Knowledge Representation and Reasoning

Solutions to Exercises on Description Logic Ontologies

1 Converting from Description Logics to First-Order Logics

Consider the solutions from the previous class on converting the UML class diagram into description logics.
Convert the Description Logic result into first-order logic.

Answer:
V. (Jy.place (z,y) — Origin (x))
V. (Jy.place (y,x) — String (z))
V. (Origin (x) — (Jy.place (z,y) A Vy, z. ((place (x,y) A place (z, z)) = y = z)))
Va. (Jy.reference (z,y) — PhoneBill (z))
V. (Jy.reference (y,x) — PhoneCall (x))

- )

V. (PhoneCall (x) — (Jy.reference (y,x) Ay, z. ((reference (y,z) A reference (z,z)) = y = z)))

Va ) = Origin (x))

V. (Jy.callO (y, ) — PhoneCall (z))

V. (y. fromO (z,y) — Origin (x))

V. (Jy.fromO (y,x) — Phone (z))

Vz.(Origin (z) — (3y.callO (z,y) A Jy.fromO (z,y) Ay, z. ((callO (z,y) A callO (z,2)) — y = z) A
Yy, z. ((fromO (z,y) A fromO (z,2)) =y = z)))

V. (PhoneCall () — (Fy.callO (y, z) A Vy, z. ((callO (y, z) A callO (z,x)) = y = 2)))

V. (Jy.call MO (z,y) — MobileOrigin (z))

V. (Jy.callM O (y,x) — MobileCall (x))
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V. (

(
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V. (PhoneBill (x) — (Jy.reference (z,y))
-
. (3y.callO (z,y
(
(
(

. (3y.fromMO (z,y) — MobileOrigin (z))
.(y.fromMO (y,z) — CellPhone (x))
Va.(MobileOrigin () — (3y.callMO (x,y) A Jy.fromMO (z,y) A
Yy, z. ((callMO (z,y) A callMO (x,2)) = y = 2z) A
Yy, z. ((fromMO (z,y) A fromMO (x,z)) = y = 2)))
V. (MobileOrigin (x) — Origin (x))
Va,y. (callMO (z,y) — callO (z,y))
Va,y. (fromMO (z,y) = fromO (z,y))
V. (MobileCall (x) — PhoneCall (x))
Va. (CellPhone () — Phone (x))
Vz. (FizedPhone () — (Phone (z) A —=CellPhone (z)))
V. (Phone () — (CellPhone (z) V FizedPhone (z)))




2 Constructing Models of Ontologies
Consider the following TBox:

Cow C Vegetarian

MadCow T Cow M Jeat.BrainO f Sheep

Sheep C Animal

Vegetarian C (> 1 eat) MVeat.—~(Animal U PartO f Animal)
BrainO fSheep T PartO f Animal

1. Translate the TBox into natural language, and compare with the translation into first-order logic.

Cow C Vegetarian: All cows are vegetarians.

V. (Cow(x) — Vegetarian(z))
MadCow C Cow M3 eat.BrainO f Sheep: All mad cows are cows that eat (some) brain of sheep.
V. [MadCow(z) — (Cow(x) A Jy. (eat(z,y) A BrainO fSheep(y)))]
Sheep C Animal: All sheep are animals.

V. (Sheep(x) D Animal(z))

Vegetarian C (> 1 eat) MVeat.~(Animal U PartO f Animal): All vegetarians eat something, but
never anything which is an animal or part of an animal.

Va. [Vegetarian(z) — Jy. (eat(x,y)) AVy. (eat(z,y) — —(Animal(y) V PartO f Animal(y))))

BrainO fSheep C PartO f Animal: All brains of sheep are parts of animals.

Vz. (BrainO fSheep(x) — PartO f Animal(z))

2. Construct a model for the ontology O = (TBox, {Cow(mimosa)}).

Answer: A model is Z = (AZ,.%) (others exist), where the domain is AT = {m, e} and the inter-
pretation mapping is:
mimosa® = m

Cow?t

|
E)

MadCow? = {}
Sheep? = {}
BrainOfSheep? = {}
Animal® = {}
PartOfAnimalt = {}
Vegetarian® = {m}
eat” = {(m,e)}

All assertions must be satisfied, i.e. Z |= Oy iff 7 = TBox and Z |= Cow(mimosa):

T E Cow C Vegetarian iff Cow” C Vegetarian® iff {m} C {m}

T = MadCow C Cow M3 eat. BrainO f Sheep iff MadCow? C Cow? N (3 eat.BrainO fSheep)? iff
<

T &= Sheep C Animal iff Sheep? C Animal® iff {} C {}

T = Vegetarian C (> 1 eat) M Veat.—(Animal U PartO f Animal)

T |= BrainOfSheep C PartO f Animal iff BrainO fSheep® C PartO f Animal® iff {} C {}

T & Cow(mimosa) iff mimosa® € Cow? iff m € {m}




3. Show that there is no model for the ontology O3 = (TBox, { MadCow(mimosa)}).

We will show that it is impossible to construct an interpretation Z that satisfies Os.

So suppose there is an interpretation that models Os.

Since we have to satisfy assertion MadCow(mimosa), there is an individual m in the domain of Z
such that mimosa’ = m and mimosa® € MadCow?, i.e., m € MadCow?.

Since every MadCow is a Cow, m € Cow?” holds, and furthermore m € Vegetarian®. More-
over, every MadCow eats at least some brain of sheep (let’s denote this brain by b, and thus b €
BrainOfSheep’ and (m,b) € eat®. In addition, b € PartOfAnimalt. But then, since m €
Vegetarian®, we also require that m € (Yeat.—(Animal U PartO f Animal))%. Since (m,b) € eat?,
b € (=(Animal U PartOfAnimal)),ie., b ¢ (Animal U PartOfAnimal)?, and in particular
b & PartO f Animal®. We derive a contradiction.

3 Knowledge Representation in ALC

Express the following sentences in terms of the description logic ALC .
1. All employees are humans.
2. A mother is a female who has a child.

A parent is a mother or a father.

> W

A grandmother is a mother who has a child who is a parent.

5. Only humans have children that are humans.

Answer:

1. Employee C Human

2. Mother = Female M 3hasChild. T
Parent = Mother Ll Father

Grandmother = Mother M 3hasChild. Parent

U,

dhasChild. Human T Human

4 Semantics of ALC

Let T be the following ALC interpretation on the domain AT = {sg, s1, ..., 85}

Determine the interpretation of the following concepts:



Answer:
1. T2 = {s0,51,.-,85}
2. 17 =9.
3. AT = {s0, 51,55}
4. BT = {50, 52,55}

5. (AN B)YE = {so, 55}.

6. (AU B)* = {sq, 51,52, 55}.

7. (~A)" = {5, 53,54}

8. (3r.A)F = {50, 51, 54}

9. (VT—\B) = {2,583, 85}

10. (¥r. (AU B))E = {50, 53, 54, 55}

5 Semantics of ALC

Let T be the following ALC interpretation on the domain AT = {sg, s1, ..., s3}.

Determine the interpretation of the following concepts:

Answer:
ALl B)I = {80, S1, 82}.
2. (3s. _|A) = {50, 83}

- (

- (

. (Vs.A)T = {51,582}
- (

- (
- (

w

35.35.3s.35.A)" = 0.
—3r. (AU -B))F = {s9,s3}.

ot

3s. (AUVs.mB) U—Vr.3r. (AU -A))T = {so, 51,83}

6 (Un)Satisfiability and Validity of ALC

For each of the following formulas, indicate if it is valid, satisfiable or unsatisfiable. If it is not valid, provide
a model that falsifies it:

1. ¥r.(ANB) =Vr.ANVr.B.
Vr.(AUB) =Vr. AUVr.B.
3. Ir.(ANB)=3r.AN3Ir.B.



4. Ir.(AUB)=3r. AU Ir.B.

Answer:

1. Vr. (AN B) = Vr.ANVr.B is valid. We can prove that (Vr. (AN B))T = (Vr.ANvr.B)? for all inter-
pretations Z.
(Vr. (AN B): = {z € AT |Vy: (z,y) € T -y € (AN B)*}
={zec AT |Vy: (z,9) ert -y c (AT nBY)}
={zec AT |Vy:(z,9) ert sy ATy n{z e AT |Vy: (z,y) €l — y € BT}
= (vr.A)f n (vr.B)*
= (Vr.ANVr.B)*

2. Vr. (AU B)

= Vr.A U Vr.B is not valid. The following model is such that (Vr.(A U B))T #
(Vr.AUvr.B)L.

e 50 € (Vr.(AU B)) but
e 50 ¢ (Vr.A)T and
e 50 ¢ (Vr.B)T.

However, notice that Vr.A UVr.B C Vr. (AU B) is valid.

3. Ir. (AN B) = Ir.AMN Ir.B is not valid. The previous model is such that (Ir.(A N B))Z # (Ir.AN
Ir.B)L.
e 50 € (Ir.A)T and
e 50 € (3r.B)T but
e 50 ¢ (Ir. (AN B))L.

However, notice that 3r. (AN B) C 3r.AM Ir.B is valid.

4. Ir.(AUB) = 3r.A U Ir.B is valid. We could provide a similar proof to the case Vr. (AN B) =
Vr.AMVr.B, but we show here an alternative proof which is based on other equivalences.

Ir.(AUB) = -Vr.(-(AU B))
= -Vr.(-mAMN-B))
= =(Vr.(-A) NVYr.(=B))
= —Vr.(-A) U —~Vr.(-B))
=3r.AUIr.B




