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Part I 
Abstract Data Types 

(intro)
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Abstract Data Types (Liskov, 78)
• ADTs are the building blocks for software construction 

– Consist of: 

– A description of the data elements of the type 

– A set of operations over the data elements of the ADT 

– A software system is a composition of ADTs 

– ADTs behave like regular types in a programming language 

– Promotes modularity, encapsulation, information hiding, and 
hence reuse, modifiability, and correctness.
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ADTs (Liskov & Zilles,78)
• ADTs: building blocks for software construction 

– Software System : set of ADTS 

– Promotes reuse, modifiability, and correctness
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Barbara Liskov (MIT)
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Abstract Data Type
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Abstract Data Type (External View)
• External View 

– A public opaque data type (that clients will use) 

Note: opaque means = behaves as a primitive type 

– A set of operations on this data type 

– Operations must neither reveal, nor allow a client to invalidate the 
internal representation of the ADT 

– pre and post conditions on these operations must be expressed 
in terms of the abstract type (the only type known to the client) 

– This is why ADTs promote reuse, modifiability, and correctness: 
the developer can change the implementation anytime, without 
breaking contracts
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Abstract Data Type (Internal View)
• Internal View 

– A representation data type (hidden from clients) 

– A set of operations on the representation data type 

• Key remarks:
– A programmer must define the operations in such a way that the 

representation state (invisible to clients) is kept consistent with the 
intended abstract state 

– Pre-conditions on the public operations, expressed on the 
abstract state, must map into pre-conditions expressed in terms of 
the representation state 

– The same for post-conditions 

– At all times the concrete state must represent a well defined 
abstract state (otherwise something is wrong!)
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Example (Positive Set ADT)
class PSet { 
// an abstract set of positive numbers 

    method new(sz:int) {…} 
    // initializes the set ( e.g., Java constructor ) 

    method add(v:int) {…} 
    // adds v to the set if space available 

    function size() : int {…} 
    // returns number of elems in the set 

    function contains(v:int) : bool {…} 
    // returns number of elems equal to v in the set 

    function maxsize() : int {…} 
    // returns max number of elems allowed in the set 
}
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Technical ingredients in ADT design
• The abstract state 

– defines how client code sees the object 

• The representation type 
– chosen by the programmer to implement the ADT internals. The 

programmer is free to choose the implementation strategy (data-
structures, algorithms). This is done at construction time. 

• The concrete state 
– in general, not all representation states are legal concrete states 

– a concrete state is a representation state that really represents 
some well-defined abstract state
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Technical ingredients in ADT design
• The representation invariant 

– The representation invariant is a condition that restricts the 
representation type to the set of (safe) concrete states 

– If the ADT representation falls outside the rep invariant, 
something is wrong (inconsistent representation state). 

• The abstraction function 
– maps every concrete state into some abstract state 

• The operation pre- and post- conditions 
– expressed for the representation type 

– also expressed for the abstract type (for client code)
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Abstract Data Types (with 

objects)
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Bank Account ADT
• Abstract State 

– the account balance (bal) 

– bal is of type int subject to the constraint (bal >= 0)
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Bank Account ADT
• Representation type 

– an integer bal 

– in this simple case the representation type is the same as the 
abstract type 

– the true “meaning” of the representation and abstract types are 
different 

– not all operations on integers are valid on account balances 
(e.g., to multiply bank accounts)
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Bank Account ADT
• Representation type 

– an integer bal 

– in this simple case the representation type is the same as the 
abstract type 

– the true “meaning” of the representation and abstract types are 
different 

– not all operations on integers are valid on account balances 
(e.g., to multiply bank accounts) 

• Representation invariant 
– (bal >= 0) 

– this time, pretty simple
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Example (Account)
class Account { 
    var bal: int; 

    predicate RepInv()   
// specifies the representation invariant 

     reads this  
    { 
       bal >= 0 
    }  

… 
} 
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Example (Account)
class Account { 
    var bal: int; 

    predicate RepInv()   
// specifies the representation invariant 

      reads this  
    { 
     bal >= 0 

    }  

    constructor() 
        ensures RepInv() 
    { bal := 0; } 
    … 
}
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Example (Account)
class Account { 
    var bal: int; 
… 
    // All operations must require the representation invariant 
    // All operations must ensure the representation invariant 
    method deposit(v:int) 
        modifies this; 
        requires RepInv() && v >= 0 
        ensures RepInv()  
    { bal := bal + v; } 

    method withdraw(v:int) 
        modifies this 
        requires RepInv() && v >= 0 
        ensures RepInv()          
    { if (bal>=v) { bal := bal - v; } } 
}
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Example (Account)
class Account { 
    var bal: int; 
… 
   function method getBal():int  
        reads this 
    { bal }  

    method withdraw(v:int) 
        modifies this; 
        requires Valid() && 0 <= v <= getBal() 
        ensures Valid()          
    { bal := bal - v;  } 
} 
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Set ADT
class ASet { 
// an abstract Set of numbers  

    constructor(sz:int) {} 
    // initializes aset ( e.g., Java constructor ) 

    method add(v:int) {} 
    // adds v to aset if space available ) 

    function size() : int 
    // returns number of elems in aset 

    function contains(v:int) : bool 
    // check if v belongs to set 

    function maxsize() : int 
    // returns max number of elems allowed in aset 

}
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Set ADT
• Abstract State 

– a set of positive integers aset
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Set ADT
• Representation type 

– an array of integers store with sufficient large size 

– an integer nelems counting the elements in store
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Set ADT
• Representation type 

– an array of distinct integers store 

– an integer nelems counting the elements in store 

• Representation invariant 
    (store != null) &&

    (0 <= nelems <= store.Length) &&

    forall k :: (0<=k<nelements) ==> forall j::(k<j<nelements)  ==> b[k] != b[j]
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Set ADT
• Representation type 

– an array of distinct integers store 

– an integer nelems counting the elements in store 

• Representation invariant 
    (store != null) &&

    (0 <= nelems <= store.length) &&

    forall k :: (0<=k<nelements) ==> forall j::(k<j<nelements)  ==> b[k] != b[j]

24



Construction and Verification of Software, FCTUNL, © (uso reservado)

Set ADT
• Representation type 

– an array of distinct integers store 

– an integer nelems counting the elements in store 

• Representation invariant 
    (store != null) &&

    (0 <= nelems <= store.length) &&

    forall k :: (0<=k<nelements) ==> forall j::(k<j<nelements)  ==> b[k] != b[j]

• Abstraction mapping 
– <nelems=n, store=[v0,v1,...vstore.Length-1]> → {v0,...,vn-1} 

– more later ....

25



Construction and Verification of Software, FCTUNL, © (uso reservado)

Set ADT
class ASet { 
   
  var a:array<int>; 
  var size:int; 

  constructor(SIZE:int) 
    requires SIZE > 0 
    ensures Valid() 
  { 
    a := new int[SIZE]; 
    size := 0; 
  } 

…
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Set ADT
class ASet { 
   
  var a:array<int>; 
  var size:int; 

  constructor(SIZE:int) 
    requires SIZE > 0; 
    ensures Valid() 
  { 
    a := new int[SIZE]; 
    size := 0; 
  } 
   
  predicate RepInv() 
    reads this,a 
  { 

… 
  } 
…
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Set ADT
class ASet { 
   
  var a:array<int>; 
  var size:int; 

… 
   
  predicate RepInv() 
    reads this,a 
  { 
    a!=null &&  
    0 < a.Length &&  
    0 <= size <= a.Length &&  
    unique(a,0, size) 
  } 
…
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Set ADT
class ASet { 
   
  var a:array<int>; 
  var size:int; 

… 
  predicate unique(b:array<int>, l:int, h:int) 
  reads b 
  requires b != null && 0<=l <= h <= b.Length 
  { 
    forall k::(l<=k<h) ==> forall j::(k<j<h)  ==> b[k] != b[j] 
  } 
…
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Set ADT
class ASet { 
   
  var a:array<int>; 
  var size:int; 

  function method count():int 
  reads this,a; 
  requires RepInv() 
  { size } 
   
  function method maxsize():int 
  reads this,a; 
  requires RepInv() 
  { a.Length } 

  method add(x:int) 
  modifies this,a; 
  requires RepInv() && count() < maxsize() 
  ensures RepInv() 
  {  
    var f:int := find(x); 
    if (f < 0) { 
      a[size] := x; 
      size := size + 1; 
    } 
  } 
…
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Set ADT
class ASet { 
   
  var a:array<int>; 
  var size:int; 
… 
  method find(x:int) returns (r:int) 
  requires RepInv() 
  ensures -1 <= r < size 
  ensures r < 0 ==> forall j::(0<=j<size) ==> x != a[j] 
  ensures r >=0 ==> a[r] == x 
  { 
    var i := 0; 
    while (i<size) 
    decreases size-i 
    invariant 0<=i<=size; 
    invariant forall j::(0<=j<i) ==> x != a[j]; 
    { 
      if (a[i]==x) { return i; } 
      i := i + 1; 
    } 
    return -1; 
  } 
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Set ADT
class ASet { 
   
  var a:array<int>; 
  var size:int; 
… 
  method contains(v:int) returns (f:bool) 
  requires RepInv() 
  ensures  f <==> exists j::(0<=j<size) && v == a[j]; 
  ensures RepInv() 
  { 
    var p:int := find(v); 
    f := (p >= 0); 
  } 
}

32
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Soundness and Abstraction Map
• We have learned how to express the representation 

invariant and make sure that no unsound states are ever 
reached 

• We have informally argued that the representation state 
in every case represents the right abstract state, but how 
to make sure? 

• We next see how the correspondence between the 
representation state and the abstract state can be 
explicitly expressed in Dafny using ghost state, 
specification operations, and abstraction map soundness 
check.
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Technical ingredients in ADT design
• The abstract state 

– defines how client code sees the object 

• The representation type 
– chosen by the programmer to implement the ADT internals. The 

programmer is free to chose the implementation strategy (data-
structures, algorithms). This is done at construction time. 

• The concrete state 
– in general, not all representation states are legal concrete states 

– a concrete state is a representation state that really represents 
some well-defined abstract state

35
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Technical ingredients in ADT design
• The representation invariant 

– the representation invariant is a condition that restricts the 
representation type to the set of (safe) concrete states 

– if the ADT representation falls outside the rep invariant, 
something is wrong (inconsistent representation state). 

• The abstraction function 
– maps every concrete state into some abstract state 

• The operation pre- post- conditions 
– expressed for the representation type 

– also expressed for the abstract type (for client code)
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Soundness and Abstraction Map
• A so-called ghost variable is only used in the spec and does 

not actually use memory 

• Usages of ghost variables only occur in spec operations  
(are never executed at runtime) 

class ASet {  
    // Abstract state  
    ghost var s:set<int>; 
   
    // Representation state 
    var a:array<int>; 
    var size:int; 

• We therefore represent abstract state with ghost state.
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Soundness and Abstraction Map
• A so-called ghost variable is only used in the spec and does 

not actually use memory space 

• Usages of ghost variables only occur in spec operations  
(are never executed at runtime) 

class ASet {  
    // Abstract state  
    ghost var s:set<int>; 
   
    // Representation state 
    var a:array<int>; 
    var size:int; 

• We therefore represent the abstract state with a ghost variable.
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Soundness and Abstraction Map
• We next define a predicate Sound() that specifies the 

precise relationship the abstract and concrete state: 
    // The mapping between abstract and representation state 
    predicate Sound() 
        reads this,a 
        requires RepInv() 
    { 
        forall x::(x in s) <==> exists p::(0<=p<size) && (a[p] == x)  
    } 

• We then express in all operations how the abstract state 
changes, and how it is kept well related with a proper 
representation state  

• As a benefit, we may then also express pre and post 
conditions in terms of the abstract state ! 
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Set ADT (with abstract state)
 class ASet {  
    // Abstract state  
    ghost var s:set<int>; 
    // Representation state 
    var a:array<int>; 
    var size:int; 

    // The mapping between abstract and representation state 
    predicate Sound() 
        reads this,a 
        requires RepInv() 
    { forall x::(x in s) <==> exists p::(0<=p<size) && (a[p] == x) } 

    predicate RepInv() 
        reads this,a 
    { 0 < a.Length && 0 <= size <= a.Length && unique(a,0,size) } 

    predicate Valid() 
        reads this,a 
    { RepInv() && Sound() } 

    // Spec  
    predicate unique(b:array<int>, l:int, h:int) 
        reads b; 
        requires 0 <= l <= h <= b.Length ; 
    { forall k::(l<=k<h) ==> forall j::(k<j<h)  ==> b[k] != b[j] }
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Set ADT (with abstract state)
 class ASet {  
    // Abstract state  
    ghost var s:set<int>; 
   
    // Representation state 
    var a:array<int>; 
    var size:int; 
… 
    // Implementation: Constructor and Methods  

    constructor(SIZE:int) 
        requires SIZE > 0; 
        ensures Valid() && s == {} 
    { 
        // Init of Representation state 
        a := new int[SIZE]; 
        size := 0; 
        // Init of Abstract state 
        s := {};  
    } 
…
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Set ADT (with abstract state)
 class ASet {  
    // Abstract state  
    ghost var s:set<int>; 
   
    // Representation state 
    var a:array<int>; 
    var size:int; 
… 
    method find(x:int) returns (r:int) 
        requires Valid() 
        ensures  Valid() 
        ensures -1 <= r < size; 
        ensures r < 0 ==> forall j::(0<=j<size) ==> x != a[j]; 
        ensures r >=0 ==> a[r] == x; 
    { 
        var i:int := 0; 
        while (i<size) 
            decreases size-i 
            invariant 0 <= i <= size; 
            invariant forall j::(0<=j<i) ==> x != a[j]; 
        { 
            if (a[i]==x) { return i; } 
            i := i + 1; 
        } 
        return -1; 
    }  
… 
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Set ADT (with abstract state)
 class ASet {  
    // Abstract state  
    ghost var s:set<int>; 
   
    // Representation state 
    var a:array<int>; 
    var size:int; 
… 
    method add(x:int) 
        modifies a, this 
        requires Valid() 
        requires count() < maxsize()  
        ensures  Valid() && s == old(s) + {x} 
    {  
        var i := find(x); 
        if (i < 0) { 
            a[size] := x; 
            s := s + { x }; 
            size := size + 1; 
            assert a[size-1] == x; 
            assert forall i :: (0<=i<size-1) ==> (a[i] == old(a[i])); 
            assert forall x::(x in s) <==> exists p::(0<=p<size) && (a[p] == x); 
        } 
    } 
… 
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Next lecture
– Framing in Hoare Logic 

– Changing state and Dynamic Frames 

– Typestates

44
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Changing State
• Tracking state changes and invalidating knowledge 

along the proof is crucial in the  verification of imperative 
programs. 

• This is captured by the derived (constancy or frame) rule    

• Provided that the variables modified by P (M(P)) are not 
referred by C (V(C)). 

45

{A} P {B}
{A ^ C} P {B ^ C} where M(P ) \ V (C) = ;

<latexit sha1_base64="7PPdlgyMCLA2m/ezNwFFn0T/ShE="></latexit><latexit sha1_base64="7PPdlgyMCLA2m/ezNwFFn0T/ShE="></latexit><latexit sha1_base64="7PPdlgyMCLA2m/ezNwFFn0T/ShE="></latexit><latexit sha1_base64="7PPdlgyMCLA2m/ezNwFFn0T/ShE="></latexit>

{x > 0} y := x {y > 0 ^ x = y}
{x > 0^z < 0} y := x {y > 0 ^ x = y^z < 0}

<latexit sha1_base64="EvGgawqs4+IOu86BE+vfoEz1cok="></latexit><latexit sha1_base64="EvGgawqs4+IOu86BE+vfoEz1cok="></latexit><latexit sha1_base64="EvGgawqs4+IOu86BE+vfoEz1cok="></latexit><latexit sha1_base64="EvGgawqs4+IOu86BE+vfoEz1cok="></latexit>

Tiago
Realce

Tiago
Realce

Tiago
Realce

Tiago
Realce
a regra de frame

Tiago
Realce

Tiago
Realce

Tiago
Realce
todas as variáveis não alteradas/referenciadas pelo programa mantêm-se iguais.



Construction and Verification of Software, FCTUNL, © (uso reservado)

Changing State
• Tracking state changes and invalidating knowledge 

along the proof is crucial in the  verification of imperative 
programs. 

• This is captured by the derived (constancy or frame) rule    

• Provided that the variables modified by P (M(P)) are not 
referred by C (V(C)). 

• Updates to variables do not allow framing the modified 
variables.  
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  method deposit(v:int) 
    modifies this`bal like one assignment
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Changing State
• Tracking  changes with dynamic memory is not covered 

by the original Hoare Logic. Each tool adopts some kind 
of strategy to make the frame rule sound. 

• Dafny refers to allocated memory areas. Objects and 
arrays. Modification of fields are modifications to the 
container object.
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Changing State
• Tracking state changes and invalidating knowledge 

along the proof is crucial in the  verification of imperative 
programs. 

• Information in the interface is important to know modified 
and referred memory. 

method Main() {
  var a:Account := new Account();
  a.deposit(10);
  a.withdraw(20); <<<<< ????  
  if a.getBalance() > 10
  { a.withdraw(10); a.deposit(10); }
}
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Changing State
• Tracking state changes and invalidating knowledge 

along the proof is crucial in the  verification of imperative 
programs. 

• Information in the interface is important to know modified 
and referred memory. 

method Main() {
  var a:Account := new Account(); { a.bal >= 0 }
  { a.bal >= 0 } a.deposit(10); { a.bal >= 0 }
  { a.bal >= 0 } a.withdraw(20); <<<<< ????
  if a.getBalance() > 10
  { { a.bal > 10 } a.withdraw(10); a.deposit(10); }
}
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