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Functional Abstraction

Every programming language needs to incorporate abstraction mechanisms.

Abstraction constructs allow parametrised expressions to be defined and used
in the appropriate contexts.

We may find simple functional or procedural abstraction, used in function and
procedure definitions, type abstraction, used in generics, and so on...

In this module we will study how to incorporate functional abstraction in our
core programming language by introducing functional values, also called first
class functions.

functional abstraction in programming languages
* lambda abstraction

interpretation of functional values

* closures

typing of functional abstractions
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TLDR; We've talked about types, operations, etc., now we're gonna introduce Functions
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First class functions

A first class function is a special value defined by a parametrised expression
fun x,....x» — Eend
Such expression is called an abstraction (or /\-abstraction)

The identifiers x, ..., Xn are the abstraction parameters.

The parameters are binding occurrences, with scope the abstraction body E,
where E is any expression of the language.
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First class functions

An abstraction is a syntactical expression that denotes a function.

A function is a special value F that supports an application operation Fapply, we
may apply the function F to a value v, to obtain a value as result Fapply(v)

A programming language may support functions but not abstractions (C, C++)

Most modern languages support abstraction:
Python: lambda x : x*2

Rust: |x] { x*2}

JavaScript: (%) => x*2

OCaml:  fun x -> x *2

CALCF: fun x -> x*2 end

The origin of functional abstraction is Church’s lambda calculus.
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The A-Calculus

* The lambda-calculus is a minimal programming language created by Alonzo
Church in 1936, it is the basis for all abstraction mechanisms used in modern
programming

* |t uses functions as “first class” entities, and albeit extremely simple, can
represent all constructs of Turing complete programming languages.

* Syntax of the lambda-calculus:

E:x= x| AxE | E1E2
* Abstract syntax:

var: string — LAMBDA (x)
abs: string x LAMBDA — LAMBDA (Ax.E)
app: LAMBDA x LAMBDA — LAMBDA (E1 E2)

* A multi-parameter function and application is defined using “currying”
/\x1}\x2 /\xn.B F E1 Ez En


Tiago
Realce

Tiago
Realce

Tiago
Realce

Tiago
Realce
function

Tiago
Realce
argument

Tiago
Realce
function that given parameter x...
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abstractions (Expression parameterized on a single parameter)

Tiago
Realce
Application, applies the function to the argument and gives another expression as a result
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Alonzo Church (1903-1995)

Church Thesis:

“The set of all computable functions is the set of functions
defined in the lambda-calculus.”

Church was Alan Turing PhD
advisor.

Together, they have shown
that the lambda calculus has
the same computational
power as the Turing machine.
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The language CALCF (abstract syntax)

num: Integer - CALCF

id: String — CALCF

add: CALCF x CALCF — CALCF
mul: CALCF x CALCF — CALCF
div: CALCF x CALCF — CALCF
sub: CALCF x CALCF — CALCF

def: List(String x CALCF) x CALCF — CALCF
fun: String x CALCF — CALCF
app: CALCF x CALCF — CALCF
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Takes an expression that evaluates to  function, and applies it to another expression, giving a result


The language CALCF (example)

fun x -> x*2 end (4);;
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application, apply the left hand side expression (x) to the right hand side expression (x*2), and we immediately apply it to the number 4


The language CALCF (example)

def £ = fun x -> x+1 end
in
def g = fun y -> f(y)+2 end
in
def x = g(2)
in
X+x
end
end
end;;
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((2+1)+2)+((2+1)+2) = 5+5 = 10


Semantics of CALCF

e Algorithm eval( ) that computes the denotation (integer
value) of any open CALCF expression:

eval : CALCF x ENV<Value>— Value
CALCF = open programs
ENV = environments
Value = Bool U Integer U Closure U {ERROR}
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Semantics of CALCF

e Algorithm eval( ) that computes the denotation (integer
value) of any open CALCF expression:

eval : CALCF x ENV<Value> — Value
CALCF = open programs
ENV = environments
Value = Bool U Integer U Closure U {ERROR}

Closures are special values used to represent functions.

A closure is a triple of the form [ id, E, env ]

id is an identifier (the closure parameter)

E is an expression (the closure body)

env is an environment (must declare all free names in body except id)

¢ The closure body E may be evaluated by providing some value
for the parameter id (this will correspond to function call)

11
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E - body of the function, an Expression
env - the current environment, in order for us to keep track of free identifiers of the body, except the parameter
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CALCF Interpreter

e Algorithm eval( ) that computes the denotation (integer
value) of any open CALCF expression:

eval : CALCI x ENV<Value> — Value

eval( num(n) , env) £n

eval( id(s) , env) £ env.Find(s)

eval( add(E1,E2), env) 2 eval(E1, env) + eval(E2, env)
eval( abs(s, E), env) ¢ { return[s, E,env]; }

eval( app(E1, E2), env) £ { v1 = eval(E1,env); v2 = eval(E2,env);
if vl is [ param, B, env0 ] then
e = env0. beginScope();
e.assoc(param,v2);
result = B.eval(e);
e = e. endScope();
return result;
else ERROR

}

12
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Example Evaluation

def x=1 in
def £ = (fun y -> y+x) in
def g = (fun x -> x+f(x))
in g(2)
end
end
end

13
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2*2+1 = 5


Example Evaluation

Eo

-

def x=1 in
def £ = (fun y -> y+x) in
def g = (fun x -> x+f(x))
in g(2) end end end;;
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Example Evaluation

Eo

def £ = (fun y -> y+x) in
def g = (fun x -> x+f(x))
in g(2)
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Example Evaluation

def g = (fun x -> x+f(x))
in g(2)

16


Tiago
Realce
since f is a function, its value will be a closure


Example Evaluation

in g(2)

17


Tiago
Realce
since the environment does not go directly to E1, the value of x here is masked, and is a parameter instead of an integer. It won't need to know the value of x, though, since it only needs to know the value of f, which is the only free identifier (x is bound in its scope)


Example Evaluation

in g(2)

X

x+f (x)
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Example Evaluation
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Example Evaluation

def comp = (fun £,g -> (fun x -> £(g(x))))

in
def inc = (fun x -> x+1)
in
def dup = comp(inc,inc)
in dup(2)
end
end

end

20
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Example Evaluation

Eo

()~
= T
c-»[f,g,fun x -f(g(x)), ])

EzT

lHHIHIIHIIII!?F??EZ_-i:::>

c(i,i) = ?

c(i,i)
in d(2) end end end
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Example Evaluation
(fun x -> f(g(x))

Eo
=
<+ c(i,i)
D \ in d(2) end end end
E; 1
c-»[f,g,fun x -f(g(x)), ]

EzT ‘

Sy, . fun x—»f(g(x)D
@ £(g(x)), ¥ 1
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Example Evaluation

Eo
<4
D«
= T
c-»[f,g,fun x -f(g(x)), 1

fun x—»f(g(x)D
Es4 1

Es

23



Example Evaluation




CALCF Types and Typechecking

* Map eval to compute a value + effect for any CALCF programs:

eval : CALCS x ENV x MEM — VAL x MEM

* Map typchk that computes a type for a CALCF program:
typechk : CALCS x ENV — TYPE U { TYPEERROR }

ENV:ID — TYPE
TYPE = { int, bool, ref{TYPE}, fun[TYPE,TYPE] }

25
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CALCF Types and Typechecking

* Map typchk that computes a type for any CALCS program:
typechk : CALCF x ENV<TYPE> — TYPE U { TYPEERROR }

ENV:ID — TYPE
TYPE = { int, bool, ref{TYPE},fun{TYPE, TYPE} }

int:  type of integer values.

bool: type of boolean values.

ref{T}: type of references that may only hold values of type T
fun{4,8}: type of functions that take arg of type 4 and return a
value of type 3

Example: fun{int,bool} is the type functions that take an integer as
argument and return a boolean

26
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CALCF Typing Rules

* Map typchk that computes a type for any CALCF program:
typechk : CALCF x ENV<TYPE> — TYPE U { TYPEERROR }

typchk( fun(s:TO, E), env ) 2 {
env0 = env.beginScope();
env 0= env0.assoc(s,T0);
t1 = typchk ( E, envO0);
env.endScope();
if (11 == TYPEERROR) then return t1

else return fun(T0,t1);

}
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CALCF Typing Rules

* Map typchk that computes a type for any CALCF program:
typechk : CALCF x ENV<TYPE> — TYPE U { TYPEERROR }

typchk( fun(s:TO, E) , env) = {
I env0 = env.beginScope();

env 0= env0.assoc(s,T0);

t1 = typchk ( E, env0);
env.endScope();

if (11 == TYPEERROR) then return t1

else return fun(T0,t1);

}

28
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CALCF Typing Rules

* Untyped functional abstraction gives rise to polymorphic
functions. Consider the example:

fun x -> new x end '

* The most general type for this function is fun[X,ref X], for all
types X.This could be expressed by a polymorphic type
scheme [Damas-Milner82] of the form All X. fun[X,ref X] type,
but we don’t want to get into such advanced topic in this course.

* So, in our language, we will annotate function arguments with
types, e.g.,

fun x:int => new x end '

fun f.(int)int -> f (3) end :: ((int)int)int

29
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CALCF Typing Rules

* Map typchk that computes a type for any CALCF program:
typechk : CALCF x ENV<TYPE> — TYPE U { TYPEERROR }

typchk( app(E1, E2), env) 2 {{1 = typchk ( E1, env);
if (t1 is fun(TO,TR)) then
t2 = typchk ( E2, env);
if (12 !=TO) then return TYPEERROR;

return TR;
else return TYPEERROR

}
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if it's a function, then all good,
the t0 is the type of the parameter of the function and tR the type of the return
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we cannot apply non-functions
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we then typecheck the right hand side value (the argument)
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we gotta make sure that the type of the argument is the same as the type expected by the function parameter


Sample Typed Program

def
mod : (int, int)int = fun dividend:int, divisor:int ->
dividend - divisor * (dividend / divisor)
end

seed : ref int = new 2

random : ()int =
fun -> seed := mod(8121 * Iseed + 28411, 181); !seed
end

is_inside_circle : (int, int)bool =
fun x:int, y:int -> (x * x) + (y * y) <= 32767
end
in
def
i:refint=new0
s:refint=new0
in
while !i < 30000 do
def
X : int = random()
y : int = random()
in
if is_inside_circle(x, y) then s:=Is+1
else !s
end;
i=li+1
end
end;
printin 4 * Is * 100 / 30000
end
end;;



def glo=new O
in def f = fun n:int -> glo := Iglo + n end
in
f(2);

f(3);

f(4);

printin Iglo
end;;
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Example Evaluation

O

def x=1 in
def £f = (fun y -> x+y) in
in £(2) end ;;
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Example Evaluation

def x=1 in
def £f = (fun y -> x+y) in
in £(2) end ;;
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Example Evaluation

def x=1 in
def £f = (fun y -> x+y) in
in £(2) end ;;
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Example Evaluation

def x=1 in
def £f = (fun y -> x+y) in
in £(2) end ;;
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Example Evaluation

def x=1 in
def £f = (fun y -> x+y) in
in £(2) end ;;
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CALCF Compiler (environment based)

e Algorithm compile( ) that generates machine code for any
well-typed open CALCF expression:

eval : CALCF x ENV<Coord> — CodeSeq

40
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CALCF Compiler (environment based)

* Functions are represented as closures at runtime

* Closures are represented by JVM objects F which
implement an apply operation (JVM method)

* Fapply(v) returns the result if applying closure F to value v

a1
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CALCF Compiler (environment based)

* For each closure created by the program (while compiling
a lambda abstraction fun x -> E end) the compiler needs
to generate an specific closure JVM class

* The closure object contains an apply method, whose body
is composed essentially by the code [[ E ]] for the function
body E plus some environment manipulation operations.

* The function call will be essential be analogous to the
“equivalent” application to declaration expansion

fun x1,.. xk -> E end (E1, .. Ek)

~N
~N

decl x1 =El ... xk=EkinE

42
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just like when we attribute a value to each identifier in a declaration, in a function call we will also compute the value attributed to each parameter


Compilation of function abstraction
[[ funx1,.xm->Eend]]D =

new closure_id

dup

aload SL

putfield closure_id/SL LSLtype;

closure_id is the gensym generated code for a new closure
class (e.g., clos_0002).

Such closure object has a field used to hold the closure
environment, and an apply method to be called whenever
the closure needs to be applied to value arguments.
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[param, body, -> environment <- ]
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load the value of the static link (current environment)...
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and store it inside the closure's environment variable


Compilation of function call
[[ E (EL...EK) ]]ID =

[[e]ID
checkcast closure_interface_id

[[el]ID

[ ek ]ID
invokeinterface closure_interface_id/apply(typel;type2;...)type

closure_interface_id is a generated interface name for the
type of the new closure class (e.g., ftype 0002).

Such interface defines the type of the apply method (from
typechecking)

Note that function call is based on the type of the function
not on the actual function code, which is unknown at call site. .,
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Operation

Invoke interface method

Format

Forms

invokeinterface = 185 (0xb9)

Operand Stack

Description

The unsigned indexbyte1 and indexbyte2 are used to construct an index into the run-time constant pool of the current class (§2.6), where the value of the index is
(indexbyte1 << 8) | indexbyte2. The run-time constant pool item at that index must be a symbolic reference to an interface method (§5.1), which gives the name and
descriptor (§4.3.3) of the interface method as well as a symbolic reference to the interface in which the interface method is to be found. The named interface method is
resolved (§5.4.3.4).
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Generation of closure class
[[ fun x1,..xk -> Eend ]]D =

.class closure_id

.implements ftype_.id

.field public SL Lframe_.id;

method apply(typel.type2;..)returntype
// here code for method apply

.end method
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this is a class file which implements the closure
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it also implements a field, which is the environment inside the closure
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this is the apply method (code in next slide)
it lists the type of the parameters and the return type


Compilation scheme of closure class

method apply(typel.type2;..)rtype

Jlimits locals k+2

nhew fid_frame // create function stack frame (aka activation record)
dup

aload 0 // get reference to "this"

getfield closure_id/SL LSLtype // get the env stored in this closure
putfield fid_frame/sl LSLtype // link to activation record

dup

aload1 // load first function argument

putfield fid_frame/x1 xlargtype // store it in slot x1

dup

aload k // load kth function argument

putfield fid_frame/xk xkargtype // all argument values are now stored in frame
astore SL // note ! this sl local is now in the method

[[ e ]ID+{x1->coordxl, ... xk->coordxk}

return
a7
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repeat this for every argument
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get the value inside the closure object
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we store it inside the SL field, linking the new frame to the environment inside the closure
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get the value of the parameter
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store it in the frame slot
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update the SL Value, which is now below all the parameters of the functions
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generate the code for the function body


Generation of closure activation record

class fid_frame

.super java/lang/Object

field public sl Lancestor_frame_.id;
field public xO argltype

field public x1 argltype;

field public xk argntype;

This is completely analogous to the frame class for the
“equivalent” application to declaration expansion

fun x1,..,xk -> E end (E1, .. Ek)

NN

decl x1=El ... xk=EkinE
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Example (code generated for function)

def
inc : (int)int = fun x:int -> x + 1 end
in
printin inc(2+2)
end;;

.class public closure_0

.super java/lang/Object

.implements closure_interface_int_int

field public sl Ljava/lang/Object;

.method public <init>()V
aload_0
invokenonvirtual java/lang/Object/<init>()V
return

.end method

.class public frame_1

.super java/lang/Object

field public sl Ljava/lang/Object;

field publicv0 |

.method public <init>()V
aload_0
invokenonvirtual java/lang/Object/<init>()V
return

.end method

.interface public closure_interface_int_int
.super java/lang/Object

.method public abstract apply(l)I

.end method

.method public apply(l)!

Jdimit locals 4
Jdimit stack 256
new frame_1
dup
invokespecial frame_1/<init>()V
dup
aload_0
getfield closure_0/sl Lframe_0;
putfield frame_1/sl Lframe_0;
dup
iload 1
putfield frame_1/vO0 |
astore_3
aload_3
getfield frame_1/v0 |
sipush 1
iadd
ireturn
.end method
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Exam Ple (translation of source function type into [VM interface type)

def
inc : (int)int = fun x:int -> x + 1 end
in
printin inc(2+2)
end;;

.class public closure_0

.super java/lang/Object

.implements closure_interface_int_int

field public sl Ljava/lang/Object;

.method public <init>()V
aload_0
invokenonvirtual java/lang/Object/<init>()V
return

.end method

.class public frame_1

.super java/lang/Object

field public sl Ljava/lang/Object;

field publicv0 |

.method public <init>()V
aload_0
invokenonvirtual java/lang/Object/<init>()V
return

.end method

.interface public closure_interface_int_int
.super java/lang/Object

.method public abstract apply(l)!

.end method

.method public apply(l)!

Jdimit locals 4
Jdimit stack 256
new frame_1
dup
invokespecial frame_1/<init>()V
dup
aload_0
getfield closure_0/sl Lframe_0;
putfield frame_1/sl Lframe_0;
dup
iload 1
putfield frame_1/vO0 |
astore_3
aload_3
getfield frame_1/v0 |
sipush 1
iadd
ireturn
.end method
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-code for the closure class (closure_0), which implements the closure interface(closure_interface_int_int).
-frame, with a slot for each argument (frame_1)
-apply method, which also has code for the body
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the environment, that is, the previous frame in the environment (in this case, this is the first one)
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Translation of source types into |VM types

[[int]] = T
[[boolean]] = Z
[[ref T]] = ref _[[T]]

where this class will implement
.method public set(L[[T]])V
.method public set()L[[T]]

[[(T1,..Tn)R]] = closure_intf_[[T]]

where this interface will implement
.method public abstract apply(L[[T1]1]:..[[Tn]];)[[R]]
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Exam Ple (generation of closure class and its activation frame)

def
inc : (int)int = fun x:int -> x + 1 end
in
printin inc(2+2)
end;;

.class public closure_0
.super java/lang/Object
.implements closure_interface_(I)I
field public sl Ljava/lang/Object;
method public apply(l)I
... // see on the right
.end method
.method public <init>()V
aload_0
invokenonvirtual java/lang/Object/<init>()V
return
.end method

.class public frame_1

.super java/lang/Object

field public sl Ljava/lang/Object;

field publicv0 |

.method public <init>()V
aload_0
invokenonvirtual java/lang/Object/<init>()V
return

.interface public closure_interface_(l)I

.super java/lang/Object
.method public abstract apply(l)!
.end method

.method public apply(l)!
Jdimit locals 4
Jdimit stack 256
new frame_1
dup
invokespecial frame_1/<init>()V
dup
aload_0
getfield closure_0/sl Lframe_0;
putfield frame_1/sl Lframe_0;
dup
iload 1
putfield frame_1/vO0 |
astore_3
aload_3
getfield frame_1/v0 |
sipush 1
iadd
ireturn

.end method
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