Knowledge Representation and Reasoning

Exercises on Description Logics

1 (Un)Satisfiability and Validity of ALC

For each of the following concepts, indicate if it is valid, satisfiable or unsatisfiable. If it is valid, or unsatis-
fiable, provide a proof. If it is satisfiable (and not valid), then exhibit a model that interprets the concept in
a non-empty set:

1. = (Vr.AU3r. (AN —B)).

2. Ir. (¥s.0) MVr. (Is.-C).

3. (3s.C N 3s.D) NVs. (~C U —D).
4. 3s.(CN D) N (¥s.~C LUVs.~D).
5. CN3rAN3r.BN-3r.(ANDB).

Answer:

1. = (Vr.AU3r.(-AN-B)). Satisfiable.

oo

o 50 € (—~(Vr.AU3r.(-AN-B))T
o 51 ¢ (=(Vr.AUIr.(mAN-B))?

2. Jr. (¥s.C) M Vr. (3s.-C). Unsatisfiable.
Since Ir.(Vs.C) = —Vr.(=Vs.C) = =Vr.(3s.(=C)), this implies that Jr.(Vs.C)MVr.(s.=C) is equiva-
lent to =Vr.(3s.(=C)) MVr.(Is.(=C)), which is a concept of the form =B M B which is always unsat-
isfiable.

3. (Is.CM3Is.D) MVs. (=C U D). Satisfiable.
4. 3s.(CN D) N (Vs.~C UVs.—mD). Unatisfiable.

5. CMN3r.AN3r.BMN—3r.(AN B). Satisfiable.




2 Bissimulation

For each of the following pairs of models, check if they are bisimular. If yes, find the bisimulation relation,
if not, find a formula that is true in the first model and false in the second.

Answer:
e The first pair of models is bisimilar and the bisimulation is {(so,t0), ($1,%1), ($2,%2), (S2,%3)}.

e The second pair of models is not bisimular on so and ty. Note that (sg,to) would have to belong
to the bisimulation. However, we have that sy € (Vr.(vr.(3r.T)))2 and to ¢ (Vr.(Vr.(3r.T)))%,
where Z; and Z5 and the interpretations shown above.




3 ALC Tableaux

Check by means of tableaux whether the following subsumption is valid:

1. =Vr.AnVr. ((Vr.B)U A) CVr.—(3Ir.A) U 3r. (3r.B)

Answer: To check whether the given subsumption is valid we can use tableaux to verify whether the
following concept is insatisfiable:

=Vr. ANVr. (Yr.BUA) 0= (Vr.o (3r.A) U 3r. (3r.B))
We have to transform into negation normal form first:
Co=3Ir—ANVr. (Vr.BUA)NIr.Ir. ANVr.Vr.-B

We apply the tableaux algorithm starting with Cj:

Ao = {Co(z0)}

—= Ay = Ao U {3r—AnVr.(Vr.BU A) (z0), Ir-Ir. AN VrVr.—B(xzg)}

—= Ay = Ay U{Ir.—A(zg),Vr. (Vr.BUA) (x0)}

—n Az = Ay U {3r.3r. A(zo), Vr.¥r.=B(zg)}

—5 Ay = A3 U {r(zg, 1), Ir.A(z1)}

—3 As = Ay U {r(z1,22), A(72)}

—v Ag = A5 U{Vr.—B(x1)}

—v A7 = Ag U{~B(z2)}

—v As = A; U{Vr.BU A(z1)}

=4 Ag = Ag U {A(z1)} Ay = As U {Vr.B(z1)}
—3 Aio = Ay U {r(z0,23), ~A(x3)} —v Ao = Ay U {B(z2)} %
—v Ay = Ao U {Vr.BU A(z3)}

—i) Az = Ay U {Vr.B(z3)} Argr = Ay U {A(z3)} %
—v A3 = A2 U{Vr.—B(z3)}

Since A;3 is complete and clash-free, Cy is satisfiable, and the initial subsumption inclusion is not valid.
We can provide the canonical interpretation 7 4,, as follows:

o ATz — {x0,$1,$2ax3}
[ AIA13 = {xlaxQ}

o BTAis =0

o 71413 = {(z0,71), (71, 22), (0, 73)}




4 ALC Tableaux

Which of the following statements are true? Explain your answer.

( Answer: Left as an exercise... )

5 ALC Tableaux with cyclic TBoxes

Check by means of tableaux whether the following subsumption is valid w.r.t. the TBox {A C 3r.(AU B)}:

1. AC Ir.B

Answer: To check whether the given subsumption is valid we can use tableaux extended by the 7 rule
(using =AU 3r.(AU B)) to verify whether the following concept is insatisfiable:

A —-3dr.B
We have to transform into negation normal form first:
Co=ANVr.—-B
We apply the tableaux algorithm starting with Cjy:

Ao = {Co(z0)}

—n Ar = Ao U {A(20), Vr.—B(wo)}

—T Ay = A U{(mAUIr.(AL B))(x0)}

Ny As = Ay U{(3r.(AU B))(z0)} As = A U {=A(0)} %
—3 Ay = A3 U {r(zo,21), (AU B)(21)}

—v As = Ay U {~B(z1)}

=0 Ag = As U {(A(z1)} Agr = As U {B(z1)} <
—T A7 = Ag U{(mAUIr.(AU B))(x1)}

iy As = A7 U{3r.(AU B)(21)} Agr = A7 U {=A(z1)} %
—5 Ag = Ag U {r(z1,x2), (AU B)(x2)}—blocked

Since Ajg is complete and clash-free, Cj is satisfiable, and the initial subsumption inclusion is not valid.
We can provide the canonical interpretation Z 4, as follows:

o ATt = {zg,21}
o ATt = {zo,1,}

(] BIAQ :(Z)

o 1Ay — {(.Z‘(),Jh), (-lexl>}




