disease, a positive result 1s returned;

— 11 95% of cases of people who do not have the disease, a negative result is obtained.
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An example: the presentation

B Jo has a test for a nasty disease.

Il
[—

¢ Jo’s state of health by the variable a, a Jo has the disease

I
=

a Jo does not have the disease

¢ The test result by b.
¢ The result of the test is either ‘positive’ (b = 1) or ‘negative’ (b = 0)
¢ The test is 95% reliable:
— 11 95% of cases of people who really have the disease, a positive result 1s returned;
— 11 95% of cases of people who do not have the disease, a negative result is obtained.
¥ Background information:

¢ 1% of people of Jo’s age and background have the disease.
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An example: the presentation

B Jo has a test for a nasty disease.

Il
[—

¢ Jo’s state of health by the variable a, a Jo has the disease

I
=

a Jo does not have the disease

¢ The test result by b.
¢ The result of the test is either ‘positive’ (b = 1) or ‘negative’ (b = 0)
¢ The test is 95% reliable:
— 11 95% of cases of people who really have the disease, a positive result 1s returned;
— 11 95% of cases of people who do not have the disease, a negative result is obtained.
¥ Background information:
¢ 1% of people of Jo’s age and background have the disease.

¥ Jo has the test, and the result is positive. What is the probability that Jo has the disease?
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An example: capture the probabillities
[ e

B Variables
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An example: capture the probabillities

B Variables

Jo’s state of the health

a=1

Jo has the disease

a=0(

Jo does not have the disease

C
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An example: capture the probabillities

B Variables

Jo’s state of the health

a=1

Jo has the disease

Result of the test

a=0(

Jo does not have the disease

b=1

result of the test is positive

b=0

result of the test is negative
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An example: capture the probabillities

B Variables

Jo’s state of the health

a=1

Jo has the disease

Result of the test

a=0(

Jo does not have the disease

b=1

result of the test is positive

b=0

result of the test is negative

¥ The test reliability specifies the conditional probability of b given a:

C
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An example: capture the probabillities

B Variables

Jo’s state of the health

a=1

Jo has the disease

Result of the test

a=0(

Jo does not have the disease

b=1

result of the test is positive

b=0

result of the test is negative

¥ The test reliability specifies the conditional probability of b given a:

¢ The test is 95% reliable:

in 95% of cases of people who really have the disease, a positive result is returned;

in 95% of cases of people who do not have the disease, a negative result is obtained.

C
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An example: capture the probabillities

B Variables

Jo’s state of the health

a=1

Jo has the disease

a=0(

Jo does not have the disease

Result of the test

b=1

result of the test is positive

b=0

result of the test is negative

¥ The test reliability specifies the conditional probability of b given a:

¢ The test is 95% reliable:

in 95% of cases of people who really have the disease, a positive result is returned;

in 95% of cases of people who do not have the disease, a negative result is obtained.

P(b=1]a=1) = 0.95
P(b=0]a=1) = 0.05

P(b=1]a=0) = 0.05
0) = 0.95;
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An example: capture the probabillities

B Variables

Jo’s state of the health Result of the test
a=1 | Jo has the disease b=1 | resultof the test is positive
a=0 | Jo does not have the disease b =0 | result of the test is negative

¥ The test reliability specifies the conditional probability of b given a:

Pbla)| a=1 a=0

P(b=1la=1) =095 P(b=1|a=0) = 0.05
b=1 | 095 | 0.05 P(b=0|a=1) =005 P(b=0|a=0) = 0.95;

b=0 0.05 0.95
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An example: capture the probabilities

B Variables

Jo’s state of the health

a=1

Jo has the disease

a=0(

Jo does not have the disease

Result of the test

b=1

result of the test is positive

b=0

result of the test is negative

¥ The test reliability specifies the conditional probability of b given a:

Pbla)| a=1 a=0
b=1 0.95 0.05
b=0 0.05 0.95

P(b=1|a=1) =095 P(b=1|a=0)=0.05
P(b=0|a=1) =0.05 P(b=0]|a=0) = 0.95;

1% of people of Jo’s age and background have the disease.
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An example: capture the probabillities

B Variables

Jo’s state of the health

a=1

Jo has the disease

a=0(

Jo does not have the disease

Result of the test

b=1

result of the test is positive

b=0

result of the test is negative

¥ The test reliability specifies the conditional probability of b given a:

Pbla)| a=1 a=0
b=1 0.95 0.05
b=0 0.05 0.95

P(b=1|a=1) =095 P(b=1|a=0)=0.05
P(b=0|a=1) =0.05 P(b=0]|a=0) = 0.95;

W The disease prevalence tells us about the marginal probability of a:

¢ Pa=1)=0.01

1% of people of Jo’s age and background have the disease.

¢ Pa=0)=0.99

C
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An example: compute the joint probabillities

M Variables (a - Jo’s state of the health; b - Result of the test)

P(b | a) a=1 a=0
b=1 0.95 0.05
b=0 0.05 0.95

Pa=1)| P(a=0)
0.01 0.99
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An example: compute the joint probabillities

M Variables (a - Jo’s state of the health; b - Result of the test)

P(b | a) a=1 a=0
b=1 0.95 0.05
b=0 0.05 0.95

Pa=1)| P(a=0)
0.01 0.99

\/ P(a,b)=P(b|a) P(a)
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An example: compute the joint probabillities

M Variables (a - Jo’s state of the health; b - Result of the test)

P(b | a) a=1 a=0
b=1 0.95 0.05
b=0 0.05 0.95

Pla=1) | P(a=0)
0.01 0.99

\/ P(a,b)=P(b|a) P(a)

P(a, b) a=1 a=0
b = 0.0095 | 0.0495
b=0 0.0005 | 0.9405
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An example: compute the joint probabillities

M Variables (a - Jo’s state of the health; b - Result of the test)

P(b)=)_ P(a,b)

P(b | a) a=1 a=0
b=1 0.95 0.05
b=0 0.05 0.95

Pa=1)| P(a=0)
0.01 0.99

\/ P(a,b)=P(b|a) P(a)

P(a, b) a=1 a=0
b = 0.0095 | 0.0495
b=0 0.0005 | 0.9405
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An example: compute the joint probabillities

M Variables (a - Jo’s state of the health; b - Result of the test)

P(b)=)_ P(a,b)

P(b = 1)

0.059

P(b | a) a=1 a=0
b=1 0.95 0.05
b=0 0.05 0.95

Pla=1) | P(a=0)
0.01 0.99

\/ P(a,b)=P(b|a) P(a)

P(b = 0)

0.941

P(a, b) a=1 a=0
b = 0.0095 | 0.0495
b=0 0.0005 | 0.9405
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An example: compute the joint probabillities ... efc.

M Variables (a - Jo’s state of the health; b - Result of the test)

P(b)=)_ P(a,b)

P(b = 1)

0.059

P(b = 0)

0.941

P(b | a) a=1 a=0
b=1 0.95 0.05
b=0 0.05 0.95

P(a=1) | P(a=0)
0.01 0.99

\/ P(a,b)=P(bla) P(a)

<

P(a, b) a=1 a=0
b=1 0.0095 | 0.0495
b=0 0.0005 | 0.9405

>

P(a| b) = P(a, b) | P(b)
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An example: compute the joint probabillities ... efc.

M Variables (a - Jo’s state of the health; b - Result of the test)

P(b | a) a=1 a=0

b=1 0.95 0.05

b=0 0.05 0.95

P(a=1) | P(a=0)

0.01 0.99
\/ P(a,b)=P(bla) P(a)
Pb)= ;P(a,b) P(a,b) | a=1 a=0 Plalb)| a=1 a=0

P(b=1) | 0.059 b= 0.0095 | 0.0495 b=1 0.161 0.839
P(b=0)| 0.941 b=0 0.0005 | 0.9405 b=0 0.001 0.999

P(a| b) = P(a, b) | P(b)
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An example: answer the question
[ m—

¥ Jo has the test, and the result is positive. What is the probability that Jo has the
disease?

¢ We are looking for Pa=11b=1)

Pa=1,b=1)
P(h=1)

Pa=11b=1)=
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An example: answer the question

e

¥ Jo has the test, and the result is positive. What is the probability that Jo has the

disease?

¢ We are looking for Pa=11b=1)

Pa=1,b=1)

Pa=11b=1)= P

P(b=1la=1)P(a=1)
P(b=1l,a=1)+Ph=1,a=0)

Pla=11b=1)=
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An example: answer the question

¥ Jo has the test, and the result is positive. What is the probability that Jo has the

disease?

¢ We are looking for Pa=11b=1)

Pa=1,b=1)

Pa=11b=1)= P

P(b=1la=1)P(a=1)
P(b=1l,a=1)+Ph=1,a=0)

Pla=11b=1)=

P(b=1la=1)Pa=1)

P(a=1|b=1):P(b:1|a:1)P(a:1)+P(b:1|a:O)P(a=O)
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An example: answer the question

¥ Jo has the test, and the result is positive. What is the probability that Jo has the

disease?

¢ We are looking for Pa=11b=1)

Pa=1,b=1)

Pa=11b=1)= P

P(b=1la=1)P(a=1)
P(b=1l,a=1)+Ph=1,a=0)

Pla=11b=1)=

P(b=1la=1)Pa=1)

P(a=1|b=1):P(b:1|a:1)P(a:1)+P(b:1|a:O)P(a=O)

0.95%0.01 o6
095%x0.01+005x099

Pla=11b=1)=
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An example: answer the question

¥ Jo has the test, and the result is positive. What is the probability that Jo has the

disease?

¢ We are looking for Pa=11b=1)

Pa=1,b=1)

Pa=11b=1)= P

P(b=1la=1)P(a=1)
P(b=1l,a=1)+Ph=1,a=0)

Pla=11b=1)=

P(b=1la=1)Pa=1)

P(a=1|b=1):P(b:1|a:1)P(a:1)+P(b:1|a:O)P(a=O)

0.95%0.01 o6
095%x0.01+005x099

Pla=11b=1)= P(a=1)=001
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Statistical Independence

B Two random variables X and Y are independent if and only if

P(x,y)= p(x)p(y)
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Statistical Independence

B Two random variables X and Y are independent if and only if

P(x,y)= p(x)p(y)

¥ In general:

P(x,y)=px1y)p(y) P(x,y)= p(ylx)p(x)
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Statistical Independence

B Two random variables X and Y are independent if and only if

P(x,y)= p(x)p(y)

¥ In general:

P(x,y)=px1y)p(y) P(x,y)= p(ylx)p(x)

® When X and Y are independent

P(xly)= p(x) P(ylx)=p(y)
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Statistical Independence

When X and Y are independent

P(x1y)= p(x)
P(ylx)= p(y)
Are they independent?

N<M = e cdnROTOBEHRVHPBRHOONTY 8

abcdefghijklmnopqrstuvwxyz— y
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The Meaning of Probabilities
_
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The Meaning of Probabilities

B Probabilities can describe frequencies of outcomes in random experiments.
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The Meaning of Probabilities

B Probabilities can describe frequencies of outcomes in random experiments.

B Probabilities can also be used to describe degrees of belief in propositions that do not

mvolve random variables.
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The Meaning of Probabilities

B Probabilities can describe frequencies of outcomes in random experiments.

B Probabilities can also be used to describe degrees of belief in propositions that do not

mvolve random variables.

W Degrees of belief can be mapped onto probabilities if they satisfy simple consistency rules:

¥ Axiom 1: Degrees of belief can be ordered; if B(x) is ‘greater’ than B(y), and B(y) is ‘greater’

than B(z), then B(x) is ‘greater’ than B(z).
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The Meaning of Probabilities

B Probabilities can describe frequencies of outcomes in random experiments.

B Probabilities can also be used to describe degrees of belief in propositions that do not

mvolve random variables.

B Degrees of belief can be mapped onto probabilities if they satisfy simple consistency rules:
¥ Axiom 1: Degrees of belief can be ordered; if B(x) is ‘greater’ than B(y), and B(y) is ‘greater’
than B(z), then B(x) is ‘greater’ than B(z).

¥  Axiom 2: There is a function f such that B(x) = f[ B(~x) |
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The Meaning of Probabilities

B Probabilities can describe frequencies of outcomes in random experiments.

B Probabilities can also be used to describe degrees of belief in propositions that do not

mvolve random variables.

B Degrees of belief can be mapped onto probabilities if they satisfy simple consistency rules:
¥ Axiom 1: Degrees of belief can be ordered; if B(x) is ‘greater’ than B(y), and B(y) is ‘greater’
than B(z), then B(x) is ‘greater’ than B(z).
¥  Axiom 2: There is a function f such that B(x) = f[ B(~x) |

B  Axiom 3: There is a function g such that B(x, y) = g[ B(xly), B(y) |
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Information Theory

Forward Probabilities and Inverse Probabilities
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Forward Probabilities and Inverse Probabilities

B Probability calculations often fall into one of two categories:

¥ Forward probability

¥ Inverse probability.
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Forward Probabilities and Inverse Probabilities

B Probability calculations often fall into one of two categories:
¥ Forward probability
¥ Inverse probability.

¥ Forward probability problems involve a generative model that describes a process that is assumed
to give rise to some data; The task is to compute the probability distribution or expectation of

some quantity that depends on the data.
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Forward Probabilities and Inverse Probabilities

B Probability calculations often fall into one of two categories:

¥ Forward probability
¥ Inverse probability.

¥ Forward probability problems involve a generative model that describes a process that is assumed
to give rise to some data; The task is to compute the probability distribution or expectation of

some quantity that depends on the data.

¥ Inverse probability problems involve a generative model of a process, but instead of computing the
probability distribution of some quantity produced by the process, we compute the conditional
probability of one or more of the unobserved variables in the process, given the observed

variables. This invariably requires the use of Bayes’ theorem
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Forward Probability Example: N draws with replacement

FACULDADE DE o
CIENCIAS E TECNOLOGIA Probabilities and Inference - 34
UNIVERSIDADE NOVA DE LISBOA



Forward Probability Example: N draws with replacement

B An urn contains K balls, of which B are black and W = K - B are white.

W White balls
o O @O
o @ @
@ O@® O@® B Black balls

K balls
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Forward Probability Example: N draws with replacement

B An urn contains K balls, of which B are black and W = K - B are white.

B Fred draws a ball at random from the urn and replaces it, N times.

W White balls
8:8:8 ®O®...®
@O OO O@® B Black balls N times

(with replacement)
K balls
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Forward Probability Example: N draws with replacement

B An urn contains K balls, of which B are black and W = K - B are white.

B Fred draws a ball at random from the urn and replaces it, N times.

W White balls
8:8:8 ®O®...®
@O OO O@® B Black balls N times

(with replacement)
K balls

B What is the probability distribution of the number of times a black ball is drawn, ng?
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Forward Probability Example: N draws with replacement

B An urn contains K balls, of which B are black and W = K - B are white.

B Fred draws a ball at random from the urn and replaces it, N times.

fe=B /K - the fraction of black balls
W White balls
8:8:8 @O@...(
@O OO O@® B Black balls N times

(with replacement)
K balls

B What is the probability distribution of the number of times a black ball is drawn, ng?
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Forward Probability Example: N draws with replacement

B An urn contains K balls, of which B are black and W = K - B are white.

B Fred draws a ball at random from the urn and replaces it, N times.

fe=B /K - the fraction of black balls
W White balls
8:8:8 @O@...(
@O OO O@® B Black balls N times

(with replacement)
K balls

B What is the probability distribution of the number of times a black ball is drawn, ng?

M 753 has a binomial distribution:
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Forward Probability Example: N draws with replacement

B An urn contains K balls, of which B are black and W = K - B are white.

B Fred draws a ball at random from the urn and replaces it, N times.

fe=B /K - the fraction of black balls
W White balls
8:8:8 @O@...(
@O OO O@® B Black balls N times

(with replacement)
K balls

B What is the probability distribution of the number of times a black ball is drawn, ng?

M 753 has a binomial distribution:

P(ny | fy.N)= (1) £, (A= f)"
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Binomial Distribution

B Lets f be the probability of one outcome of a random experiment. Let r be a random variable

that represents the number of times the outcome occurs in N independent experiments.

P(rif.N)=(")fa-H* £=03,N=10
0.3 _
0.25 - Etry =3
B The Mean 0.2 - Var(r) =2.1
N 0.15 -
E(r)=Y r.P(rlf,N)=Nf N - o(r) = 1.45
r=0 0 - | |

T T T T T T T T T 1
012345678 910

r

® The Variance

Var(r)= E((r—E(r))")= Nf(1- f)
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Forward Probability Example: N draws with replacement

B What is the probability distribution of the number of times a black ball is drawn, ng?

¥ What is the expectation of np? What is the variance of np? What is the standard deviation of

ng?

E(ng)= Nf, Var(ng)= Nf,(1- f;) G(nB):\/NfB(l_fB)

FACULDADE DE o
CIENCIAS E TECNOLOGIA Probabilities and Inference - 36
UNIVERSIDADE NOVA DE LISBOA



Forward Probability Example: N draws with replacement

B What is the probability distribution of the number of times a black ball is drawn, ng?

¥ What is the expectation of np? What is the variance of np? What is the standard deviation of

ng?

E(ng)= Nf, Var(ng)= Nf,(1- f;) G(nB):\/NfB(l_fB)

¥  Give numerical answers for the cases N =5 and N =400, when B =2 and K = 10.
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Forward Probability Example: N draws with replacement

B What is the probability distribution of the number of times a black ball is drawn, ng?

¥ What is the expectation of np? What is the variance of np? What is the standard deviation of

ng?

E(ng)= Nf, Var(ng)= Nf,(1- f;) G(nB):\/NfB(l_fB)

¥  Give numerical answers for the cases N =5 and N =400, when B =2 and K = 10.

f,=B/K=);
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Forward Probability Example: N draws with replacement

B What is the probability distribution of the number of times a black ball is drawn, ng?

¥ What is the expectation of np? What is the variance of np? What is the standard deviation of

ng?
E(ny)= Nf, Var(n,)= Nf,(1- f,) o (ny)=Nf,(1- f,)
¥  Give numerical answers for the cases N =5 and N =400, when B =2 and K = 10.
f,=B/K=);
o N=5
E(ng)=1 Var(n,) =% o(n,)=0.89
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Forward Probability Example: N draws with replacement

B What is the probability distribution of the number of times a black ball is drawn, ng?

¥ What is the expectation of np? What is the variance of np? What is the standard deviation of

ng?
E(ng)=Nfy Var(ny) = Nfz(1— f3) G(nB):\/NfB(l_fB)
¥  Give numerical answers for the cases N =5 and N =400, when B =2 and K = 10.
f,=B/K=);
o N=5
E(ng)=1 Var(n,) =% o(n,)=0.89
® N=400
E(n,)=80 Var(n,)= 64 o(n,)=28
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Inverse Probability Example

_
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Inverse Probability Example

B There are eleven urns labelled by u € {0, 1,2, ..., 10}, each containing 10 balls.
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Inverse Probability Example

B There are eleven urns labelled by u € {0, 1,2, ..., 10}, each containing 10 balls.

B Urn u contains u black balls and 10 — u white balls.

QO] 10O} OO o0

OO 10O o0
Q0| @] OO o0
QO] 1OOQ] L o0
OO OO @ o0
u=0 u=1 u=2 u=10
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Inverse Probability Example

B There are eleven urns labelled by u € {0, 1,2, ..., 10}, each containing 10 balls.

B Urn u contains u black balls and 10 — u white balls.

QO] 10O} OO o0
QO] OO} OO o0
Q0| @] OO o0
QO] 1OOQ] L o0
OOROON @ o0
u=0 u=1 u=2 u=10

W Fred selects an urn u at random and draws N times with replacement from that urn, obtaining

ng blacks and N — ng whites.
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Inverse Probability Example

B There are eleven urns labelled by u € {0, 1,2, ..., 10}, each containing 10 balls.

B Urn u contains u black balls and 10 — u white balls.

QO] 10O} OO o0
QO] OO} OO o0
Q0| @] OO o0
QO] 1OOQ] L o0
OOROON @ o0
u=0 u=1 u=2 u=10

W Fred selects an urn u at random and draws N times with replacement from that urn, obtaining
ng blacks and N — np whites.
W Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?
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Inverse Probability Example
S

B The variables:
W The chosenum:ue {0,1,2,...,10}

® The number of black balls from N draws: npe {0,1,...,N}
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Inverse Probability Example

N

B The variables:
W The chosenum:ue {0,1,2,...,10}
® The number of black balls from N draws: npe {0,1,...,N}

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?
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Inverse Probability Example

e

B The variables:
W The chosenum:ue {0,1,2,...,10}
® The number of black balls from N draws: npe {0,1,...,N}

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln,,N)="1
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Inverse Probability Example

N

B The variables:
W The chosenum:ue {0,1,2,...,10}
® The number of black balls from N draws: npe {0,1,...,N}

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln,,N)="1

W The joint distribution of u and np
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Inverse Probability Example

N

B The variables:
W The chosenum:ue {0,1,2,...,10}
® The number of black balls from N draws: npe {0,1,...,N}

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln,,N)="1

W The joint distribution of u and np

P(u,n, IN)="
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Inverse Probability Example

B The variables:
W The chosenum:ue {0,1,2,...,10}
® The number of black balls from N draws: npe {0,1,...,N}

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln,,N)="1

W The joint distribution of u and np

P(u,n, IN)="

Pu,n,IN)=P(n,lu,N)P(u)
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Inverse Probability Example

B The variables:
W The chosenum:ue {0,1,2,...,10}
® The number of black balls from N draws: npe {0,1,...,N}

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln,,N)="1

W The joint distribution of u and np
P(u,n, IN)=" \/

Pu,n,IN)=P(n,lu,N)P(u)
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Inverse Probability Example

B The variables:
W The chosenum:ue {0,1,2,...,10}
® The number of black balls from N draws: npe {0,1,...,N}

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln,,N)="1

W The joint distribution of u and np

P(u,n, IN)=" \/ \/

Pu,n,IN)=P(n,lu,N)P(u)
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Inverse Probability Example: joint probability

B The variables:
W The chosenum:ue {0,1,2,...,10}
® The number of black balls from N draws: npe {0,1,...,N}

m Pu,n,IN)y=P(n,lu,N)P(u)
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Inverse Probability Example: joint probability

B The variables:
W The chosenum:ue {0,1,2,...,10}
® The number of black balls from N draws: npe {0,1,...,N}

m Pu,n,IN)y=P(n,lu,N)P(u)

P(u)= 4,
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Inverse Probability Example: joint probability

¥ The variables:

W The chosenum:ue {0,1,2,...,10}

® The number of black balls from N draws: npe {0,1,...,N}
m Pu,n,IN)y=P(n,lu,N)P(u)

P(u)= 4,
N =10
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Inverse Probability Example: joint probability

B The variables:
W The chosenum:ue {0,1,2,...,10}

® The number of black balls from N draws: npe {0,1,...,N}

m Pu,n,IN)=Pn,lu,N)P(u) u
0

P(u)= 4, é
N =10 3
4

5

6

4

3

9

10

012345678910 np
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Inverse Probability Example: joint probability

B The variables:
W The chosenum:ue {0,1,2,...,10}

® The number of black balls from N draws: npe {0,1,...,N}

m Pu,n,IN)=Pn,lu,N)P(u) u
0

P(u)= )4, %

N =10 3

4

Ny, =73 2

4

3

9

10

012345678910 np
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Inverse Probability Example: joint probability

<

P(u,n, | N =10)

QOO NOYOITPhWNDHFLO

—_

012345678910 np
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Inverse Probability Example: joint probability

W If the chosen urn is u = 0, all balls are white and np has to O

<

P(u,n, | N =10)

QOO NOYOITPhWNDHFLO

—_

012345678910 np
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Inverse Probability Example: joint probability

W If the chosen urn is u = 0, all balls are white and np has to O

B P(u=0,npg#0)=0and we can say that P(np=01u=0)=1;

<

P(u,n, | N =10)

QOO NOYOITPhWNDHFLO

—_

012345678910 np
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Inverse Probability Example: joint probability

W If the chosen urn is u = 0, all balls are white and np has to O
B P(u=0,npg#0)=0and we can say that P(np=01u=0)=1;

W If the chosen urn 1s u = 10, all balls are black and np has to the number of draws (N = 10)

<

P(u,n, | N =10)

QOO NOYOITPhWNDHFLO

—_

012345678910 np
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Inverse Probability Example: joint probability

W If the chosen urn is u = 0, all balls are white and np has to O
B P(u=0,npg#0)=0and we can say that P(np=01u=0)=1;
W If the chosen urn 1s u = 10, all balls are black and np has to the number of draws (N = 10)

B P(u=10,np# 10) =0 and we can say

<

P(u,n, | N =10)

that P(ng = 10 | u = 10) = 1;

QOO NOYOITPhWNDHFLO

—_

012345678910 np
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Inverse Probability Example

N

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln, ,N)="1

¥ The joint distribution of u and ng:

Pu,n, IN)=P(n,lu,N)P(u)
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Inverse Probability Example

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln, N)="?

¥ The joint distribution of u and ng:

Pu,n, IN)=P(n,lu,N)P(u)

¥ We can obtain the conditional distribution of u given ng:
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Inverse Probability Example

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln, N)="?

¥ The joint distribution of u and ng:

Pu,n, IN)=P(n,lu,N)P(u)
¥ We can obtain the conditional distribution of u given ng:

P(u,n, | N)
P(n,IN)

Pulng,,N)=

FACULDADE DE o
CIENCIAS E TECNOLOGIA Probabilities and Inference - 41
UNIVERSIDADE NOVA DE LISBOA



Inverse Probability Example

B Fred’s friend, Bill, looks on. If after N = 10 draws np = 3 blacks have been drawn, what is

the probability that the urn Fred is using is urn u, from Bill’s point of view?

Puln, N)="?

¥ The joint distribution of u and ng:

Pu,n, IN)=P(n,lu,N)P(u)

¥ We can obtain the conditional distribution of u given ng:

Puln, N)= P(u,ny I N)
P(n, | N)
Puln, N)= L1 NPW)

P(n,IN)
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Inverse Probability Example
-

P(ng lu,N)P(u) Puln, N)="?

P(uln,,N)=

P(n,IN)
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Inverse Probability Example

P(ng lu,N)P(u) Puln, N)="?

P(uln,,N)= PO TN

B P(u) =1/11 for all u since we assume that all urns are equiprobable
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Inverse Probability Example

Puln, N)="?

P(ny lu,N)P(u)

P(uln,,N)= P(n I N)

B P(u) =1/11 for all u since we assume that all urns are equiprobable

B P(nglu, N)can be calculated as the previous example.
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Inverse Probability Example

Puln, N)="?

P(ny lu,N)P(u)

P(uln,,N)= P(n I N)

B P(u) =1/11 for all u since we assume that all urns are equiprobable
B P(nglu, N)can be calculated as the previous example.

B For the urn u, u will be also the number of black balls in that urn,
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Inverse Probability Example

P(ng lu,N)P(u) Puln, N)="?

P(uln,,N)=

P(n,IN)
W P(u)=1/11 for all u since we assume that all urns are equiprobable

B P(nglu, N)can be calculated as the previous example.

B For the urn u, u will be also the number of black balls in that urn,

B f,=u/10 (10 balls in each urn),

P(ny lu,N)=( 0 ) £ (= )N
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Inverse Probability Example

P(ng lu,N)P(u) Puln, N)="?

P(uln,,N)=

P(n,IN)
W P(u)=1/11 for all u since we assume that all urns are equiprobable

B P(nglu, N)can be calculated as the previous example.

B For the urn u, u will be also the number of black balls in that urn,

B f,=u/10 (10 balls in each urn),

P(ny lu,N)=( 0 ) £ (= )N

B And how to compute P(n, [ N)?

FACULDADE DE o
CIENCIAS E TECNOLOGIA Probabilities and Inference - 42
UNIVERSIDADE NOVA DE LISBOA



Inverse Probability Example

P(ng lu,N)P(u) Puln, N)="?

P(uln,,N)= P(n I N)

B P(u) =1/11 for all u since we assume that all urns are equiprobable

B P(nglu, N)can be calculated as the previous example.

B For the urn u, u will be also the number of black balls in that urn,

B f,=u/10 (10 balls in each urn),

P(ny lu,N)=( 0 ) £ (= )N

B And how to compute P(n, [ N)?

® This a marginal from the joint probability P(u, ng | N)
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Inverse Probability Example

B And how to compute P(n, [ N)? P(ny lu,N)P(u)

P(n,IN)

P(ulng,,N)=

P(nyIN)=Y P(u,n,IN)=Y Pu)P(n,u,N)
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Inverse Probability Example

B And how to compute P(n, [ N)? P(ny lu,N)P(u)

P(n,IN)

P(ulng,,N)=

P(nyIN)=Y P(u,n,IN)=Y Pu)P(n,u,N)

® Since...
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Inverse Probability Example

B And how to compute P(n, [ N)? P(ny lu,N)P(u)

P(ulng,,N)= P(n I N)

P(nyIN)=Y P(u,n,IN)=Y Pu)P(n,u,N)

® Since...

P(ny |”’N):(nNB)ﬂnB(1—ﬁ,)N_”B
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Inverse Probability Example

B And how to compute P(n, [ N)? P(ny lu,N)P(u)

P(ulng,,N)= P(n I N)

P(nyIN)=Y P(u,n,IN)=Y Pu)P(n,u,N)

B Since ...
P(ny lu.N) = (0, )£ (1= )"
P(u)= 4,
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Inverse Probability Example

N

B And how to compute P(n, [ N)? P(ny lu,N)P(u)

P(ulng,,N)= P(n I N)

P(nyIN)=Y P(u,n,IN)=Y Pu)P(n,u,N)

® Since ...
P(ny |”’N):(nNB)ﬂnB(1—ﬁ,)N_”B
P(u)= 4,
I L(N np (1 _ N—-ng
P(u|l’lBaN)—P(nB|N)ﬁ(nB)f; (1 fu)
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Inverse Probability Example

1

P(l/lll’lB,N): P(n lN) lll(nNB)funB(l_fu)N_nB

® For ng =3 (and N = 10) the normalizing constant, the the marginal probability of nsp,
P(n, IN)=0.083

. . ey Uu P(U‘TLBZ&N)
B The posteriori probability P(u | ng =3, N = 10) o
1 0.063
03 - 2 0.22
0.25 3 0.29
27 4 0.24
0.15 + . 0'13
> 6 0.047
0.05 - '
0 | 7 0.0099
T T T T T T T T T T T 8 000086
01 2 3 45 6 7 8 910 9 0.0000096
u 10 O
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Terminology of inverse Probability

P(ylx,H)P(x| H)
P(yl H)

P(xly,H)=
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Terminology of inverse Probability

H the overall hypothesis

P(ylx,H)P(x| H)
P(ylH)

P(xly,H)=
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Terminology of inverse Probability

¥ P(x | H) or just P(x) - prior probability of x. H the overall hyp()thesis

prior probability of x

/
P(ylx,H)P(x| H)

P(ylH)

P(xly,H)=
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Terminology of inverse Probability

¥ P(x | H) or just P(x) - prior probability of x. H the overall hyp()thesis

W P(ylx,H)orjust P(ylx)- likelihood of x.
W  For a fixed x, P(y | x, H) defines a probability over y.

®  For afixed y, P(y | x, H) defines the likelihood of x.

likelihood of x prior probability of x

/ /
P(ylx,H)P(x| H)
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¥ P(x | H) or just P(x) - prior probability of x. H the overall hyp()thesis

W P(ylx,H)orjust P(ylx)- likelihood of x.
W  For a fixed x, P(y | x, H) defines a probability over y.
®  For afixed y, P(y | x, H) defines the likelihood of x.

W P(xly,H)orjust P(x|y) - posterior probability of x given y.

likelihood of x prior probability of x

/ /
P(ylx,H)P(x| H)

P(ylH)

P(xly,H)=

posterior probability of x
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Terminology of inverse Probability

¥ P(x | H) or just P(x) - prior probability of x. H the overall hyp()thesis

W P(ylx,H)orjust P(ylx)- likelihood of x.
W  For a fixed x, P(y | x, H) defines a probability over y.
®  For afixed y, P(y | x, H) defines the likelihood of x.
W P(xly,H)orjust P(x|y) - posterior probability of x given y.
® P(yl|H) -isthe normalizing constant, know as evidence or the marginal likelihood.

likelihood of x prior probability of x

/ /
P(ylx,H)P(x| H)

P(ylH)

P(xly,H)=

posterior probability of x
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Terminology of inverse Probability

Source Messages
X

P(x)

Digital Channel

P(y I x)

Received Messages
Y

P(x1y)
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Terminology of inverse Probability

¥ P(x | H) or just P(x) - prior probability of x.

W P(ylx,H)orjust P(ylx)- likelihood of x.

W For a fixed x, P(y | x, H) defines a probability over y.

W Forafixedy, P(y | x, H) defines the likelihood of x.

W P(xly,H)orjust P(x|y) - posterior probability of x given y.

H the overall hypothesis

® P(yl|H) -isthe normalizing constant, know as evidence or the marginal likelihood.

Source Messages
X

P(x)

Digital Channel

P(y I x)

Received Messages
Y

P(x1y)
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Terminology of inverse Probability

¥ In general O represents the unknown parameters

W D represents the data

® H the overall hypothesis

P(D16,H)P(6| H)

POID H)=
P(D | H)
, likelihood X prior
posterior = .
evidence
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

C
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B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

— prior probability of a
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

— prior probability of a

— likelihood of a given b =1
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

— prior probability of a

— likelihood of a given b =1

— likelihood of a given b =0
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

P(a=1) | P(a=0)

— prior probability of a

0.01 0.99
Initial
information Pbla) | a=1 a=0
b = 0.95 0.05 — likelihood of a given b =1
b=0 0.05 0.95 — likelihood of a given b =0

l

probability of b given a=0
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Terminology of inverse Probability: an example

N

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

— prior probability of a

— likelihood of a given b =1

— likelihood of a given b =0

probability of b given a=0

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95
\ 4

probability of b given a=1
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

P(b)=)_ P(a,b)

P(b=1)

0.059

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

— prior probability of a

— likelihood of a given b =1

— likelihood of a given b =0

\/ P(a,b) =P |a) P(a)

P(b = 0)

0.941

P(a, b) a=1 a=0
b= 0.0095 | 0.0495
b=0 0.0005 | 0.9405
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

P(b)=)_ P(a,b)

P(b=1)

0.059

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

— prior probability of a

— likelihood of a given b =1

— likelihood of a given b =0

\/ P(a,b) =P |a) P(a)

P(b = 0)

0.941

P(a, b) a=1 a=0
b=1 0.0095 | 0.0495
b=0 0.0005 | 0.9405

joint distribution
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

P(b)=)_ P(a,b)

P(b=1)| 0.059

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

— prior probability of a

— likelihood of a given b =1

— likelihood of a given b =0

\/ P(a,b) =P |a) P(a)

P(b=0)| 0.941

evidence or
marginal likelihood

P(a, b) a=1 a=0
b=1 0.0095 | 0.0495
b=0 0.0005 | 0.9405

joint distribution
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

P(b)=)_ P(a,b)

P(b=1)

0.059

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

— prior probability of a

— likelihood of a given b =1

— likelihood of a given b =0

\/ P(a,b) =P |a) P(a)

P(b = 0)

0.941

evidence or
marginal likelihood

P(a, b) a=1 a=0
b=1 0.0095 | 0.0495
b=0 0.0005 | 0.9405

joint distribution

P(a | b) a=1 a=0
b=1 0.161 0.839
b=0 0.001 0.999

P(a | b) = P(a, b) | P(b)
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

P(b)=)_ P(a,b)

P(b=1)

0.059

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

— prior probability of a

— likelihood of a given b =1

— likelihood of a given b =0

P(a,b) =P |a) P(a)
\/ posterior probability of a

P(b = 0)

0.941

evidence or
marginal likelihood

P(a, b) a=1 a=0
b=1 0.0095 | 0.0495
b=0 0.0005 | 0.9405

joint distribution

P(a | b) a=1 a=0
b=1 0.161 0.839
b=0 0.001 0.999

P(a | b) = P(a, b) | P(b)
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

P(b)=)_ P(a,b)

P(b=1)

0.95

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

\/ P(a,b) =P |a) P(a)

P(b = 0)

— prior probability of a

— likelihood of a given b =1

— likelihood of a given b =0

posterior probability of a

0.05

evidence or
marginal likelihood

P(a, b) a=1 a=0
b=1 0.0095 | 0.0495
b=0 0.0005 | 0.9405

joint distribution

given b =1
P(a | b) a=1 a=0
b=1
b=0 0.001 0.999
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Terminology of inverse Probability: an example

B Variables (a - Jo’s state of the health; b - Result of the test)

Initial
information

P(b)=)_ P(a,b)

P(b=1)

0.95

Pla=1) | P(a=0)
0.01 0.99
P(b | a) a=1 a=0
b= 0.95 0.05
b=0 0.05 0.95

\/ P(a,b) =P |a) P(a)

P(b = 0)

— prior probability of a

— likelihood of a given b =1

— likelihood of a given b =0

posterior probability of a

0.05

evidence or
marginal likelihood

P(a, b) a=1 a=0
b=1 0.0095 | 0.0495
b=0 0.0005 | 0.9405

joint distribution

given b =1
P(a | b) a=1 a=0
b=1
b=0

posterior probability of a
given b =0
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Inverse probability and prediction
| .

B Assuming again that Bill has observed np = 3 blacks in N = 10 draws, let Fred draw another

ball from the same urn. What is the probability that the next drawn ball is a black?
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Inverse probability and prediction
N

B Assuming again that Bill has observed np = 3 blacks in N = 10 draws, let Fred draw another

ball from the same urn. What is the probability that the next drawn ball is a black?

B What we have to calculate P(ball,,,, =black|n,,N)="?
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Inverse probability and prediction

B Assuming again that Bill has observed np = 3 blacks in N = 10 draws, let Fred draw another

ball from the same urn. What is the probability that the next drawn ball is a black?
B What we have to calculate P(ball,,,, =black|n,,N)="?

P(ball,,, = black |n,,N)=Y P(ball,,, =black|u,n,,N)P(uln,,N)
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Inverse probability and prediction

B Assuming again that Bill has observed np = 3 blacks in N = 10 draws, let Fred draw another

ball from the same urn. What is the probability that the next drawn ball is a black?
B What we have to calculate P(ball,,,, =black|n,,N)="?
P(ball,,, = black |n,,N)=Y P(ball,,, =black|u,n,,N)P(uln,,N)
W Since the balls are drawn with re:)lacement from the chosen urn u, the probability that the

next drawn ball 1s a black, given the urn u, 1s just dependent on u, whatever ng and N are.

P(ball,,,, =blacklu,n,,N)=f, =%,
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Inverse probability and prediction

B Assuming again that Bill has observed np = 3 blacks in N = 10 draws, let Fred draw another

ball from the same urn. What is the probability that the next drawn ball is a black?
B What we have to calculate P(ball,,,, =black|n,,N)="?
P(ball,,, = black |n,,N)=Y P(ball,,, =black|u,n,,N)P(uln,,N)
W Since the balls are drawn with re:)lacement from the chosen urn u, the probability that the

next drawn ball 1s a black, given the urn u, 1s just dependent on u, whatever ng and N are.

P(ball,,,, =blacklu,n,,N)=f, =%,

P(ball,,, =black\ny,N)=Y f.Puln,N)
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Inverse probability and prediction

B Assuming again that Bill has observed np = 3 blacks in N = 10 draws, let Fred draw another

ball from the same urn. What is the probability that the next drawn ball is a black?
B What we have to calculate P(ball,,,, =black|n,,N)="?
P(ball,,, = black |n,,N)=Y P(ball,,, =black|u,n,,N)P(uln,,N)
W Since the balls are drawn with re:)lacement from the chosen urn u, the probability that the

next drawn ball 1s a black, given the urn u, 1s just dependent on u, whatever ng and N are.

P(ball,,,, =blacklu,n,,N)=f, =%,

P(ball,,, =black\ny,N)=Y f.Puln,N)

W Since the values of P(u | ng, N) were previously calculated,

P(ball,,, =black|n,,N)=0.333
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Inverse probability and prediction

O | X0 [ Q[N |Dn | B W]

ek
-
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Inverse probability and prediction

u P(ul ng, N)

0 0
1 0,063
2 0,22
3 0,29
4 0,24
5 0,13
6 0,047
7 0,0099
8 0,00086
9 0,0000096
10 0
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Inverse probability and prediction

> P(ball,,, =blacku,n,,N)=f, =¥,

u Pulng,N) | fu=u/l10

0 0 0
1 0,063 0,1
2 0,22 0,2
3 0,29 0,3
4 0,24 04
5 0,13 0,5
6 0,047 0,6
7 0,0099 0,7
8 0,00086 0.8
9 0,0000096 0.9
10 0 1
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Inverse probability and prediction

> P(ball,,, =blacku,n,,N)=f, =¥,

u Pulng,N) | fu=u/l10 P(.)

0 0 0 0
1 0,063 0,1 0,0063
2 0,22 0,2 0,044
3 0,29 0,3 0,087
4 0,24 04 0,096
5 0,13 0,5 0,065
6 0,047 0,6 0,0282
7 0,0099 0,7 0,00693
8 0,00086 0.8 0,000688
9 0,0000096 0,9 0,00000864
10 0 1 0

> P(ball,,., =black,u,n, ,N)=
P(ball,, ,=blacku,n,,N)P(ulng,N)
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Inverse probability and prediction

> P(ball,,, =blacku,n,,N)=f, =¥,

u | Pulng,N) | fu=u/10 P(.) > P(ball,,, =black,u,n,,N)=
0 0 0 0 P(ball,,,, =black |lu,n,,N)P(uln,,N)
1 0,063 0,1 0,0063
2 0,22 0,2 0,044
3 0,29 0,3 0,087
4 0,24 04 0,096
5 0,13 0,5 0,065
6 0,047 0,6 0,0282
7 0,0099 0,7 0,00693
8 0,00086 0,8 0,000688
9 0,0000096 09| 0,00000864
10 0 1 0
P(ball,,, = black|n,,N)=0.333 P(bally,, = black I ny,N)= Y f,P(uln,,N)
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Inverse probability and prediction vs the classical way

> P(ball,,, =blacku,n,,N)=f, =¥,

u P(ulng,N) | fu=u/l10 P(.)

0 0 0 0
1 0,063 0,1 0,0063
2 0,22 0,2 0,044
3 0,29 0,3 0,087
4 0,24 04 0,096
5 0,13 0,5 0,065
6 0,047 0,6 0,0282
7 0,0099 0,7 0,00693
8 0,00086 0.8 0,000688
9 0,0000096 09| 0,00000864
10 0 1 0

P(ball,,, =black|n,,N)=0.333

> P(ball,,., =black,u,n, ,N)=
P(ball,, ,=blacku,n,,N)P(ulng,N)

P(ball,,, = black | n,,N)=Y f.Puln,N)
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Inverse probability and prediction vs the classical way

e

> P(ball,,, =blacku,n,,N)=f, =¥,

u P(ulng,N) | fu=u/l10 P(.)

0 0 0 0
1 0,063 0,1 0,0063
2 0,22 0,2 0,044
3 0,29 0,3 0,087
4 0,24 04 0,096
5 0,13 0,5 0,065
6 0,047 0,6 0,0282
7 0,0099 0,7 0,00693
8 0,00086 0.8 0,000688
9 0,0000096 09| 0,00000864
10 0 1 0

P(ball,,, =black|n,,N)=0.333

> P(ball,,., =black,u,n, ,N)=
P(ball,, ,=blacku,n,,N)P(ulng,N)

Selecting the most plausible hypothesis

P(ball,,, = black | n,,N)=Y f.Puln,N)
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Inverse probability and prediction vs the classical way

> P(ball,,, =blacku,n,,N)=f, =¥,

u P(ulng,N) | fu=u/l10 P(.)

0 0 0 0
1 0,063 0,1 0,0063
2 0,22 0,2 0,044
3 03 0,087
4 0,24 04 0,096
5 0,13 0,5 0,065
6 0,047 0,6 0,0282
7 0,0099 0,7 0,00693
8 0,00086 0.8 0,000688
9 0,0000096 0,9 0,00000864
10 0 1 0

P(ball,,, =black|n,,N)=0.333

> P(ball,,., =black,u,n, ,N)=
P(ball,, ,=blacku,n,,N)P(ulng,N)

Selecting the most plausible hypothesis

P(ball,,, = black | n,,N)=Y f.Puln,N)
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Inverse probability and prediction vs the classical way

> P(ball,,, =blacku,n,,N)=f, =¥,

u | Pulng,N) | fu=u/l0 P(.) > P(ball,,, =black,u,n,,N)=
0 0 0 0 P(ball,, =black \u,n,,N)P(ulny,N)
1 0,063 0,1 0,0063
2 0,22 0,2 0,044
0,3 0,087 Selecting the most plausible hypothesis
4 0,24 04 0,096
5 0,13 0,5 0,065 =3
6 0,047 0,6 0,0282
7 0,0099 0,7 0,00693
8 0,00086 0,8 0,000688
9 0,0000096 0,9 0,00000864
10 0 1 0
P(ball,,, = blackn,,N)=0.333 P(bally,, =blackny,N)= Y f,P(uln,,N)
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Inverse probability and prediction vs the classical way

> P(ball,,, =blacku,n,,N)=f, =¥,

oo

u P(ulng,N) | fu=u/l10 P(.)
0 0 0 0
1 0,063 0,1 0,0063
2 0,22 0,2 0,044

0,087
4 0,24 04 0,096
5 0,13 0,5 0,065
6 0,047 0,6 0,0282
7 0,0099 0,7 0,00693
8 0,00086 0.8 0,000688
9 0,0000096 0,9 0,00000864
10 0 1 0

P(ball,,, =black|n,,N)=0.333

> P(ball,,., =black,u,n, ,N)=
P(ball,, ,=blacku,n,,N)P(ulng,N)

Selecting the most plausible hypothesis

u=3

then making the predictions
assuming that hypothesis to be true

P=03

P(ball,,, = black | n,,N)=Y f.Puln,N)

FC
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The likelihood principle

The likelihood principle: given a generative model for data d given
parameters @, P(d|0), and having observed a particular outcome

dy, all inferences and predictions should depend only on the function
P(dy|0).
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The likelihood principle

The likelihood principle: given a generative model for data d given
parameters @, P(d|0), and having observed a particular outcome
dy, all inferences and predictions should depend only on the function

P(d, | 8).

W The details of the other possible outcomes and their probabilities are irrelevant.
W All that matters 1s the probability of the outcome that actually happened given the different
hypotheses.

B We need only to know the likelihood, 1.e., how the probability of the data that happened

varies with the hypothesis.

FACULDADE DE

c CIENCIAS E TECNOLOGIA Probabilities and Inference - 54
UNIVERSIDADE NOVA DE LISBOA



The likelihood principle

B Urn A contains three balls: one black, and two white; urn B contains three balls: two black,

and one white.

@ 00
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The likelihood principle

B Urn A contains three balls: one black, and two white; urn B contains three balls: two black,

and one white.
A B
B One of the urns 1s selected at random and one ball 1s drawn.
The ball 1S black. L‘QQ . . Q
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The likelihood principle

B Urn A contains three balls: one black, and two white; urn B contains three balls: two black,

and one white.
A B
B One of the urns 1s selected at random and one ball 1s drawn.
The ball 1S black. L‘QQ . . Q

¥ What is the probability that the selected urn is urn A?

Pu=Alb=>bl)="
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The likelihood principle

B Urn A contains three balls: one black, and two white; urn B contains three balls: two black,

and one white.
A B
B One of the urns 1s selected at random and one ball 1s drawn.
The ball 1S black. L‘QQ . . Q

¥ What is the probability that the selected urn is urn A?

B u={A,B}; Pu=A)=Pu=B)=1/2

P(u=Alb=bl)="?

FACULDADE DE

c CIENCIAS E TECNOLOGIA Probabilities and Inference - 55
UNIVERSIDADE NOVA DE LISBOA



The likelihood principle

B Urn A contains three balls: one black, and two white; urn B contains three balls: two black,

and one white.
A B
B One of the urns 1s selected at random and one ball 1s drawn.
The ball 1S black. L‘QQ . . Q

¥ What is the probability that the selected urn is urn A?

B u={A,B}; Pu=A)=Pu=B)=1/2

B )= {bl, wh} (black; white). P(I/t = Albp= bl) —3
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The likelihood principle

B Urn A contains three balls: one black, and two white; urn B contains three balls: two black,

and one white.
A B
B One of the urns 1s selected at random and one ball 1s drawn.
The ball 1S black. L‘QQ . . Q

¥ What is the probability that the selected urn is urn A?

B u={A,B}; Pu=A)=Pu=B)=1/2

B )= {bl, wh} (black; white). P(I/t = Albp= bl) —3

W Pb=bllu=A)=1/3; P(b=whlu=A)=2/3
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The likelihood principle

B Urn A contains three balls: one black, and two white; urn B contains three balls: two black,

and one white.
A B
B One of the urns 1s selected at random and one ball 1s drawn.
The ball 1S black. L‘QQ . . Q

¥ What is the probability that the selected urn is urn A?

B u={A,B}; Pu=A)=Pu=B)=1/2

B )= {bl, wh} (black; white). P(I/t = Albp= bl) —3

W Pb=bllu=A)=1/3; P(b=whlu=A)=2/3

B Pbh=bllu=B)=2/3:P(b=whlu=A)=1/3
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The likelihood principle
N

B One of the urns 1s selected at random and one ball is drawn.

The ball is black
B u={A,B};Pu=A)=Pu=B)=1/2
W )= {bl, wh} (black; white).
B Pb=bllu=A)=1/3;P(b=whlu=A)=2/3

W Pb=bllu=B)=2/3; P(b=whlu=A)=1/3
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The likelihood principle

B One of the urns 1s selected at random and one ball is drawn.

The ball is black
B u={A,B};Pu=A)=Pu=B)=1/2
W )= {bl, wh} (black; white).
B Pb=bllu=A)=1/3;P(b=whlu=A)=2/3

W Pb=bllu=B)=2/3; P(b=whlu=A)=1/3

P(u=Alb=bl)=

Pu=Ab=bl) P(b=bllu=A)Pu=

A)

P(b=0bl) P(b=bl)
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The likelihood principle

B One of the urns 1s selected at random and one ball is drawn.

The ball is black
B u={A,B};Pu=A)=Pu=B)=1/2
W )= {bl, wh} (black; white).
B Pb=bllu=A)=1/3;P(b=whlu=A)=2/3

W Pb=bllu=B)=2/3; P(b=whlu=A)=1/3

P(u=A,b=>bl) _ Pb=bllu=A)Pu=A4A)

Pu=Alb=>bl)= o —
(b=bl) P(b=0bl)

Pb=bllu=A)Pu=A4A)

P(u:A|b=bl)=P(b:bl|u:A)p(u:A)+P(b:bl|u=B)P(u=B)
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The likelihood principle

The likelihood principle: given a generative model for data d given
parameters @, P(d|0), and having observed a particular outcome
dy, all inferences and predictions should depend only on the function

P(d, | 8).

W The details of the other possible outcomes and their probabilities are irrelevant.
W All that matters 1s the probability of the outcome that actually happened given the different
hypotheses.

B We need only to know the likelihood, 1.e., how the probability of the data that happened

varies with the hypothesis.
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The likelihood principle

B One of the urns 1s selected at random and one ball is drawn.

The ball is black
B u={A,B};Pu=A)=Pu=B)=1/2
W )= {bl, wh} (black; white).
B Pb=bllu=A)=1/3;P(b=whlu=A)=2/3

W Pb=bllu=B)=2/3; P(b=whlu=A)=1/3

P(u=A,b=>bl) _ Pb=bllu=A)Pu=A4A)

Pu=Alb=>bl)= o —
(b=bl) P(b=0bl)

Pb=bllu=A)Pu=A4A)

P(u:A|b=bl)=P(b:bl|u:A)p(u:A)+P(b:bl|u=B)P(u=B)
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The likelihood principle

B One of the urns 1s selected at random and one ball is drawn.

The ball is black

how the probability of the
data that happened varies
with the hypothesis

B u={A,B};Pu=A)=Pu=B)=1/2
W )= {bl, wh} (black; white).
W Pb=bllu=A)=1/3;P(b=whlu=A)=2/3

W Pb=bllu=B)=2/3; P(b=whlu=A)=1/3

Pu=A,b=0bl) PMbL=>bllu=A)Pu=A)
Pb=bl) P(b = bl)

P(u=Alb=bl)=

Pb=bllu=A)Pu=A)
Pb=bllu=A)P(u=A)+P(b=>bllu=B)P(u=B)

P(u=Alb=bl)=
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The likelihood principle

B One of the urns 1s selected at random and one ball is drawn.

The ball is black

how the probability of the
data that happened varies
with the hypothesis

B u={A,B};Pu=A)=Pu=B)=1/2
W )= {bl, wh} (black; white).
W Pb=bllu=A)=1/3;P(b=whlu=A)=2/3

W Pb=bllu=B)=2/3; P(b=whlu=A)=1/3

Pu=A,b=0bl) PMbL=>bllu=A)Pu=A)
Pb=bl) P(b = bl)

P(u=Alb=bl)=

Pb=bllu=A)Pu=A)
Pb=bllu=A)Pu=A)+Pb=bllu=B)P(u=B)

P(u=Alb=bl)=
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Information Theory

Further Reading and Summary

Q&A

FACULDADE DE

c CIENCIAS E TECNOLOGIA
UNIVERSIDADE NOVA DE LISBOA

Probabilities and Inference - 59



Further Reading

® Recommend Readings

¢ Information Theory, Inference, and Learning Algorithms from David MacKay, 2015,
pages 22 - 32.

¥ Supplemental readings:
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What you should know

® Joint Probability; Marginal Probability; Condicional Probability.

® Product and Sum rules.

W Bayes’ Theorem

W Statistical Independence

¥ The two common but different interpretations for the meaning of Probabilities

B Forward Probabilities and Inverse Probabilities

B Terminology of inverse Probability: prior probability; likelihood; likelihood; evidence
® The likelihood principle

B To address Inverse probability problems
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Further Reading and Summary

N

Q&A

FACULDADE DE o
CIENCIAS E TECNOLOGIA Probabilities and Inference - 62
UNIVERSIDADE NOVA DE LISBOA



