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C(i, j) =

0 se i = 0∨ j = 0
C(i −1, j −1) +1 se i > 0∧ j > 0∧ xi = y j

max(C(i −1, j),C(i, j −1)) se i > 0∧ j > 0∧ xi ≠ y j

 

 
 

 
 0 1 2 3 4 5 6 7 

A B C B D A B 
0 0 0 0 0 0 0 0 0 

1 B 0 0 1 1 1 1 1 1 

2 D 0 0 1 1 1 2 2 2 

3 C 0 0 1 2 2 2 2 2 

4 A 0 1 1 2 2 2 3 3 

5 B 0 1 2 2 3 3 3 4 

6 A 0 1 2 2 3 3 4 4 

C(i, j) =

0 se i = 0∨ j = 0
C(i −1, j −1) +1 se i > 0∧ j > 0∧ xi = y j

max(C(i −1, j),C(i, j −1)) se i > 0∧ j > 0∧ xi ≠ y j

 

 
 

 
 



G;7"C%

O(N)

O(M)

O(M × N)

O(M × N)

0 1 2 3 4 5 6 7 
A B C B D A B 

0 0 0 0 0 0 0 0 0 

1 B 0 0 
! 

1 
" 

1 
# 

1 
" 

1 
# 

1 
# 

1 
" 

2 D 0 0 
! 

1 
! 

1 
! 

1 
! 

2 
" 

2 
# 

2 
# 

3 C 0 0 
! 

1 
! 

2 
" 

2 
# 

2 
! 

2 
! 

2 
! 

4 A 0 1 
" 

1 
! 

2 
! 

2 
! 

2 
! 

3 
" 

3 
# 

5 B 0 1 
! 

2 
" 

2 
! 

3 
" 

3 
# 

3 
! 

4 
" 

6 A 0 1 
" 

2 
! 

2 
! 

3 
! 

3 
! 

4 
" 

4 
! 



0 1 2 3 4 5 6 7 
A B C B D A B 

0 0 0 0 0 0 0 0 0 

1 B 0 0 
! 

1 
" 

1 
# 

1 
" 

1 
# 

1 
# 

1 
" 

2 D 0 0 
! 

1 
! 

1 
! 

1 
! 

2 
" 

2 
# 

2 
# 

3 C 0 0 
! 

1 
! 

2 
" 

2 
# 

2 
! 

2 
! 

2 
! 

4 A 0 1 
" 

1 
! 

2 
! 

2 
! 

2 
! 

3 
" 

3 
# 

5 B 0 1 
! 

2 
" 

2 
! 

3 
" 

3 
# 

3 
! 

4 
" 

6 A 0 1 
" 

2 
! 

2 
! 

3 
! 

3 
! 

4 
" 

4 
! 

!"#$"%&'##'(#"%
)*"#$"+,'##'(#"-,*.+/0$+1.2%

3(*'0*("./#"%'4%506'07"#("%80,9#4:.(*"%
;8<&!=<>?3%

!  @#9A/.9%A'%4".#(B'C%

!  D%/4"%91'#"EF9%"CC9*(".(G"%
(A1×A2)×A3 = A1×(A2×A3) 

!  ?F9%H%/4"%91'#"EF9%*94/.".(G"%
A1×A2 ≠ A2×A1 

n×k k×m n×m 



!  IF9%0'*'CC:#("C%%N×K×M 4/$.(1$(*"EJ'C%'C*"$"#'C%

!  5K'41$9%
!  A1(10×100), A2(100×10), A3(10×50), A4(50×30) 

!  5K(C.'4%L%*9$9*"EJ'C%19CCMG'(C%A'%1"#N0.'C(C%%
!  A1×(A2×(A3×A4))  -> 75M 4/$.(1$(*"EJ'C%'C*"$"#'C%%
!  A1×((A2×A3)×A4)  -> 230M 4/$.(1$(*"EJ'C%'C*"$"#'C% 
!  (A1×A2)×(A3×A4)  -> 28M 4/$.(1$(*"EJ'C%'C*"$"#'C%%
!  (A1×(A2×A3))×A4  -> 115M 4/$.(1$(*"EJ'C%'C*"$"#'C% 
!  ((A1×A2)×A3)×A4  -> 30M 4/$.(1$(*"EJ'C%'C*"$"#'C% 

!  O/"$%H%"%9#A'4%1'$"%P/"$%C'%A'G'4%4/$.(1$(*"#%"C%
4".#(B'C%A'%,9#4"%"%4(0(4(B"#%9%0Q4'#9%A'%
4/$.(1$(*"EJ'CR 

!  ;"A"%/4"%*"A'("%A'%1#9A/.9C%A'%4".#(B'C%A1×A2×…×An 
A'.'#4(0"#%"%*9$9*"EF9%A'%1"#N0.'C(C%P/'%4(0(4(B'%9%
0Q4'#9%.9."$%A'%4/$.(1$(*"EJ'C%'C*"$"#'C%



!  ;"A"%/4"%*"A'("%A'%1#9A/.9C%A'%4".#(B'C%A1×A2×…×An 
A'.'#4(0"#%"%*9$9*"EF9%A'%1"#N0.'C(C%P/'%4(0(4(B'%9%
0Q4'#9%.9."$%A'%4/$.(1$(*"EJ'C%'C*"$"#'C%

!  S".#(B%Ai .'4%A(4'0CF9%pi-1pi )1"#"%1≤i≤n2 

A1 × A2 × A3 × ... × An 
p0 p1 p2 p3 pn-1 pn 

!  Ai..j%A'09."%9%1#9A/.9%A"C%4".#(B'C Ai×Ai+1×..×Aj 

!  TCC/4(#%P/'%"%C9$/EF9%U1.(4"%1"#"%9%1#9A/.9%A'%
4".#(B'C%A1..n%A(G(A'%9%1#9A/.9%'0.#'%Ak ' Ak+1 1"#"%
"$6/4%(0.'(#9%k%."$%P/'%1≤k<n  
!  T%*9$9*"EF9%1"#N0.'C(C%1"#"%A1..k%."4VH4%H%%U1.(4"%
!  !"C9%*90.#:#(9%'K(C.("%/4"%4'$79#%*9$9*"EF9%A'%
1"#N0.'C(C%1"#"%A1..k%'%*949%*90C'P/N0*("%1"#"%A1..n 

!  M(i,j) A'09."%9%0Q4'#9%4M0(49%A'%4/$.(1$(*"EJ'C%
'C*"$"#'C%1"#"%9%*:$*/$9%A'%Ai..j )*94%i≤j2%

!  I9$/EF9%U1.(4"%1"#"%9%1#9V$'4"%9#(6(0"$%'C.:%'4%M(1,n) 

!  !90C.#/EF9%A"%,/0EF9%#'*/#C(G"%M(i,j)%
!  I'%i = j,%'0.F9%M(i,j)=0 



!  !90C.#/EF9%A"%,/0EF9%#'*/#C(G"%M(i,j)%
!  I'%i = j,%'0.F9%M(i,j)=0 
!  I'%i < jW%'0.F9%'C*9$7'#%9%G"$9# k )*94%i≤k<j2%P/'%
4(0(4(B'%"%Q$.(4"%*9$9*"EF9%A'%1"#N0.'C(C%

!  !90C.#/EF9%A"%,/0EF9%#'*/#C(G"%M(i,j)%
!  I'%i = j,%'0.F9%M(i,j)=0 
!  I'%i < jW%'0.F9%'C*9$7'#%9%G"$9# k )*94%i≤k<j2%P/'%
4(0(4(B'%"%Q$.(4"%*9$9*"EF9%A'%1"#N0.'C(C%
!  I'%k = iW%'0.F9%Ai%Ai+1..j 
!  I'%k = i+1W%'0.F9%Ai..i+1 Ai+2..j 
!  I'%k = i+2W%'0.F9%Ai..i+2 Ai+3..j 
!  ... 
!  I'%k = j-1W%'0.F9%Ai..j-1 Aj%

!  !90C.#/EF9%A"%,/0EF9%#'*/#C(G"%M(i,j)%
!  I'%i = j,%'0.F9%M(i,j)=0 
!  I'%i < jW%'0.F9%'C*9$7'#%9%G"$9# k )*94%i≤k<j2%P/'%
4(0(4(B'%"%Q$.(4"%*9$9*"EF9%'%1"#N0.'C(C%
!  Ai..k Ak+1..j 

!  M(i,j) = M(i,k) + M(k+1,j) + pi-1pkpj%

!  !90C.#/EF9%A"%,/0EF9%#'*/#C(G"%M(i,j)%

M(i, j) =
0 se i = j
min
i≤k< j

(M(i,k) + M(k +1, j) + pi−1pk p j ) se i < j
 
 
 

  



M(i, j) =
0 se i = j
min
i≤k< j

(M(i,k) + M(k +1, j) + pi−1pk p j ) se i < j
 
 
 

  

i\j 1 2 3 4 
1 0 
2 0 
3 0 
4 0 

0 
0 

A1 × A2 × A3 × A4 
10 100 10 50 30 

M(1,2) = min(M(1,1) + M(2,2) + 10×100×10) 
  = 10000 

M(2,3) = min(M(2,2) + M(3,3) + 100×10×50) 
  = 50000 

M(3,4) = min(M(3,3) + M(4,4) + 10×50×30) 
  = 15000 

M(i, j) =
0 se i = j
min
i≤k< j

(M(i,k) + M(k +1, j) + pi−1pk p j ) se i < j
 
 
 

  

i\j 1 2 3 4 
1 0 10M 

2 0 50M 
3 0 15M 

4 0 

A1 × A2 × A3 × A4 
10 100 10 50 30 

M(1,3) = min( M(1,1) + M(2,3) + 10×100×50, 
    M(1,2) + M(3,3) + 10×10×50) 
  = min(100000, 15000) = 15000 

M(2,4) = min( M(2,2) + M(3,4) + 100×10×30, 
    M(2,3) + M(4,4) + 100×50×30) 
  = min( 45000, 200000) = 45000 

M(i, j) =
0 se i = j
min
i≤k< j

(M(i,k) + M(k +1, j) + pi−1pk p j ) se i < j
 
 
 

  

i\j 1 2 3 4 
1 0 10M 15M 
2 0 50M 45M 

3 0 15M 
4 0 

A1 × A2 × A3 × A4 
10 100 10 50 30 

M(1,4) = min( M(1,1) + M(2,4) + 10×100×30, 
   M(1,2) + M(3,4) + 10×10×30, 
   M(1,3) + M(4,4) + 10×50×30) 
  = min( 75000, 28000, 30000)  
  = 28000 

M(i, j) =
0 se i = j
min
i≤k< j

(M(i,k) + M(k +1, j) + pi−1pk p j ) se i < j
 
 
 

  

i\j 1 2 3 4 
1 0 10M 15M 28M 
2 0 50M 45M 

3 0 15M 
4 0 

A1 × A2 × A3 × A4 
10 100 10 50 30 



=9."$%

O(N)

O(N)
O(N)

O(N 3)

O(N)

O(N 3)

  

i
k= i

j−1

∑
i=1

N −h

∑
h=1

N −1

∑ = (( j −1) − i +1)
i=1

N −h

∑
h=1

N −1

∑

= h
i=1

N −h

∑
h=1

N −1

∑

= (N − h)h
h=1

N −1

∑

= Nh − h2
h=1

N −1

∑

= N h
h=1

N −1

∑ + h2
h=1

N −1

∑

= N (N −1)N
2

+
(N −1)(2N −1)

6
= ( 12 N

3 +⋯) − ( 13 N
3 +⋯) = 1

6 N
3 +⋯ =O(N 3)

i\j 1 2 3 4 

1 0 10M 
1 

15M 
2 

28M 
2 

2 0 50M 
2 

45M 
2 

3 0 15M 
3 

4 0 

M(1,2)  = min(M(1,1) + M(2,2) + 10×100×10) 
  = 10000 

M(2,3)  = min(M(2,2) + M(3,3) + 100×10×50) 
  = 50000 

M(3,4)  = min(M(3,3) + M(4,4) + 10×50×30) 
  = 15000 

M(1,3)  = min( M(1,1) + M(2,3) + 10×100×50, 
    M(1,2) + M(3,3) + 10×10×50) 
  = min(100000, 15000) = 15000 

M(2,4)  = min( M(2,2) + M(3,4) + 100×10×30, 
    M(2,3) + M(4,4) + 100×50×30) 
  = min( 45000, 200000) = 45000 

M(1,4)  = min( M(1,1) + M(2,4) + 10×100×30, 
   M(1,2) + M(3,4) + 10×10×30, 
   M(1,3) + M(4,4) + 10×50×30) 
  = min( 75000, 28000, 30000)  
  = 28000 



i\j 1 2 3 4 

1 0 10M 
1 

15M 
2 

28M 
2 

2 0 50M 
2 

45M 
2 

3 0 15M 
3 

4 0 

1  pos(1,4) = 2 
(A1×A2)×(A3×A4) 

2 pos(1,pos(1,4)) = pos(1,2) = 1 
•  A1×A2 

3 pos(pos(1,4)+1,4) = pos(3,4) = 3 
•  A3×A4 

i\j 1 2 3 4 

1 0 10M 
1 

15M 
2 

28M 
2 

2 0 50M 
2 

45M 
2 

3 0 15M 
3 

4 0 

1  pos(1,4) = 2 
(A1×A2)×(A3×A4) 

2 pos(1,pos(1,4)) = pos(1,2) = 1 
•  A1×A2 
2.1 pos(1,pos(1,2)) = pos(1,1) 
2.2 pos(pos(1,2)+1,2) = pos(2,2) 

3 pos(pos(1,4)+1,4) = pos(3,4) = 3 
•  A3×A4 

i\j 1 2 3 4 

1 0 10M 
1 

15M 
2 

28M 
2 

2 0 50M 
2 

45M 
2 

3 0 15M 
3 

4 0 

1  pos(1,4) = 2 
(A1×A2)×(A3×A4) 

2 pos(1,pos(1,4)) = pos(1,2) = 1 
•  A1×A2 
2.1 pos(1,pos(1,2)) = pos(1,1) 
2.2 pos(pos(1,2)+1,2) = pos(2,2) 

3 pos(pos(1,4)+1,4) = pos(3,4) = 3 
•  A3×A4 
3.1 pos(3,pos(3,4)) = pos(3,3) 
3.2 pos(pos(3,4)+1,4) = pos(4,4) 



!  5K(C.'4%2%$(07"C%A'%490."6'4W%*"A"%/4"%*94%n%'C."EJ'C%
A'%.#"V"$79%
!  5C."EJ'C%A"%$(07"%A'%490."6'4%1X%S1,1, S1,2, S1,3,..., S1,n 
!  5C."EJ'C%A"%$(07"%A'%490."6'4%2X%S2,1, S2,2, S2,3,..., S2,n 
!  5C."EJ'C%S1,j '%S2,j #'"$(B"4%"%4'C4"%."#',"W%4"C%.N4%A(,'#'0.'C%

.'419C%A'%1#9A/EF9%a1,j '%a2,j 
!  !"A"%$(07"%A'%490."6'4%.'4%/4%.'419%A'%'0.#"A"%e1%'%e2W%'%/4%

.'419%A'%C"MA"%x1%'%x2 
!  5K(C.'%/4%.'419%A'%.#"0C,'#N0*("%ti,j%A"%'C."EF9%Si,j%1"#"%"%

'C."EF9%C'6/(0.'%0"%$(07"%A'%490."6'4%919C."%

!  ;'.'#4(0"#%"%C'$'*EF9%A"C%'C."EJ'C%A'%.#"V"$79%A"C%Y%$(07"C%A'%
490."6'4%P/'%4(0(4(B"4%9%.'419%A'%1#9A/EF9%



!  5."1"C%1"#"%"%*90C.#/EF9%A'%/4%"$69#(.49%V"C'"A9%
'4%1#96#"4"EF9%A(0Z4(*"X%

[+  !"#"*.'#(B"#%"%'C.#/./#"%A"%C9$/EF9%U1.(4"%

Y+  ;'\0(#%#'*/#C(G"4'0.'%9%G"$9#%A'%/4"%C9$/EF9%
U1.(4"W%'4%,/0EF9%A'%C9$/EJ'C%U1.(4"C%A'%
C/V1#9V$'4"C%

]+  !"$*/$"#%9%G"$9#%A"%C9$/EF9%U1.(4"%C'6/0A9%/4"%
'C.#".H6("%!"##"$%&'%

^+  !90C.#/(#%C9$/EF9%"%1"#.(#%A"%(0,9#4"EF9%9V.(A"%

!  ;'.'#4(0"#%"%C'$'*EF9%A"C%'C."EJ'C%A'%.#"V"$79%A"C%Y%
$(07"C%A'%490."6'4%P/'%4(0(4(B"4%9%.'419%A'%
1#9A/EF9%

!  T1$(*"#%"%4'.9A9$96("%#','#(A"%09%C$(A'%"0.'#(9#+++%

Apresentação da disciplina 

Programação Dinâmica 

Introdução aos Grafos 

Percurso em largura e profundidade 

Ordenação Topológica 

Árvore Mínima de Cobertura 

TAD Partição 

Complexidade Amortizada 

Algoritmo de Prim 

TAD Fila com Prioridade Adaptável 

Algoritmo de Dijskstra 

Filas Binomiais 

Filas de Fibonacci 

Algoritmo de Bellman-Ford 

Fluxo Máximo: Algoritmo de Ford-Fulkerson 

Algoritmo de Edmonds-Karp 

Introdução à Teoria da Complexidade 

Exemplos de Problemas NP 

Redutibilidade entre Problemas de Decisão 



!  !"#$%&'(&)"*)+,&+-%'#$+.+,&+/$"0,"*$+1)+"23+
(4-'1$3+5$%+,&+/$"0,"*$+1)+(4"6'3+$,+3)*'3++

1 2

6

5

43

5 1 2

6

5

43 4

51

!  G = (V, A) 
!  V+7+/$"0,"*$+1)+8.%*4/)3+$,+"23+
!  A+7+/$()/9:$+1)+'%/$3+$,+'%)3*'3+
!  ;+
!  ;)&+('/)*)3+

1 2

6

5

43

5

A ⊆V ×V

V= {1,2,3,4,5,6}
A = {(1,2),(1,3),(2,3),(3,4),(6,5)}

!  <3+'%/$3+*=&+3)"*41$+

1 2

6

5

43

5

V= {1,2,3,4,5,6}
A = {(1,2),(1,3),(2,3),(3,4),(6,5)}

!  <3+'%/$3+":$+*=&+3)"*41$>+$,+3)0'>++

1 2

43

V= {1,2,3,4}
A = {(2,1),(3,1),(2,3),(3,4)}

(v,w) = (w,v)



!  ?'1'+'%/$+*=&+,&+5)3$++@$,+/,3*$A+

1 2

43

12 

2 4 

7 

1 2

43

1
12 

2 4 

7 

!  ;)B,="/4'+":$+8'C4'+1)+8.%*4/)3+v1, v2, ..., vn, *'(+B,)>+
5'%'+B,'(B,)%+i = 1,2, ...,n-1 temos que  (vi,vi+1)∈ A

!  ?'&4"6$D+1,2,3,1,2 

!  ?$&5%4&)"*$D+4 

!  ?$&5%4&)"*$+E)3'1$D+30 

!  ?'&4"6$+;4&5()3D+1,2,3,1+$,+1,2,3,4 

1 2

43

1
12 

2 4 

7 

!  F%'#$+$%4)"*'1$D+,&+/'&4"6$+$"1)+$+5%4&)4%$+)+$+
G(*4&$+8.%*4/)3+3:$+4-,'43+

!  F%'#$+":$+$%4)"*'1$D+,&+/'&4"6$+$"1)+$+5%4&)4%$+)+$+
G(*4&$+8.%*4/)3+3:$+4-,'43>+)+B,)+":$+5'33'+
%)5)*41'&)"*)+5)($+&)3&$+'%/$+

1 2

43

1

?4/($D+3,1,2,3 

1 2

43

?4/($D+1,2,4,3,1 

!  F%'#$+":$+$%4)"*'1$+*'(+B,)D+

!  +++++++++++++++++++)H43*)+,&+/'&4"6$+1)+v+5'%'+w 

1 2

43

∀v,w∈V



!  F%'#$+I$%*)&)"*)+?$")H$D+-%'#$+$%4)"*'1$+*'(+B,)D+
!  ++++++++++++++++++++)H43*)+,&+/'&4"6$+1)+v+5'%'+w 

!  F%'#$+I%'/'&)"*)+?$")H$D+-%'#$+$%4)"*'1$+*'(+B,)>+
4-"$%'"1$+$+3)"*41$+1$3+'%/$3D+
!  ++++++++++++++++++++)H43*)+,&+/'&4"6$+1)+v+5'%'+w 

∀v,w∈V

1 2

43

111 1 2

43

1
I$%*)&)"*)+

/$")H$ 
I%'/'&)"*)+

/$")H$ 

∀v,w∈V

!  F%'#$+":$+$%4)"*'1$+G = (V,E) *'(+B,)+V+5$1)+3)%+
5'%*4/4$"'1$+)&+J+/$"0,"*$3+V1+)+V2+*'43+B,)+5'%'+
B,'(B,)%+'%/$+(v,w)+1)+E>+v+)+w+":$+5)%*)"/)&+'$+
&)3&$+3,K/$"0,"*$++

1 4

5
2

3

!  F%'#$+":$+$%4)"*'1$D+"G&)%$+1)+'%/$3+4"/41)"*)3++
!  F%'#$+$%4)"*'1$+

!  F%',+1)+)"*%'1'+@!"#$%&'%%AD+"G&)%$+1)+'%/$3+1)+
)"*%'1'+

!  F%',+1)+3'L1'+@()*#$%&'%%AD+"G&)%$+1)+'%/$3+1)+3'L1'+

1 2

43

111

Grau de entrada de V1 é 2 
Grau de saída  de V3 é 2 

1 2

43

Número de arcos incidentes 
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public interface Vertex<V> {


// Returns the vertex label.


V label( );


}+



public interface Edge<V,E> {


// Returns the edge label.


E label( );



// Returns an array of length 2 with the edge end-vertices.


Vertex<V>[] endVertices( );



// Returns the edge end-vertex that is distinct from the specified vertex.


Vertex<V> oppositeVertex( Vertex<V> endVertex );


}+

public interface AnyGraph<V,E> {


// Returns the number of vertices.


int numVertices( );



// Returns the number of edges.


int numEdges( );



// Returns an iterator of the vertices.


Iterator<Vertex<V>> vertices( );



// Returns an iterator of the edges.


Iterator<Edge<V,E>> edges( );



// Inserts and returns a new (isolated) vertex


// associated with the specified label.


Vertex<V> insertVertex( V label );


public interface AnyGraph<V,E> {


...


// Removes the specified vertex and all its incident edges.


void removeVertex( Vertex<V> vertex );



// Inserts and returns the edge (vertex1, vertex2) and


// associates it with the specified label.


Edge<V,E> insertEdge( Vertex<V> vertex1, Vertex<V> vertex2, E label );



// Removes the specified edge.


void removeEdge( Edge<V,E> edge );



// Returns true iff there is an edge of the form (vertex1, vertex2).


boolean edgeExists( Vertex<V> vertex1, Vertex<V> vertex2 );


}


public interface UndGraph<V,E> extends AnyGraph<V,E> {


// Returns the degree of the specified vertex.


int degree( Vertex<V> vertex );



// Returns an iterator of the vertices adjacent to the specified vertex.


Iterator<Vertex<V>> adjacentVertices( Vertex<V> vertex );



// Returns an iterator of the edges incident upon the specified vertex.


Iterator<Edge<V,E>> incidentEdges( Vertex<V> vertex );


}




public interface Digraph<V,E> extends AnyGraph<V,E> {


// Returns the in-degree of the specified vertex.


int inDegree( Vertex<V> vertex );



// Returns the out-degree of the specified vertex.


int outDegree( Vertex<V> vertex );



// Returns an iterator of the vertices adjacent to the specified


// vertex along incoming edges to it.


Iterator<Vertex<V>> inAdjacentVertices( Vertex<V> vertex );



// Returns an iterator of the vertices adjacent to the specified


// vertex along outgoing edges from it.


Iterator<Vertex<V>> outAdjacentVertices( Vertex<V> vertex );



//Returns an iterator of the incoming edges to the specified vertex.


Iterator<Edge<V,E>> inIncidentEdges( Vertex<V> vertex );



//Returns an iterator of the outgoing edges from the specified vertex.


Iterator<Edge<V,E>> outIncidentEdges( Vertex<V> vertex ); 
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void dfsTraversal( Graph graph ) {


boolean[] explored = new boolean[ graph.numVertices() ];



for every Vertex v in graph.vertices()


 
explored[v] = false;



for every Vertex v in graph.vertices()


 
if ( !explored[v] )


 
 
dfsExplore(graph, explored, v);


}


void dfsExplore( Graph graph, boolean[] explored, Vertex root ) {


TREAT(root);


explored[root] = true;


for every Vertex v in graph.outAdjacentVertices(root)


 
if ( !explored[v] )


 
 
dfsExplore(graph, explored, v);


}
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void dfsExplore( Graph graph, boolean[] explored, Vertex root ) {


Stack<Vertex> foundUnexplored = new StackInList<Vertex>();


foundUnexplored.push(root);


do {


 
Vertex vertex = foundUnexplored.pop();


 
if ( !explored[vertex] ) { 


 
 
TREAT(vertex); explored[vertex] = true;


 
 
for every Vertex w in graph.outAdjacentVertices(vertex)


 
 
 
if ( !explored[w] )


 
 
 
foundUnexplored.push(w);


 
}


} while ( !foundUnexplored.isEmpty() );


}
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void bfsTraversal( Graph graph ) {


boolean[] found = new boolean[ graph.numVertices() ];



for every Vertex v in graph.vertices()


 
found[v] = false;



for every Vertex v in graph.vertices()


 
if ( !found[v] )


 
 
bfsExplore(graph, found, v);


}


void bfsExplore( Graph graph, boolean[] found, Vertex root ) { 


Queue<Vertex> waiting= new QueueInArray<Vertex>(graph.numVertices()−1);


waiting.enqueue(root);


found[root] = true;


do {


 
Vertex vertex = waiting.dequeue(); TREAT(vertex);


 
for every Vertex w in graph.outAdjacentVertices(vertex)


 
if ( !found[w] ) { 


 
 
waiting.enqueue(w);


 
 
found[w] = true;


 
}


} while ( !waiting.isEmpty() );


}
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void topologicalSort( Digraph graph ) {


Queue<Vertex> ready = 


 
new QueueInArray<Vertex>( graph.numVertices() )


int[] inCounter = new int[ graph.numVertices() ];



for every Vertex v in graph.vertices() {


 
inCounter[v] = graph.inDegree(v);


 
if ( inCounter[v] == 0 )


 
 
ready.enqueue(v);


}


@.+%$#:;()A(<("=-78#)
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while ( !ready.isEmpty() ) {


 
Vertex vertex = ready.dequeue(); 


 
TREAT(vertex);


 
for every Vertex w in graph.outAdjacentVertices(vertex) {


 
 
inCounter[w]−−;


 
 
if ( inCounter[w] == 0 )


 
 
 
ready.enqueue(w);


 
}


}


}
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boolean isAcyclic( Digraph graph ) {


Queue<Vertex> ready = 


 
new QueueInArray<Vertex>( graph.numVertices() );


int[] inCounter = new int[ graph.numVertices() ];



for every Vertex v in graph.vertices() {


 
inCounter[v] = graph.inDegree(v);


 
if ( inCounter[v] == 0 )


 
 
ready.enqueue(v);


}


int numSortedVertices = 0;


A%D'%)E)5878"787+#+%)
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while ( !ready.isEmpty() ) {


 
Vertex vertex = ready.dequeue(); 


 
TREAT(vertex);


 
numSortedVertices++;


 
for every Vertex w in graph.outAdjacentVertices(vertex) {


 
 
inCounter[w]−−;


 
 
if ( inCounter[w] == 0 )


 
 
 
ready.enqueue(w);


 
}


}


return numSortedVertices == graph.numVertices();


}
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public interface UnionFind {



// Creates the partition {{0}, {1}, . . . , {domainSize − 1}}


// UnionFind( int domainSize );



// Returns the representative of the set that contains


// the specified element.


int find( int element ) throws InvalidElementException;



// Removes the two distinct sets S1 and S2 whose representatives


// are the specified elements, and inserts the set S1 U S2.


// The representative of the new set S1 U S2 can be any of


// its members.


void union( int representative1, int representative2 ) throws



InvalidElementException, NotRepresentativeException,


 

EqualSetsException;

})
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MinPriorityQueue<E,Edge<?,E>> buildEdgesPQ( UndiGraph<?,E> graph ) {


int size = graph.numEdges();


Entry<E,Edge<?,E>>[] auxArray = 



 
(Entry<E,Edge<?,E>>[]) new Entry[size];



int pos = 0;


for every Edge<?,E> e in graph.edges()



auxArray[pos++] = new EntryClass<E,Edge<?,E>>(e.label(), e);



MinPriorityQueue<E,Edge<?,E>> priQueue =



new MinHeap<E,Edge<?,E>>(size, auxArray, size);



return priQueue;

})
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Iterator<Edge<?,E>> mstKruskal( UndiGraph<?,E> graph ) {


MinPriorityQueue<E,Edge<?,E>> allEdges = buildEdgesPQ(graph);



UnionFind vertPartition = 



new UnionFindInArray( graph.numVertices() );



List<Edge<?,E>> mst = new DoublyLinkedList<Edge<?,E>>();



int mstFinalSize = graph.numVertices() − 1;)
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while ( mst.size() < mstFinalSize ) {



 
Edge<?,E> edge = allEdges.removeMin().getValue();



 
Vertex<?>[] endPoints = edge.endVertices();




 
int rep1 = vertPartition.find( endPoints[0] );



 
int rep2 = vertPartition.find( endPoints[1] );



 
if ( rep1 != rep2 ) {



 
 
mst.addLast(edge);



 
 
vertPartition.union(rep1, rep2);



 
}


}


return mst.iterator();


})
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Iterator<Edge<?,E>> mstKruskal( UndiGraph<?,E> graph ) {



MinPriorityQueue<E,Edge<?,E>> allEdges = buildEdgesPQ(graph);



UnionFind vertPartition = 



new UnionFindInArray( graph.numVertices() );



List<Edge<?,E>> mst = new DoublyLinkedList<Edge<?,E>>();



int mstFinalSize = graph.numVertices() − 1;


while ( mst.size() < mstFinalSize ) {



 
Edge<?,E> edge = allEdges.removeMin().getValue();



 
Vertex<?>[] endPoints = edge.endVertices();




 
int rep1 = vertPartition.find( endPoints[0] );



 
int rep2 = vertPartition.find( endPoints[1] );



 
if ( rep1 != rep2 ) {



 
 
mst.addLast(edge);



 
 
vertPartition.union(rep1, rep2);



 
}


}


return mst.iterator();


})

2011/2012 
27 

05-ADA-MST 

H,G(,%)LA$6&#)7%)I(C%,'<,#)0N,<:O#"4)



I(&?"%;67#7%)0#)=(&?"%'#,MMM4)
•  I,6#,)W"#)7%)?,6(,67#7%) ) ) ) ) ) ) ) )T0X34)
•  I,6#,)?#,'6P5( ) ) ) ) ) ) ) ) ) ) )Y)
•  I,6#,)"6:'#) ) ) ) ) ) ) ) ) ) ) ) )T0Z4)
•  I6="()0%;%=<'#7()%$',%)X1)[)Z)%)X3)G%8%:4)

•  U$:',<P\%:)%;%=<'#7#:)%$',%)X1)[)Z)%)X3)G%8%: ) ))
•  R%&(G%,)&A$6&() ) ) ) ) ) ) ) ) )T0"(+X34)
•  ]%"%==6($#,)^),%?,%:%$'#$'%: ) ) ) ) ) ) )Y)

•  U$:',<P\%:)%;%=<'#7#:)X19Z)G%8%:)
•  376=6($#,)G%,'A=%)$#)"6:'#) ) ) ) ) ) ) )T0Z4)
•  *$6,),%?,%:%$'#$'%: ) ) ) ) ) ) ) ) )Y)

2011/2012 05-ADA-MST 28 

*$65():%&)J:',#'@+6#)
R%?,%:%$'#$'%):%&)J-%6'(:)_#'%,#6:)

•  I,6#,)W"#)7%)?,6(,67#7% ) ) ) ) ) ) ) )T0X34)
•  I,6#,)?#,'6P5( ) ) ) ) ) ) ) ) ) ) )T0X14)
•  I,6#,)"6:'# ) ) ) ) ) ) ) ) ) ) ) )T0Z4)
•  I6="()0%;%=<'#7()%$',%)X1)[)Z)%)X3)G%8%:4)

•  U$:',<P\%:)%;%=<'#7#:)%$',%)X1)[)Z)%)X3)G%8%: ) ))
•  R%&(G%,)&A$6&() ) ) ) ) ) ) ) ) )T0"(+X34)
•  ]%"%==6($#,)^),%?,%:%$'#$'%: ) ) ) ) ) )T0X14)

•  U$:',<P\%:)%;%=<'#7#:)X19Z)G%8%:)
•  376=6($#,)G%,'A=%)$#)"6:'# ) ) ) ) ) ) )T0Z4)
•  *$6,),%?,%:%$'#$'%: ) ) ) ) ) ) ) )T0Z4)

•  E('#" ) ) ) ) ) ) ) ) ) ) ) ) )T0X3X14)

2011/2012 05-ADA-MST 29 

*$65():%&)J:',#'@+6#)
R%?,%:%$'#$'%):%&)J-%6'(:)_#'%,#6:)

T0)X3)`)X1)`)X30"(+X3)`)X14)4)/)

T0)X3)"(+X3)`)X3X1)4)/)

T0)X3)"(+X1)`)X3X1)4)/)

T0)X3X1)4)

2011/2012 05-ADA-MST 30 

*$65()?(,)B6&%$:5()(<)?(,)3"'<,#)
R%?,%:%$'#$'%):%&)J-%6'(:)_#'%,#6:)

•  I,6#,)W"#)7%)?,6(,67#7% ) ) ) ) ) ) ) )T0X34)
•  I,6#,)?#,'6P5( ) ) ) ) ) ) ) ) ) ) )T0X14)
•  I,6#,)"6:'# ) ) ) ) ) ) ) ) ) ) ) )T0Z4)
•  I6="()0%;%=<'#7()%$',%)X1)[)Z)%)X3)G%8%:4)

•  U$:',<P\%:)%;%=<'#7#:)%$',%)X1)[)Z)%)X3)G%8%: ) ))
•  R%&(G%,)&A$6&() ) ) ) ) ) ) ) ) )T0"(+X34)
•  ]%"%==6($#,)^),%?,%:%$'#$'%: ) ) ) ) ) )T0"(+X14)

•  U$:',<P\%:)%;%=<'#7#:)X19Z)G%8%:)
•  376=6($#,)G%,'A=%)$#)"6:'# ) ) ) ) ) ) )T0Z4)
•  *$6,),%?,%:%$'#$'%: ) ) ) ) ) ) ) )T0Z4)

•  E('#" ) ) ) ) ) ) ) ) ) ) ) ) )T0X3"(+X14)

2011/2012 05-ADA-MST 31 



*$65()?(,)B6&%$:5()(<)?(,)3"'<,#)
R%?,%:%$'#$'%):%&)J-%6'(:)_#'%,#6:)

T0)X3)`)X1)`)X30"(+X3)`)"(+X14)4)/)

T0)X3)"(+X3)`)X3)"(+X1)4)/))

T0)X3)"(+X1)`)X3)"(+X1)4)/))

T0X3)"(+X14)/)

2011/2012 05-ADA-MST 32 

*$65()?(,)B6&%$:5()(<)?(,)3"'<,#)
R%?,%:%$'#$'%)=(&)I(&?,%::5()7()I#&6$>()

•  I,6#,)W"#)7%)?,6(,67#7% ) ) ) ) ) ) ) )T0X34)
•  I,6#,)?#,'6P5( ) ) ) ) ) ) ) ) ) ) )T0X14)
•  I,6#,)"6:'# ) ) ) ) ) ) ) ) ) ) ) )T0Z4)
•  I6="()0%;%=<'#7()%$',%)X1)[)Z)%)X3)G%8%:4)

•  U$:',<P\%:)%;%=<'#7#:)%$',%)X1)[)Z)%)X3)G%8%: ) ))
•  R%&(G%,)&A$6&() ) ) ) ) ) ) ) ) )T0"(+X34)
•  ]%"%==6($#,)^),%?,%:%$'#$'%: ) ) ) ) ) )T0"(+X14)

•  U$:',<P\%:)%;%=<'#7#:)X19Z)G%8%:)
•  376=6($#,)G%,'A=%)$#)"6:'# ) ) ) ) ) ) )T0Z4)
•  *$6,),%?,%:%$'#$'%: ) ) ) ) ) ) ) )T0Z4)

•  E('#" ) ) ) ) ) ) ) ) ) ) ) ) )T0X3"(+X14)

2011/2012 05-ADA-MST 33 

*$65()?(,)B6&%$:5()(<)?(,)3"'<,#)
R%?,%:%$'#$'%)=(&)I(&?,%::5()7()I#&6$>()

T0)X3)`)X1)`)X30"(+X3)`)^R4)4)/)

T0)X3)"(+X3)`)X3)0^R4)4)/)

T0)X3)"(+X1)`)X3)a0X14)4)/)
(a0X14)b 4) 

T0)X3)"(+X1)`)X3)4)/)

T0)X3)"(+X1)4)

2011/2012 05-ADA-MST 34 



2011/2012 
2 05-ADA-MST 

!"#$%#&%$'()
Apresentação da disciplina 

Programação Dinâmica 

Introdução aos Grafos 

Percurso em largura e profundidade 

Ordenação Topológica 

Árvore Mínima de Cobertura 

TAD Partição 

Complexidade Amortizada 

Algoritmo de Prim 

TAD Fila com Prioridade Adaptável 

Algoritmo de Dijskstra 

Filas Binomiais 

Filas de Fibonacci 

Algoritmo de Bellman-Ford 

Fluxo Máximo: Algoritmo de Ford-Fulkerson 

Algoritmo de Edmonds-Karp 

Introdução à Teoria da Complexidade 

Exemplos de Problemas NP 

Redutibilidade entre Problemas de Decisão 

public interface UnionFind {



// Creates the partition {{0}, {1}, . . . , {domainSize − 1}}


// UnionFind( int domainSize );



// Returns the representative of the set that contains


// the specified element.


int find( int element ) throws InvalidElementException;



// Removes the two distinct sets S1 and S2 whose representatives


// are the specified elements, and inserts the set S1 U S2.


// The representative of the new set S1 U S2 can be any of


// its members.


void union( int representative1, int representative2 ) throws



InvalidElementException, NotRepresentativeException,


 

EqualSetsException;

})
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O(#A + #V + #A(log #A + #V) + (#V-1)) = 
O(   #A + #V + #A log #A + #A#V + #V) = 

(#A < #A#V e #V < #A#V) 

O(      #A log #A      +      #A#V    ) = 
(#A < #V2) 

O(   #A log #V    +    #A#V   ) = 
(#A < #V#V) 

O( #A#V ) 
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O(#A + #V + #A(log #A + log #V) + (#V-1)) = 
O(   #A + #V + #A log #A + #A log #V + #V) = 

(#A < #A log #A e #V < #A log #A) 

O(      #A log #A      +      #A log #V    ) = 
(#A < #V2) 

O(   #A log #V    +    #A log #V    ) = 
O( #A log #V ) 
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public interface UnionFind {



// Creates the partition {{0}, {1}, . . . , {domainSize − 1}}


// UnionFind( int domainSize );



// Returns the representative of the set that contains


// the specified element.


int find( int element ) throws InvalidElementException;



// Removes the two distinct sets S1 and S2 whose representatives


// are the specified elements, and inserts the set S1 U S2.


// The representative of the new set S1 U S2 can be any of


// its members.


void union( int representative1, int representative2 ) throws



InvalidElementException, NotRepresentativeException,


 

EqualSetsException;

})
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public class UnionFindInArray implements UnionFind {


// The partition is a forest implemented in an array


protected int[] partition;



// Definition of the range of valid elements


protected String validRangeMsg;)
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// Creates the partition {{0}, {1}, . . . , {domainSize − 1}}


public UnionFindInArray( int domainSize ) {



 
partition = new int[domainSize];



 
for ( int i = 0; i < domainSize; i++ )



 
 
partition[i] = -1;




 
int lastElement = domainSize − 1;



 
validRangeMsg = 



 
 
“Range of valid elements: 0, 1, ..., ” + lastElement;


})
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protected boolean isInTheDomain( int number ) {



 
return ( number >= 0 ) && ( number < partition.length );


}



// Pre-condition: 0 <= element < partition.length


protected boolean isRepresentative( int element ) {



 
return partition[element] < 0;


})
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public int find( int element ) throws InvalidElementException {



 
if ( !this.isInTheDomain(element) )



 
 
throw new InvalidElementException(validRangeMsg);



 
return this.findRec(element);


}



// Pre-condition: 0 <= element < partition.length



protected int findRec( int element ) {



 
if ( partition[element] < 0 )



 
 
return element;



 
else



 
 
return this.findRec( partition[element] );


})
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public int find( int element ) throws InvalidElementException {



 
if ( !this.isInTheDomain(element) )



 
 
throw new InvalidElementException(validRangeMsg);




 
int node = element;



 
while( partition[node] >= 0 )



 
 
node = partition[node];



 
return node;


})
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public void union( int rep1, int rep2 ) throws



 
InvalidElementException, NotRepresentativeException,



 
EqualSetsException {




 
if ( !this.isInTheDomain(rep1) || ! this.isInTheDomain(rep2) )



 
 
throw new InvalidElementException(validRangeMsg);



 
if ( !this.isRepresentative(rep1) )



 
 
throw new NotRepresentativeException(“First argument”);



 
if ( !this.isRepresentative(rep2) )



 
 
throw new NotRepresentativeException(“Second argument”);



 
if ( rep1 == rep2 )



 
 
throw new EqualSetsException(“The two arguments are equal”);)
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if ( partition[rep1] <= partition[rep2] ) {



 
 
// Size(S1) >= Size(S2)



 
 
partition[rep1] += partition[rep2];



 
 
partition[rep2] = rep1;



 
}



 
else {



 
 
// Size(S1) < Size(S2)



 
 
partition[rep2] += partition[rep1];



 
 
partition[rep1] = rep2;



 
}


}//Closes union method
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public void union( int rep1, int rep2 ) throws



 
InvalidElementException, NotRepresentativeException,



 
EqualSetsException {




 
if ( !this.isInTheDomain(rep1) || ! this.isInTheDomain(rep2) )



 
 
throw new InvalidElementException(validRangeMsg);



 
if ( !this.isRepresentative(rep1) )



 
 
throw new NotRepresentativeException(“First argument”);



 
if ( !this.isRepresentative(rep2) )



 
 
throw new NotRepresentativeException(“Second argument”);



 
if ( rep1 == rep2 )



 
 
throw new EqualSetsException(“The two arguments are equal”);)
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if ( partition[rep1] <= partition[rep2] ) {



 
 
// Height(S1) >= Height(S2)



 
 
if ( partition[rep1] == partition[rep2] ) 



 
 
 
partition[rep1]--;



 
 
partition[rep2] = rep1;



 
}



 
else



 
 
// Height(S1) < Height(S2)



 
 
partition[rep1] = rep2;


} //Closes union method


} //Closes class UnionFindInArray
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public int find( int element ) throws InvalidElementException {



 
if ( !this.isInTheDomain(element) )



 
 
throw new InvalidElementException(validRangeMsg);



 
return this.findPathCompr(element);


}



// Pre-condition: 0 <= element < partition.length



protected int findPathCompr ( int element ) {



 
if ( partition[element] < 0 )



 
 
return element;



 
else {



 
 
partition[element] =this.findPathCompr(partition[element]);



 
 
return partition[element];


})
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6(&2"%7/1#1%=)>"?(+/'&()@+A5B#")
6+/#+)C"#)1%)2+/(+/1#1% ) ) ) ) ) ) ) ):8D>9)
6+/#+)2#+'/34() ) ) ) ) ) ) ) ) ) ):8DE9)
6+/#+)"/5'#) ) ) ) ) ) ) ) ) ) ) ):8<9)
6/-"()8%7%-A'#1()%$'+%)DE)F)<)%)D>)G%H%59)

*$5'+A3I%5)%7%-A'#1#5)%$'+%)DE)F)<)%)D>)G%H%5 ) ))
;%&(G%+)&J$/&() ) ) ) ) ) ) ) ):8"(?)D>9)
K%"%--/($#+)L)+%2+%5%$'#$'%5 ) ) ) ) ) ):8"(?)DE9)
'()*+),)#-.#-)&/%!&0%!*+),,1%&2%&0.!$#3%4&

*$5'+A3I%5)%7%-A'#1#5)DEM<)G%H%5)
>1/-/($#+)G%+'J-%)$#)"/5'# ) ) ) ) ) ) ):8<9)
.$/+)+%2+%5%$'#$'%5 ) ) ) ) ) ) ) ):8<9)

N('#")8A$/4()2(+)$JG%")(A)1/&%$54(9 ) ):8D>)"(?)DE9 ))
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find(w) 

6(&2"%7/1#1%)8!/(+)6#5(9)
;%2+%5%$'#$'%)-(&)6(&2+%554()1()6#&/$U()

•  Z7%-A34()1%)&)(2%+#3I%5)5([+%)$)%"%&%$'(5)[Tarjan 75]=)

    O(m α(n)) 
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α(n) = { k | Ak(1) ≥ n }  

Ak ( j) =
j +1 se k = 0
Ak−1
( j+1)( j) se k ≥1

 
 
 

\N#+V#$)]^_) )Robert Endre Tarjan. Efficiency of a Good But Not Linear Set Union Algorithm.  
  J. ACM 22, 2 (April 1975), 215-225. 

6(&2"%7/1#1%)8!/(+)6#5(9)
;%2+%5%$'#$'%)-(&)6(&2+%554()1()6#&/$U()
•  Z7%-A34()1%)&)(2%+#3I%5)5([+%)$)%"%&%$'(5=)

    O(m α(n)) 
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α(n) = { k | Ak(1) ≥ n }  

A1( j) = 2 j +1 A2( j) = 2
j+1( j +1) −1

Ak ( j) =
j +1 se k = 0
Ak−1
( j+1)( j) se k ≥1

 
 
 



6(&2"%7/1#1%)8!/(+)6#5(9)
;%2+%5%$'#$'%)-(&)6(&2+%554()1()6#&/$U()
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Ak ( j) =
j +1 se k = 0
Ak−1
( j+1)( j) se k ≥1

 
 
 

α(n) = { k | Ak(1) ≥ n }  

A1(1) = A0
(2)(1) = A0(A0(1)) = A0(2) = 3

A1(3) = A0
(2)(3) = A0(A0(3)) = A0(4) = 5

A2(1) = A1
(3)(1) = A1(A1(A1(1))) = A1(5) = 7

A3(1) = A2
(2)(1) = A2(A2(1)) = A2(7) = 2

8 × 8 −1= 2047
A4 (1) = A3

(2)(1) = A3(A3(1)) = A3(2047) = A2
(2048)(2047) >> A2(2047) >>10

80

A1( j) = 2 j +1 A2( j) = 2
j+1( j +1) −1

6(&2"%7/1#1%)8!/(+)6#5(9)
;%2+%5%$'#$'%)-(&)6(&2+%554()1()6#&/$U()
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Execução de m operações sobre n elementos: O(m α(n)) 

6(&2"%7/1#1%)8!/(+)6#5(9)
•  6($VA$'()1%)1/&%$54()#=)

•  5)(2%+#3I%5)1%)A$/4()
•  ()(2%+#3I%5)1%)+%2+%5%$'#$'%)
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#$%&'()*+,+(""
#$%&'()*+,+(""

-)(./01$"+("234"$&(5,06(7"

,-./0"123"21456478.6" O( 1 ) 
O( U + R n) 

92:5212-46-42"123"2;2.401"<64256.1" O( n ) 

,-./0":05"=.32-1/0"0>":05"6<4>56" O( 1 ) 
O( U + R log n) 

92:5212-46-42"123"2;2.401"<64256.1" O( log n ) 

,-./0":05"=.32-1/0"0>":05"-?@2<" O( 1 ) 
O( (U+R)α(n)) 

92:5212-46-42"A03"B03:5211/0"=0"B63.-C0" O( log n ) 
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•  *$#",-#2)$()0,(2)3#-()4&#)-%?4@$3,#).%)(0%2#5<%-)

$4&#)A>)
•  B6()%$C("C%)02(;#;,",.#.%-))

•  D(-'2#)?4%)%&;(2#)#"E4&#-)(0%2#5<%-)0(--#&)'%2)
4&)34-'(),$.,C,.4#")%"%C#.(F)()34-'()'('#").#)
-%?4@$3,#).%)(0%2#5<%-)0(.%)-%2);#,1()
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/(&0"%1,.#.%)*&(2',=#.#)
•  A1%&0"(G)H*>)!#2',56()

•  I%?4@$3,#).%)J)(0%2#5<%-).%)4$,6()%)K)(0%2#5<%-).%)
2%02%-%$'#$'%)$4&#)0#2',56()3(&)$)%"%&%$'(-L)
•  O( (U+R)α(n) ) 

•  A&;(2#)4&#).#-)(0%2#5<%-)'%$M#)4&)34-'(),$.,C,.4#")
%"%C#.(F)()34-'()&:.,().%)3#.#)(0%2#56():)α(n)  

* Considerando a operação de união por altura ou nível e a operação de representante com 
   compressão de caminho)
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void push( E element ); 


E pop( ); 
 
 
 
 



void multiPop( int k ) { 




 
 
 
 
 
 



while ( !this.isEmpty() && k > 0 ) {



 
E element = this.pop();



 
k−−;


}


})
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void push( E element ); 
// Pior caso: O(1)


E pop( ); 
 
 
 
 
// Pior caso: O(1)


void multiPop( int k ) { 
// Pior caso:



 
 
 
 
 
 
// s é o número de elementos na pilha


while ( !this.isEmpty() && k > 0 ) {



 
E element = this.pop();



 
k−−;


}


})
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void push( E element ); 
// Pior caso: O(1)


E pop( ); 
 
 
 
 
// Pior caso: O(1)


void multiPop( int k ) { 
// Pior caso: O(min(k,s))



 
 
 
 
 
 
// s é o número de elementos na pilha


while ( !this.isEmpty() && k > 0 ) {



 
E element = this.pop();



 
k−−;


}


})
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void push( E element ); 
// Pior caso: O(1)


E pop( ); 
 
 
 
 
// Pior caso: O(1)


void multiPop( int k ) { 
// Pior caso: O(min(k,s))



 
 
 
 
 
 
// s é o número de elementos na pilha


while ( !this.isEmpty() && k > 0 ) {



 
E element = this.pop();



 
k−−;


}


})
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void push( E element ); 
// Pior caso: O(1)


E pop( ); 
 
 
 
 
// Pior caso: O(1)


void multiPop( int k ) { 
// Pior caso: O(min(k,s))



 
 
 
 
 
 
// s é o número de elementos na pilha


while ( !this.isEmpty() && k > 0 ) {



 
E element = this.pop();



 
k−−;


}


})
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•  /4-'()#&(2',=#.().%)4&#)(0%2#56():)HN$OV$)
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•  IX):)0(--QC%")7#=%2)pop .%)4&)(;R%3'()4&#)Y$,3#)C%=)0(2)
3#.#)push .%--%)(;R%3'()$#)0,"M#)

•  P)$Y&%2().%)(0%2#5<%-)pop $6()0(.%)%13%.%2)$Y&%2().%)
(0%2#5<%-).%)push)

•  B()&+1,&()(3(22%2#&)$)(0%2#5<%-).%)push 

J&#)-%?4@$3,#).%)$)(0%2#5<%-)pushF)popF)#$.)multiPop 
'%&)4&)'%&0().%)%1%3456()PN$O)

P)34-'()#&(2',=#.():)PN$OV$)Z)PN[O)
H(.#-)#-)(0%2#5<%-)'@&)4&)34-'()#&(2',=#.()PN[O)
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ˆ c i
i=1

n

∑ − ci
i=1

n

∑ ≥ 0

/($'#;,",.#.%)S)!,"M#)

•  /#.#)(;R%3'()%&0,"M#.()'%&)[)32:.,'()
•  !(2)3#.#)push :)7%,'()4&)0#E#&%$'()#.,#$'#.().#)
-#Q.#).#)0,"M#)N0(2)pop (4)multiPopO)
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01)

*+,-()23($45%6()
71)

*(3"/#816%6#)
23($45%6%)

push 1 2 O( 1 )  

pop 1 0 O( 1 )  

multiPop k min(k,s) 0 O( 1 )  

!"#$#%#&'()*%#+)#),)()&-%"#+.#/0,1.2#
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<> 0 
push e1 <e1> 1 
push e2 <e1,e2> 2 
multiPop 3 <> 0 
push e3 <e3> 1 
push e4 <e3,e4> 2 
pop <e3> 1 
multiPop 1 <> 0 

/($'#;,",.#.%)S)!,"M#)

•  P)32:.,'()'('#")#34&4"#.()$4$3#):)$%E#',C(G):)()$Y&%2().%)
%"%&%$'(-)$#)0,"M#U)

•  J&#)-%?4@$3,#).%)$)(0%2#5<%-)pushF)popF)%)multiPop '%&)
'%&0().%)%1%3456()PN$O)

•  H(.#-)#-)(0%2#5<%-)'@&)4&)34-'()#&(2',=#.()PN[O)
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71)

*(3"/#816%6#)
23($45%6%)

push 1 2 O( 1 )  

pop 1 0 O( 1 )  

multiPop k min(k,s) 0 O( 1 )  

!"#$#%#&'()*%#+)#),)()&-%"#+.#/0,1.2#

D:'(.().()!('%$3,#")
•  W)#'2,;4Q.()4&)34-'()#&(2',=#.()\)#)3#.#)(0%2#56(F)

?4%)0(.%)-%2)-40%2,(2F),E4#")(4),$7%2,(2)#()34-'()2%#")3)
•  A&)C%=).%)#'2,;4,2)32:.,'()#(-)(;R%3'(-F)#--(3,#S-%)4&)

C#"(2)T)A>F)3M#&#.()0('%$3,#"U)
•  >%^$%S-%)4&#)74$56()0('%$3,#")ϕF)?4%)#'2,;4,)#)3#.#)

A>)4&)$Y&%2()2%#")ϕN>OU)

2011/2012 07-ADA-AMORTISE 20 

D:'(.().()!('%$3,#")
•  /($-,.%2#2)0#2#)3#.#)i = 1, ..., nG)

•  D0)2%02%-%$'#)#)A>),$,3,#")
•  Di)2%02%-%$'#)#)A>)#0X-))#)(0%2#56(),)ND0, D1, ..., Di-1, DiO)
•  ci)2%02%-%$'#)()34-'()2%#").#)(0%2#56()i 

•  /4-'()#&(2',=#.().#)(0%2#56()iG)

•  /4-'()#&(2',=#.()'('#"G)
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ˆ c i = ci + φ(Di) −φ(Di−1)

ˆ c i
i=1

n

∑ = (ci + φ(Di) −φ(Di−1)
i=1

n

∑ )

= ( ci) + φ(Dn ) −φ(D0
i=1

n

∑ )



D:'(.().()!('%$3,#")
•  P)34-'()'('#")#&(2',=#.()$4$3#):),$7%2,(2)#()34-'()

'('#")2%#"U)/(&()()34-'()#&(2',=#.()'('#"G)

•  ;#-'#)E#2#$',2)?4%F)0#2#)'(.()i = 1, ..., nG)

•  *)74$56()0('%$3,#")ϕ :).%^$#.#).%)7(2&#)?4%G)

[U  >_._)

`U  ))))))))))))))))))))0#2#)?4#"?4%2)i 
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φ(Di) ≥φ(D0)

( ci
i=1

n

∑ ) + φ(Dn ) −φ(D0)

φ(D0) = 0
φ(Di) ≥ 0

!('%$3,#")S)!,"M#)
•  >%^$,2)#)74$56()0('%$3,#")3(&()-%$.()()$Y&%2().%)

%"%&%$'(-)sp)$#)0,"M#)PG)

![U))))))))))))))))))))($.%)P0):)#)0,"M#)C#=,#)

!`U))))))))))))))))))

•  /4-'()#&(2',=#.().#)(0%2#56(),G)
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φ(P0) = 0

φ(P) ≥ 0

φ(P) = sp

ˆ c i = ci + φ(Pi) −φ(Pi−1)

!('%$3,#")S)!,"M#)

2011/2012 07-ADA-AMORTISE 24 

!"#$%&'()
*+,-().#%/)

01)

=1>?)6#):(-#@01%/)
Δi = ϕA:1B)C)ϕA:1CDB))

*+,-()23($45%6()
71)E)01)F)Δi)

*(3"/#816%6#)
23($45%6%)

push 1 
pop 1 
multiPop k min(sp,k) 

•  I%R#)!)4&#)0,"M#)?4#"?4%2)%)-!)()$Y&%2().%)%"%&%$'(-)%&)!)

φ(P) = sp

!('%$3,#")S)!,"M#)
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!"#$%&'()
*+,-().#%/)

01)

=1>?)6#):(-#@01%/)
Δi = ϕA:1B)C)ϕA:1CDB))

*+,-()23($45%6()
71)E)01)F)Δi)

*(3"/#816%6#)
23($45%6%)

push 1 1 2 O( 1 )  

pop 1 -1 0 O( 1 )  

multiPop k min(sp,k) -min(sp,k) 0 O( 1 ) 

•  I%R#)!)4&#)0,"M#)?4#"?4%2)%)-!)()$Y&%2().%)%"%&%$'(-)%&)!)

φ(P) = sp



!('%$3,#")S)!,"M#)
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!"#$%&'()
*+,-().#%/)

01)

=1>?)6#):(-#@01%/)
Δi = ϕA:1B)C)ϕA:1CDB))

*+,-()23($45%6()
71)E)01)F)Δi)

*(3"/#816%6#)
23($45%6%)

push 1 1 2 O( 1 )  

pop 1 -1 0 O( 1 )  

multiPop k min(sp,k) -min(sp,k) 0 O( 1 ) 

•  I%R#)!)4&#)0,"M#)?4#"?4%2)%)-!)()$Y&%2().%)%"%&%$'(-)%&)!)

φ(P) = sp

•  J&#)-%?4@$3,#).%)$)(0%2#5<%-)pushF)popF)%)multiPop '%&)
'%&0().%)%1%3456()PN$O)

•  H(.#-)#-)(0%2#5<%-)'@&)4&)34-'()#&(2',=#.()PN[O)

2011/2012 
27 

/($'#.(2)a,$+2,()

x = counter[i]⋅ 2i
i=0

c−1

∑
Ctr counter[4] counter[3] counter[2] counter[1] counter[0] 

0 0 0 0 0 0 
1 0 0 0 0 1 
2 0 0 0 1 0 
3 0 0 0 1 1 
4 0 0 1 0 0 
5 0 0 1 0 1 
6 0 0 1 1 0 
7 0 0 1 1 1 
8 0 1 0 0 0 

07-ADA-AMORTISE 

void increment( int[] counter ) { 
// Pior caso: 


int pos = 0;
 
 
 
 
 
 
// c é a capacidade do vector


while ( pos < counter.length && counter[pos] == 1 ) {



 
counter[pos] = 0; 
 
 
 
// reset bit: Atribuir ZERO



 
pos++;


}


if ( pos < counter.length )



 
counter[pos] = 1; 
 
 
 
// set bit: Atribuir UM


})

2011/2012 
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/($'#.(2)a,$+2,()

07-ADA-AMORTISE 

void increment( int[] counter ) { 
// Pior caso: O(c) 


int pos = 0;
 
 
 
 
 
 
// c é a capacidade do vector


while ( pos < counter.length && counter[pos] == 1 ) {



 
counter[pos] = 0; 
 
 
 
// reset bit: Atribuir ZERO



 
pos++;


}


if ( pos < counter.length )



 
counter[pos] = 1; 
 
 
 
// set bit: Atribuir UM


})

2011/2012 
29 

/($'#.(2)a,$+2,()

•  /4-'(F)$()0,(2)3#-(F).%)4&#)-%?4@$3,#).%)$)(0%2#5<%-)NincrementOF)
$4&)3($'#.(2),$,3,#"&%$'%)#)=%2(G)

07-ADA-AMORTISE 



void increment( int[] counter ) { 
// Pior caso: O(c) 


int pos = 0;
 
 
 
 
 
 
// c é a capacidade do vector


while ( pos < counter.length && counter[pos] == 1 ) {



 
counter[pos] = 0; 
 
 
 
// reset bit: Atribuir ZERO



 
pos++;


}


if ( pos < counter.length )



 
counter[pos] = 1; 
 
 
 
// set bit: Atribuir UM


})

2011/2012 
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/($'#.(2)a,$+2,()

•  /4-'(F)$()0,(2)3#-(F).%)4&#)-%?4@$3,#).%)$)(0%2#5<%-)NincrementOF)
$4&)3($'#.(2),$,3,#"&%$'%)#)=%2(G)O(nc))

07-ADA-AMORTISE 

/($'#;,",.#.%)S)/($'#.(2)

•  /#.#)#'2,;4,56().%)JD)'%&)[)32:.,'()
•  !(2)3#.#)#'2,;4,56().%)JD):)7%,'()4&)0#E#&%$'()#.,#$'#.()

.#)-4#)3("(3#56()#)=%2()

•  /#.#)(0%2#56()increment '%&)34-'()#&(2',=#.()`F)
0(2?4%)#'2,;4Q)4&)Y$,3()JD)
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!"#$%&'()
*+,-().#%/)

01)

*+,-()23($45%6()
71)

*(3"/#816%6#)
23($45%6%)

Atribuir ZERO 1 0 O( 1 )  

Atribuir UM 1 2 O( 1 )  

increment k 2 O( 1 )  

!3#$#%#&'()*%#+)#.-*045067)"#)8)9-5.+."2#

/($'#;,",.#.%)S)/($'#.(2)
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!"#$%&'() 9,-%6()6()*(@-%6($) *$<61-()20+3+/%6()

00000 0 
increment 00001 1 
increment 00010 1 
increment 00011 2 
increment 00100 1 
increment 00101 2 
increment 00110 2 
increment 00111 3 
increment 01000 1 
increment 01001 2 

/($'#;,",.#.%)S)/($'#.(2)
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!"#$%&'()
*+,-().#%/)

01)

*+,-()23($45%6()
71)

*(3"/#816%6#)
23($45%6%)

Atribuir ZERO 1 0 O( 1 )  

Atribuir UM 1 2 O( 1 )  

increment k 2 O( 1 )  

•  P)32:.,'()'('#")#34&4"#.()$4$3#):)$%E#',C(G):)()$Y&%2().%)
JBI)$()C%3'(2U)

•  J&#)-%?4@$3,#).%)$)(0%2#5<%-)increment '%&)'%&0().%)
%1%3456()PN$O)

•  *)(0%2#56()increment)'%&)4&)34-'()#&(2',=#.()PN[O)

!3#$#%#&'()*%#+)#.-*045067)"#)8)9-5.+."2#



void increment( int[] counter ) { 
// Pior caso: O(c) 


int pos = 0;
 
 
 
 
 
 
// c é a capacidade do vector


while ( pos < counter.length && counter[pos] == 1 ) {



 
counter[pos] = 0; 
 
 
 




 
pos++;


}


if ( pos < counter.length )



 
counter[pos] = 1; 
 
 
 



})

2011/2012 
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/($'#.(2)a,$+2,()

•  /4-'(F)$()0,(2)3#-(F).%)4&#)-%?4@$3,#).%)$)(0%2#5<%-)NincrementOF)
$4&)3($'#.(2),$,3,#"&%$'%)#)=%2(G)O(nc))

07-ADA-AMORTISE 

!('%$3,#")S)/($'#.(2)
•  >%^$,2)#)74$56()0('%$3,#")3(&()-%$.()()$Y&%2().%)

JBI)1C)$()3($'#.(2)CG)

![U)))))))))))))))))))))($.%)C0):)4&)3($'#.(2)-X)3(&)=%2(-)

!`U)))))))))))))))))))))))))))))))))))
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φ(C0) = 0
φ(C) ≥ 0

φ(C) =1C

!('%$3,#")S)/($'#.(2)
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•  I%R#)/)4&)3($'#.(2)?4#"?4%2)%)[/)()$Y&%2().%)JBI)%&)/)

φ(C) =1C
ϕ(C)  counter[4] counter[3] counter[2] counter[1] counter[0] 

ϕ(C0) = 1C0
= 0 C0 0 0 0 0 0 

ϕ(C1) = 1C1
= 1 C1 0 0 0 0 1 

ϕ(C2) = 1C2
= 1 C2 0 0 0 1 0 

ϕ(C3) = 1C3
= 2 C3 0 0 0 1 1 

ϕ(C4) = 1C4
= 1 C4 0 0 1 0 0 

ϕ(C5) = 1C5
= 2 C5 0 0 1 0 1 

ϕ(C6) = 1C6
= 2 C6 0 0 1 1 0 

ϕ(C7) = 1C7
= 3 C7 0 0 1 1 1 

ϕ(C8) = 1C8
= 1 C8 0 1 0 0 0 

... � ... � ...� ... � ... � ...� ... �

!('%$3,#")S)/($'#.(2)
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!"#$%&'() *+,-().#%/)
01)

=1>?)6#):(-#@01%/)
Δi = ϕA*1B)G)ϕA*1CDB))

*+,-()23($45%6()
71)E)01)F)Δi)

*(3"/#816%6#)
23($45%6%)

increment k+1 

•  I%R#)/)4&)3($'#.(2)?4#"?4%2)%)[/)()$Y&%2().%)JBI)%&)/)

φ(C) =1C

!3#$#%#&'()*%#+)#:;<#=5)#/."".(#.#>?@A2#

counter[4] counter[3] counter[2] counter[1] counter[0] k Custo Real 

... � ... � ... � ...� ...� ...� ... � ... �
C7 0 0 1 1 1 3 k+1 = 4 
C8 0 1 0 0 0 0 k+1 = 1 
C9 0 1 0 0 1 0 k+1 = 1 
... � ... � ... � ...� ...� ...� ... � ... �



!('%$3,#")S)/($'#.(2)
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•  I%R#)/)4&)3($'#.(2)?4#"?4%2)%)[/)()$Y&%2().%)JBI)%&)/)

φ(C) =1C

!3#$#%#&'()*%#+)#:;<#=5)#/."".(#.#>?@A2#

•  J&#)-%?4@$3,#).%)$)(0%2#5<%-)increment '%&)'%&0().%)
%1%3456()PN$O)

•  B#%/)*.6C%#increment#-)(#5(#95"-%#.(%*DE.+%#A!F2#

!"#$%&'() *+,-().#%/)
01)

=1>?)6#):(-#@01%/)
Δi = ϕA*1B)G)ϕA*1CDB))

*+,-()23($45%6()
71)E)01)F)Δi)

*(3"/#816%6#)
23($45%6%)

increment k+1 -k+1 2  O(1) 

// int currentSize

// E[] table (preenchida de 0 a currentSize − 1)


void insert( E element ) {
// Pior caso: 


 
// s é o número de elementos na tabela


if ( table == null )



 
table = new E[1];


else if ( currentSize == table.length ) {



 
E[] newTable = new E[ 2 * currentSize ];



 
System.arraycopy(table, 0, newTable, 0, currentSize);



 
table = newTable;


}


table[ currentSize++ ] = element;


})

2011/2012 
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H#;%"#)>,$b&,3#)

07-ADA-AMORTISE 

// int currentSize

// E[] table (preenchida de 0 a currentSize − 1)


void insert( E element ) {
// Pior caso: O(s)


 
// s é o número de elementos na tabela


if ( table == null )



 
table = new E[1];


else if ( currentSize == table.length ) {



 
E[] newTable = new E[ 2 * currentSize ];



 
System.arraycopy(table, 0, newTable, 0, currentSize);



 
table = newTable;


}


table[ currentSize++ ] = element;


})
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H#;%"#)>,$b&,3#)

•  /4-'(F)$()0,(2)3#-(F).%)4&#)-%?4@$3,#).%)$)(0%2#5<%-)NinsertOF)
$4&#)'#;%"#),$,3,#"&%$'%)C#=,#G)

07-ADA-AMORTISE 

// int currentSize

// E[] table (preenchida de 0 a currentSize − 1)


void insert( E element ) {
// Pior caso: O(s)


 
// s é o número de elementos na tabela


if ( table == null )



 
table = new E[1];


else if ( currentSize == table.length ) {



 
E[] newTable = new E[ 2 * currentSize ];



 
System.arraycopy(table, 0, newTable, 0, currentSize);



 
table = newTable;


}


table[ currentSize++ ] = element;


})

2011/2012 
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H#;%"#)>,$b&,3#)

•  /4-'(F)$()0,(2)3#-(F).%)4&#)-%?4@$3,#).%)$)(0%2#5<%-)NinsertOF)
$4&#)'#;%"#),$,3,#"&%$'%)C#=,#G)O(n2))

07-ADA-AMORTISE 
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H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

GH  0&")*-# !"#$%!&'

FH  0&")*-# F#

2011/2012 
43 

H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

F#FH  0&")*-#
GH  0&")*-# !"#$%!&'

2011/2012 
44 

H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

F#

G#

FH  0&")*-#
GH  0&")*-#

2011/2012 
45 

H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

FH  0&")*-#
GH  0&")*-#

F#

G#
IH  0&")*-# !"#$%!&'
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H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

FH  0&")*-#
GH  0&")*-#
IH  0&")*-#

G#

F#

!"#$%!&'
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H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

FH  0&")*-#
GH  0&")*-#
IH  0&")*-#

G#

F#

2011/2012 
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H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

FH  0&")*-#
GH  0&")*-#
IH  0&")*-#
JH  0&")*-# J#

I#

G#

F#

2011/2012 
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H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

FH  0&")*-#
GH  0&")*-#
IH  0&")*-#
JH  0&")*-#
KH  0&")*-#

J#

I#

G#

F#

!"#$%!&'
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H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

FH  0&")*-#
GH  0&")*-#
IH  0&")*-#
JH  0&")*-#
KH  0&")*-#

J#

I#

G#

F#

!"#$%!&'
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H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

FH  0&")*-#
GH  0&")*-#
IH  0&")*-#
JH  0&")*-#
KH  0&")*-#

J#

I#

G#

F#

2011/2012 
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H#;%"#)>,$b&,3#G)A1%&0"()

07-ADA-AMORTISE 

FH  0&")*-#
GH  0&")*-#
IH  0&")*-#
JH  0&")*-#

LH  0&")*-# L#

KH  0&")*-# K#

J#

I#

G#

F#

M#MH  0&")*-#

/($'#;,",.#.%)S)/($'#.(2)
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!"#$%&'()
*+,-().#%/)

01)

*+,-()23($45%6()
71)

*(3"/#816%6#)
23($45%6%)

Atribuir elemento novo 1 3 O( 1 )  

insert k 3 O( 1 )  

!3#$#%#&'()*%#+)#.-*045067)"#)8)9-5.+."2#

•  /#.#)%"%&%$'()$#)'#;%"#)'%&)`)32:.,'(-)
•  P-)`)32:.,'(-)-6()0#2#)80#E#29)#)-4#)'2#$-7%2@$3,#)0#2#)(4'2#)

'#;%"#)%)3(&()02:S0#E#&%$'().#)'2#$-7%2@$3,#).%)(4'2()
%"%&%$'()?4%)R+)7(,)'2#$-7%2,.()#"E4&#)C%=)

•  /#.#)(0%2#56()).%)insert '%&)34-'()#&(2',=#.()cF)
0(2?4%)#'2,;4,)#0%$#-)4&)%"%&%$'()$(C(U)



/($'#;,",.#.%)S)/($'#.(2)
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NO� NG� !"#$%!&'

/($'#;,",.#.%)S)/($'#.(2)
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!"#$%!&'

NO� NO�

/($'#;,",.#.%)S)/($'#.(2)
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NO� NO� NG� NG� !"#$%!&'

/($'#;,",.#.%)S)/($'#.(2)

2011/2012 07-ADA-AMORTISE 57 

NO� NO� NO� NO�

!"#$%!&'



/($'#;,",.#.%)S)/($'#.(2)
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NO� NO� NO� NO� NG� NG� NG� NG� !"#$%!&'

/($'#;,",.#.%)S)/($'#.(2)
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!"#$%!&'

NO� NO� NO� NO� NO� NO� NO� NO�

/($'#;,",.#.%)S)/($'#.(2)
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!"#$%&'()
*+,-().#%/)

01)

*+,-()23($45%6()
71)

*(3"/#816%6#)
23($45%6%)

Atribuir elemento novo 1 3 O( 1 )  

insert k 3 O( 1 )  

!3#$#%#&'()*%#+)#.-*045067)"#)8)9-5.+."2#

•  J&#)-%?4@$3,#).%)$)(0%2#5<%-)insert '%&)'%&0().%)
%1%3456()PN$O)

•  B#%/)*.6C%#insert -)(#5(#95"-%#.(%*DE.+%#A!F2#

!('%$3,#")S)H#;%"#)
•  I%R#)H)4&#)'#;%"#)?4#"?4%2F)-H)()$Y&%2().%)%"%&%$'(-)

%&)HF)%)3H)#)3#0#3,.#.%).%)HU)

![U)))))))))))))))))))))($.%)T0):)#)'#;%"#)C#=,#)3(&)3#0#3,.#.%)=%2()

!`U)))))))))))))))))))$(-)(4'2(-)3#-(-)N7#3'(2).%)(340#56()d)efgO)))))))))))))))))
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φ(T0) = 0
φ(T) ≥ 0

φ(T) = 2sT − cT

cT ≥ sT > 1
2 cT

2sT > cT
φ(T) > 0



!('%$3,#")S)H#;%"#)
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•  I%R#)H)4&#)'#;%"#)?4#"?4%2F)-H)()$Y&%2().%)%"%&%$'(-)%&)HF)
%)3H)#)3#0#3,.#.%).%)HU)

φ(T) = 2sT − cT

!"#$%&'()
insert 

*+,-().#%/)
01)

=1>?)6#):(-#@01%/)
Δi = ϕAH1B)G)ϕAH1CDB))

*+,-()23($45%6()
71)E)01)F)Δi)

*(3"/#816%6#)
23($45%6%)

não expande 1 
expande sTi 

!('%$3,#")S)H#;%"#)
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•  I%R#)H)4&#)'#;%"#)?4#"?4%2F)-H)()$Y&%2().%)%"%&%$'(-)%&)HF)
%)3H)#)3#0#3,.#.%).%)HU)

φ(T) = 2sT − cT

!"#$%&'()
insert 

*+,-().#%/)
01)

=1>?)6#):(-#@01%/)
Δi = ϕAH1B)G)ϕAH1CDB))

*+,-()23($45%6()
71)E)01)F)Δi)

*(3"/#816%6#)
23($45%6%)

não expande 1 2 3 O(1) 

expande sTi 3-sTi 3 O(1) 

!('%$3,#")S)H#;%"#)
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•  I%R#)H)4&#)'#;%"#)?4#"?4%2F)-H)()$Y&%2().%)%"%&%$'(-)%&)HF)
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não expande 1 2 3 O(1) 

expande sTi 3-sTi 3 O(1) 

public class ClearableTable<E> {


// Memory of the table: an array


protected E[] table;


// Number of elements in the table


protected int currentSize;



public ClearableTable( int capacity ) { 



 
table = (E[]) new Object[capacity];



 
currentSize = 0;


}


public void addLast( E element ) { 



if ( currentSize < table.length )



 
 
table[currentSize++] = element;


}


public void makeEmpty( ) { 



for ( int i = 0; i < currentSize; i++ )



 
 
table[i] = null;



 
currentSize = 0;


}


})

2011/2012 
65 

A1%&0(G)/"%#2#;"%H#;"%)

07-ADA-AMORTISE 



public class QueueInStack{ 


private Stack<Integer> A;


private Stack<Integer> B;



void enqueue( E element ) {



 
A.push( E );



}



//pre: !( A.isEmpty() && B.isEmpty() )


E dequeue( ) {



 
if( B.isEmpty() ) {



 
 
while ( !A.Empty() ) {



 
 
 
E element = A.pop( );



 
 
 
B.push( E );



 
 
}



 
return B.pop();


})
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// Indica o conjunto de vértices não seleccionados 

// com caminho a partir do vértice o

AdaptMinPriorityQueue ligados


//Indica se v já foi seleccionado)
boolean seleccionado[v]


// Peso do arco via[v] se há caminho de o para v, ou

// +∞ quando não caminho de o para v)
            custo[v]


// Arco de peso mínimo que liga v à árvore mínina, ou

// indefinido caso v não esteja ligado)
Edge via[v]
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P:',#'@+6#)
•  Q6'<#N5()6$6=6#"R)

•  ."(C#")
•  ligados = {o}


•  M$-(,&#N5()?#,#)()G@,'6=%)oR)
•  seleccionado[o] = false

•  custo[o] = 0

•  via[o] $5()%:'J)7%S$67#)

M$-(,&#N5()?#,#)(:),%:'#$'%:)G@,'6=%:R)
seleccionado[v] = false

custo[v] = +∞

via[v] $5()%:'J)7%S$67#)

I#7#)6'%,#N5(R)
P:=(">%,)()G@,'6=%2)$<$=#):%"%==6($#7(2)7%)=<:'()&A$6&()
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Iterator<Edge<?,E>> mstPrim( UndiGraph<?,E> graph ) {



boolean[] selected = new boolean[ graph.numVertices() ];



E[] cost = new E[ graph.numVertices() ];



Edge<?,E>[] via = new Edge<?,E>[ graph.numVertices() ];



AdaptMinPriorityQueue<E,Vertex> connected =




 
 
new AdaptMinHeap<E,Vertex>( graph.numVertices() );



List<Edge<?,E>> mst = new DoublyLinkedList<Edge<?,E>>();
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for every Vertex v in graph.vertices() {




 
selected[v] = false;




 
cost[v] = +∞;



}



Vertex origin = graph.aVertex();



cost[origin] = 0;



connected.insert(cost[origin], origin);
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do {




 
Vertex vertex = connected.removeMin().getValue();




 
selected[vertex] = true;




 
if ( vertex != origin )




 
 
mst.addLast( via[vertex] );




 
exploreVertex(graph, vertex, selected, cost, via, connected);



} while ( !connected.isEmpty() );



return mst.iterator();


}
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void exploreVertex( UndiGraph<?,E> graph, Vertex source,



boolean[] selected, E[] cost, Edge<?,E>[] via,



AdaptMinPriorityQueue<E,Vertex> connected ) {




 
for every Edge<?,E> e in graph.incidentEdges(source) {



 
 
Vertex vertex = e.oppositeVertex(source);



 
 
if ( !selected[vertex] && e.label() < cost[vertex] ) {



 
 
 
boolean vertexIsInQueue = cost[vertex] < +∞;



 
 
 
cost[vertex] = e.label();



 
 
 
via[vertex] = e;



 
 
 
if ( vertexIsInQueue )



 
 
 
 
connected.decreaseKey(vertex, cost[vertex]);



 
 
 
else



 
 
 
 
connected.insert(cost[vertex], vertex);



 
 
}



 
}


}
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I(&?"%;67#7%)0#)=(&?"%'#,LLL4)
I,6#,)S"# ) ) ) ) ) ) ) ) ) ) )T)
I,6#,)"6:'#)"6+#7# ) ) ) ) ) ) ) )U0V4)
M$6=6#"68#,)W)G%='(,%: ) ) ) ) ) ) )U0X14)
M$:%,6,)(,6+%&)$#)S"# ) ) ) ) ) ) )T)
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X1)?%,=(,,%,):<=%::(,%:)76,%='(: ) ) )U00X14W4)(<)U0X34)
X3)6$:%,6,)$#)S"#)(<)7%=,%&%$'#,)=>#G% )T)
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public interface MinPriorityQueue<K extends Comparable<K>, V> {


// Returns true iff the priority queue contains no entries.


boolean isEmpty( );



// Returns the number of entries in the priority queue.


int size( );



// Returns an entry with the smallest key in the priority


// queue.


Entry<K,V> minEntry( ) throws EmptyPriorityQueueException;



// Inserts the entry (key, value) in the priority queue.


void insert( K key, V value );



// Removes an entry with the smallest key from the priority 


// queue and returns that entry.


Entry<K,V> removeMin( ) throws EmptyPriorityQueueException;


})
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public interface AdaptMinPriorityQueue<K extends Comparable<K>,


V extends Comparable<V>> extends MinPriorityQueue<K,V> {



// If the priority queue contains an entry with the specified

 
// value, returns the associated key and replaces it by the


// specified key. Otherwise, returns null.


K decreaseKey( V value, K newKey ) throws InvalidKeyException;



// If the priority queue contains an entry with the specified 


// value, removes and returns that entry. 


// Otherwise, returns null.


Entry<K,V> remove( V value );


})
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•  void insert( K key, V value )


•  B6=6($J,6(R)!%:F<6:#9:%)()G#"(,2)?#,#)7%:=(C,6,):%)DJ)%;6:'%)
•  \%#?R)I("(=#9:%)#)$(G#)%$',#7#)$()S&)7()>%#?)%)%;%=<'#9:%)
()C(,C<">#,)#:=%$7%$'%)#)?#,'6,)7%::#)?(:6N5()0#)^"'6&#)
(=<?#7#4)

•  Entry<K,V> minEntry( ) throws EmptyPriorityQueueException

•  \%#?R)_%'(,$#9:%)#)?,6&%6,#)%$',#7#)7()>%#?)0?(:6N5()
8%,(4L)I("(=#9:%)#)^"'6&#)%$',#7#)$()6$A=6()7()>%#?)%)
%;%=<'#9:%)()C(,C<">#,)7%:=%$7%$'%)#)?#,'6,)7#)?(:6N5()8%,()
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•  K decreaseKey( V value, K newKey ) throws InvalidKeyException


•  B6=6($J,6(R)!%:F<6:#9:%)()G#"(,2)?#,#)7%:=(C,6,)#)?(:6N5()7#)
%$',#7#)$()>%#?)

•  \%#?R)P;%=<'#9:%)()C(,C<">#,)#:=%$7%$'%)#)?#,'6,)7%::#)
?(:6N5()

2011/2012 08-ADA-MST-PRIM 38 

B%:=,6N5()M$-(,&#")7#:)U?%,#N]%:)
•  Entry<K,V> remove( V value )
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%::#)=>#G%)=(&)#)=>#G%)#):%,),%&(G67#R)
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./0123#4562# 7823#4562# 4562#96:/35;2#

isEmpty
 O(1) O(1) O(1) 

size
 O(1) O(1) O(1) 

minEntry
 O(1) O(1) O(1) 

insert
 O(1) O(log n) O(log n) 

removeMin
 O(1) O(log n) O(log n) 

decreaseKey
 O(1) O(log n) O(log n) 

remove
 O(1) O(log n) O(log n) 

I(&?"%;67#7%:)7#)Z6"#)=(&)!,6(,67#7%)37#?'JG%")
%&)\%#?)%)E#C%"#)7%)B6:?%,:5()0$)%$',#7#:4)
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./0123#4562# 7823#4562# 4562#96:/35;2#

isEmpty
 O(1) O(1) O(1) 

size
 O(1) O(1) O(1) 

minEntry
 O(1) O(1) O(1) 

insert
 O(1) O(n log n) O(log n) 

removeMin
 O(1) O(n log n) O(log n) 

decreaseKey
 O(1) O(n log n) O(log n) 

remove
 O(1) O(n log n) O(log n) 

I(&?"%;67#7%)7()3"+(,6'&()7%)!,6&)
Z6"#)M&?"%&%$'#7#)%&)\%#?)%)1%='(,)

I,6#,)S"# ) ) ) ) ) ) ) ) ) ) )U0X14)
I,6#,)"6:'#)"6+#7# ) ) ) ) ) ) ) )U0V4)
M$6=6#"68#,)W)G%='(,%: ) ) ) ) ) ) )U0X14)
M$:%,6,)(,6+%&)$#)S"# ) ) ) ) ) ) )U0V4)
X1),%&(G%,)&A$6&()7#)S"# ) ) ) ) )U0X1)"(+)X14)
X19V)6$:%,6,)Y)=#<7#)$#)"6:'# ) ) ) ) )U0X14)
X1)?%,=(,,%,):<=%::(,%:)76,%='(: ) ) )U00X14W4)(<)U0X34)
X3)6$:%,6,)$#)S"#)(<)7%=,%&%$'#,)=>#G% )U0X3)"(+)X14)
EUE3`)0&#',68)7%)#7D#=a$=6#:4) ))
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// Indica o conjunto de vértices não seleccionados 

// para os quais há um caminho a partir do vértice o

AdaptMinPriorityQueue ligados


// Indica se v já foi seleccionado, i.e, já existe um caminho

// mais curto de o para v)
boolean seleccionado[v]


// Comprimento do caminho mais curto (até ao momento) o para v, 

// ou, +∞ quando ainda não há caminho de o para v)
            comprimento[v]


// Se estiver definido, indica que um caminho mais curto de o

// para v tem a forma o, . . ., via[v], v.

Vertex via[v]

2011/2012 09-ADA-DIJKSTRA 15 

ℜ0
+ ∪{+∞}

<2',#'7+-#)
•  E-'3#B>()-$-8-#"F)

•  G"(H#")
•  ligados = {o}


•  @$4(,&#B>()5#,#)()67,'-8%)oF)
•  seleccionado[o] = false

•  comprimento[o] = 0

•  via[o] = o)

@$4(,&#B>()5#,#)(2),%2'#$'%2)67,'-8%2F)
seleccionado[v] = false

comprimento[v] = +∞

via[v] $>()%2'D).%I$-.#)

J#.#)-'%,#B>(F)
E%"%88-($#?2%)3&)67,'-8%)$3$8#)2%"%88-($#.(9)K9)'#");3%)
8(&5,-&%$'(LKM)7)&N$-&(O)
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•  seleccionado[o] = false
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•  via[o] P)Q)
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<2',#'7+-#)
•  E-'3#B>()-$-8-#"F)

•  G"(H#")
•  ligados = {o}


•  @$4(,&#B>()5#,#)()67,'-8%)oF)
•  seleccionado[o] = false

•  comprimento[o] = 0

•  via[o] P)Q))

•  @$4(,&#B>()5#,#)(2),%2'#$'%2)67,'-8%2F)
•  seleccionado[v] = false

•  comprimento[v] = +∞

•  via[v] $>()%2'D).%I$-.#)

•  J#.#)-'%,#B>(F)
•  E%"%88-($#?2%)3&)67,'-8%)$3$8#)2%"%88-($#.(9)v9)'#");3%)
comprimento[v])7)&N$-&(O)
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Pair<E[], Vertex[]>  dijkstra( DiGraph<?,E> graph, Vertex origin ) {



boolean[] selected = new boolean[ graph.numVertices() ];



E[] length= new E[ graph.numVertices() ];



Vertex[] via = new Vertex[ graph.numVertices() ];



AdaptMinPriorityQueue<E,Vertex> connected =




 
 
new AdaptMinHeap<E,Vertex>( graph.numVertices() );
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J#&-$:()R#-2)J3,'()S/-2012',#T)


for every Vertex v in graph.vertices() {




 
selected[v] = false;




 
length[v] = +∞;



}



length[origin] = 0;



via[origin] = origin;



connected.insert(length[origin], origin);
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do {




 
Vertex vertex = connected.removeMin().getValue();




 
selected[vertex] = true;




 
exploreVertex(graph, vertex, selected, cost, via, connected);



} while ( !connected.isEmpty() );



return PairClass<E[], Vertex> (length, via);


}
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void exploreVertex( DiGraph<?,E> graph, Vertex source,



boolean[] selected, E[] length, Edge<?,E>[] via,



AdaptMinPriorityQueue<E,Vertex> connected ) {




 
for every Edge<?,E> e in graph.outIncidentEdges(source) {



 
 
Vertex vertex = e.endVertices()[1];



 
 
if ( !selected[vertex) {



 
 
 
E newLength = length[source] + e.label();



 
 
 
if (newLength < length[vertex] ) {



 
 
 
// Actualizar o menor caminho de origin a vertex



 
 
 
} 
 
 




 
 
}



 
}


}
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// Corpo do método exploreVertex

for every Edge<?,E> e in graph.outIncidentEdges(source) {



Vertex vertex = e.endVertices()[1];



if ( !selected[vertex) {



 
E newLength = length[source] + e.label();



 
if (newLength < length[vertex] ) {



 
 
boolean vertexIsInQueue = length[vertex] < +∞;



 
 
length[vertex] = newLength;



 
 
via[vertex] = source;



 
 
if ( vertexIsInQueue )



 
 
 
connected.decreaseKey(vertex, length[vertex]);



 
 
else



 
 
 
connected.insert(length[vertex], vertex);



 
} 
 
 




}


}
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J(&5"%K-.#.%).()*"+(,-'&().%)/-012',#)
U-"#)@&5"%&%$'#.#)%&)V%#5)%)W%8'(,)

J,-#,)I"# ) ) ) ) ) ) ) ) ) ) )XSYWT)
@$-8-#"-A#,)Z)6%8'(,%2 ) ) ) ) ) ) )XSYWT)
@$2%,-,)(,-+%&)$#)I"# ) ) ) ) ) ) )XS[T)
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Y*)-$2%,-,)$#)I"#)(3).%8,%&%$'#,)8:#6% )XSY*)"(+)YWT)
\X\*])S&#',-A).%)#.0#8^$8-#2T) ))
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void writePath( Vertex via[], Vertex origin, Vertex destination ) {



if (destination != origin) {




 
writePath(via, origin, via[destination])




 
WRITE(“, “);



}



WRITE(destination);


}


2011/2012 
26 

<28,-'#).()J#&-$:()

09-ADA-DIJKSTRA 

2011/2012 
2 

!"#$%#&%$'()
Apresentação da disciplina 

Programação Dinâmica 

Introdução aos Grafos 

Percurso em largura e profundidade 

Ordenação Topológica 

Árvore Mínima de Cobertura (Algoritmo de Kruskal) 

TAD Partição 

Complexidade Amortizada 

Árvore Mínima de Cobertura (Algoritmo de Prim) 

TAD Fila com Prioridade Adaptável 

Algoritmo de Dijskstra 

Filas Binomiais 

Filas de Fibonacci 

Algoritmo de Bellman-Ford 

Fluxo Máximo: Algoritmo de Ford-Fulkerson 

Algoritmo de Edmonds-Karp 

Introdução à Teoria da Complexidade 

Exemplos de Problemas NP 

Redutibilidade entre Problemas de Decisão 

10-ADA-FBINOMIAL 



public interface MinPriorityQueue<K extends Comparable<K>, V> {


// Returns true iff the priority queue contains no entries


boolean isEmpty( );



// Returns the number of entries in the priority queue


int size( );



// Returns an entry with the smallest key in the priority queue


Entry<K,V> minEntry( ) throws EmptyPriorityQueueException;



// Inserts the entry (key, value) in the priority queue


void insert( K key, V value );



// Removes an entry with the smallest key from the priority 


// queue and returns that entry.


Entry<K,V> removeMin( ) throws EmptyPriorityQueueException;


})
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public interface AdaptMinPriorityQueue<K extends Comparable<K>,


V extends Comparable<V>> extends MinPriorityQueue<K,V> {



// If the priority queue contains an entry with the specified

 
// value, returns the associated key and replaces it by the


// specified key. Otherwise, returns null.


K decreaseKey( V value, K newKey ) throws InvalidKeyException;



// If the priority queue contains an entry with the specified 


// value, removes and returns that entry. 


// Otherwise, returns null.


Entry<K,V> remove( V value );


})
2011/2012 
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public interface MergeMinPriorityQueue<K extends Comparable<K>,


V extends Comparable<V>> extends AdaptMinPriorityQueue<K,V> {



// Removes all of the entries from the specified queue and


// inserts them in the mergeable priority queue.


// The two queues must be different and


// their values must be all distinct.


void merge( MergeMinPriorityQueue<K,V> priorityQueue )



 
throws EqualPriorityQueuesException;


})
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•  BinQueue( )

•  Y$./.#".?#]5%)#)head #)null

•  Q(&2"%W.1#1%)^)=6T:)%&)'(1(5)(5)/#5(5)

•  boolean isEmpty( )
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•  Entry<K,V> minEntry( )
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•  void insert( )

•  Q0.#]5%)@&#)C"#)F.$(&.#")O)/(&)#)%$'0#1#)6G%_8)<#"@%:)
•  -@$1%]5%)#)C"#)/(&)OP))this.merge(f)
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•  Entry<K,V> removeMin( )
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•  -@$1%]5%)#)C"#)/(&)fP))this.merge(f)
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Q(&2"%W.1#1%)^)"(>)$)X))/(&2"%W.1#1%)1#)O@5E()
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•  K decreaseKey(BinNode<K,V> node, K newKey)
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•  O método remove não acrescenta funcionalidade 


Entry<K,V> remove( BinNode<K,V> node ) {



 
Entry<K,V> entry = node.getEntry();



 
this.decreaseKey(node, −∞); 
 
 




 
this.removeMin();



 
return entry;


}
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.$./.#.5)

•  n)K)n1)X)n2)()$I&%0()1%)%$'0#1#5)1#)C"#)F.$(&.#")
0%5@"'#$'%)

2011/2012 10-ADA-FBINOMIAL 34 

≤ logn1 +1+ logn2 +1
≤ 2 logn + 2
=O(logn)

merge




Q(&2"%W.1#1%5)1#)-."#)/(&)!0.(0.1#1%)-@$14<%")
$()!.(0)Q#5()6$)%$'0#1#5:)
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!"#$% &'(#%)'*+,'#(%

isEmpty
 O(1) O(1) 

size
 O(1) O(1) 

minEntry
 O(1) O(log n) 

insert
 O(log n) O(log n) 

removeMin
 O(log n) O(log n) 

decreaseKey
 O(log n) O(log n) 

remove
 O(log n) O(log n) 

merge 6&)%$'0#1#5:) O(n + m) O(log (n+m)) 

Q(&2"%W.1#1%)1(5)+">(0.'&(5)1%)!0.&)%),.aG5'0#)
/(&)c%#2)(@)-."#)B.$(&.#")6>0#O()%&)".5'#5)1%)#1a#/g$/.#5:)

Q0.#0)C"# ) ) ) ) ) ) ) ) ) ) ) ) )=6h9:)

Y$./.#".?#0)L)<%/'(0%5) ) ) ) ) ) ) ) ) )=6h9:)

Y$5%0.0)(0.>%&)$#)C"# ) ) ) ) ) ) ) ) )=6T:)

6h9)(@)i)h9:)0%&(<%0)&4$.&()1#)C"# ) ) ) ) )=6h9)"(>)h9:)

6h9)(@)i)h9:)2%0/(00%0)5@/%55(0%5)1.0%/'(5 ) ) )=6h+:)

6h+)(@)i)h+:).$5%0.0)$#)C"#)(@)1%/0%&%$'#0)/U#<% )=6h+)"(>)h9:)

*=*+f)!0.& ) )=6h+)"(>)h9: ))

*=*+f),.aG5'0# )=66h9)X)h+:)"(>)h9:)
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// The node is marked if it has lost a child since


// it has the current parent. Roots are unmarked


private boolean mark;



public FibNode( K key, V value ) {



 
entry = new EntryClass<K,V>(key, value);



 
degree = 0;



 
child = null;



 
leftSibling = this;



 
rightSibling = this;



 
parent = null;



 
mark = false;


}



// Todos os SETs e GETs


...)
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class FibNode<K,V> {


// Entry stored in the node


private EntryClass<K,V> entry;



// The degree of the node


private int degree;



// (Pointer to) a child


private FibNode<K,V> child;



// (Pointer to) the left sibling


private FibNode<K,V> leftSibling;



// (Pointer to) the right sibling


private FibNode<K,V> rightSibling;



// (Pointer to) the parent


private FibNode<K,V> parent;)
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public void incrementDegree( ) {



 
degree++;


}



public void decrementDegree( ) {



 
degree−−;


}



public void makeSingleton( ) {



 
leftSibling = this;



 
rightSibling = this;


})
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public boolean isMarked( ) {



 
return mark;


}



public void mark( ) {



 
mark = true;


}



public void unmark( ) {



 
mark = false;


}


} // End of class FibNode)
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class FibQueue<K extends Comparable<K>, V> {



// (Pointer to) a tree with the smallest key


protected FibNode<K,V> min;



// Number of entries in the priority queue


protected int currentSize;



public FibQueue( ) {



 
min = null;



 
currentSize = 0;


}


. . . 


})
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public class FibonacciQueue<K extends Comparable<K>,



 
 
 
V extends Comparable<V>>



 
 
 
implements MergeMinPriorityQueue<K,V> {



// The Fibonacci queue


protected FibQueue<K,V> queue;



// The dictionary


protected Dictionary<V, FibNode<K,V>> dict;



public FibonacciQueue( ) {



 
queue = new FibQueue<K,V>();



 
dict = new SepChainHashTable<V, FibNode<K,V>>();


}


. . . 


})
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// Returns true iff the priority queue contains no entries


public boolean isEmpty( ) {



 
return dict.isEmpty();


}



// Returns the number of entries in the priority queue


public int size( ) {



 
return dict.size();


} 



// Returns an entry with the smallest key in the priority queue


public Entry<K,V> minEntry( ) throws EmptyPriorityQueueException {



 
if ( this.isEmpty() )



 
 
throw new EmptyPriorityQueueException();




 
return queue.minEntry();


}
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// Inserts the entry (key, value) in the priority queue


public void insert( K key, V value ) throws InvalidValueException {



 
if ( dict.find(value) != null )



 
 
throw new InvalidValueException(



 
 
 
“The queue already has an entry with the value.”);




 
FibNode<K,V> node = queue.insert(key, value); 



 
dict.insert(value, node);


}
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// Removes an entry with the smallest key from the priority queue


// and returns that entry


public Entry<K,V> removeMin( ) throws EmptyPriorityQueueException {



 
if ( this.isEmpty() )



 
 
throw new EmptyPriorityQueueException();




 
Entry<K,V> entry = queue.removeMin();



 
dict.remove( entry.getValue() );



 
return entry;


}
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// If the priority queue contains an entry with the specified value,


// returns the associated key and replaces it by the specified key


// (which is less than the old one). Otherwise, returns null


public K decreaseKey( V value, K newKey ) throws InvalidKeyException{



 
FibNode<K,V> node = dict.find(value);



 
if ( node == null )



 
 
return null;



 




 
K oldKey = node.getKey();



 
if ( oldKey.compareTo(newKey) <= 0 )



 
 
throw new InvalidKeyException(



 
 
 
“The specified key is not less than the existent one.”);



 




 
queue.decreaseKey(node, newKey);



 
return oldKey;


}
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// If the priority queue contains an entry with the specified value,


// removes and returns that entry. Otherwise, returns null


public Entry<K,V> remove( V value ) {



 
FibNode<K,V> node = dict.remove(value);



 
if ( node == null )



 
 
return null;



 
else {



 
 
queue.remove(node);



 
 
return node.getEntry();



 
}


}
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// Removes all of the entries from the specified queue and


// inserts them in the mergeable priority queue.


// The two queues must be different and


// their values must be all distinct


public void merge( MergeMinPriorityQueue<K,V> priorityQueue )



 
 
throws EqualPriorityQueuesException {




 
if ( this == priorityQueue )



 
 
throw new EqualPriorityQueuesException(



 
 
 
“The two priority queues are equal”);



 




 
if ( priorityQueue instanceof FibonacciQueue )



 
 
. . .



 
else



 
 
. . .


}
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if ( priorityQueue instanceof FibonacciQueue ) {



 
FibonacciQueue<K,V> auxQueue = 



 
 
 
(FibonacciQueue<K,V>) priorityQueue;



 
this.mergeDict(auxQueue);



 
queue.merge(auxQueue.queue);


}


else



 
while ( !priorityQueue.isEmpty() ) {



 
 
Entry<K,V> entry = priorityQueue.removeMin();



 
 
this.insert(entry.getKey(), entry.getValue());



 
}
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// Removes all entries from the dictionary of the specified queue.


// Values that exist in this Fibonacci queue are removed from the


// specified FibQueue.


// Those that do not exist are inserted in this dictionary


protected void mergeDict( FibonacciQueue<K,V> priQueue ) {



 
Iterator<Entry<V, FibNode<K,V>>> iter = 



 
 
 
priQueue.dict.iterator();




 
while ( iter.hasNext() ) {



 
 
Entry<V, FibNode<K,V>> entry = iter.next();



 
 
if ( dict.find( entry.getKey() ) == null )



 
 
 
dict.insert(entry.getKey(), entry.getValue());



 
 
else



 
 
 
priQueue.queue.remove( entry.getValue() );



 
}




 
priQueue.dict = new SepChainHashTable<V, FibNode<K,V>>();

}
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class FibQueue<K extends Comparable<K>, V> {



// (Pointer to) a tree with the smallest key


protected FibNode<K,V> min;



// Number of entries in the priority queue


protected int currentSize;



public FibQueue( ) {



 
min = null;



 
currentSize = 0;


}


. . . 


})
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•  boolean isEmpty( );

•  Entry<K,V> minEntry( );

•  FibNode<K,V> insert( K key, V value );

•  Entry<K,V> removeMin( );

•  void decreaseKey( FibNode<K,V> node, K newKey );

•  void remove( FibNode<K,V> node );

•  void merge( FibQueue<K,V> queue );
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// Returns true iff the queue contains no entries


public boolean isEmpty( ) {



 
return this.min == null;


}



// Returns an entry with the smallest key in the queue.


// Pre-condition: the queue is not empty


public Entry<K,V> minEntry( ) {



 
return this.min.getEntry();


}
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•  FibNode<K,V> insert( K key, V value )

•  42+#2)3&#)>2G(2%)t .(&)#)%$'2#,#)EK%aI)G#"3%F)P)HEQF)
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// Inserts the entry (key, value) in the queue and


// returns the node which contains that entry


public FibNode<K,V> insert( K key, V value ) 
{



 
FibNode<K,V> newTree = new FibNode<K,V>(key, value);




 
if (this.isEmpty() )



 
 
this.min = newTree;



 
else {



 
 
this.insertTree(min, newTree);



 
 
// Update min



 
 
if ( key.compareTo( this.min.getKey() ) < 0 )



 
 
 
this.min = newTree;



 
}



 
this.currentSize++;



 
return newTree;


}
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•  void merge( FibQueue<K,V> queue)
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// Merges this queue with the specified one


// Pre-condition: the two queues are different


public void merge( FibQueue<K,V> queue ) {



 
if ( !queue.isEmpty() ) {



 
 
if ( this.isEmpty() )



 
 
 
this.min = queue.min;



 
 
else {



 
 
 
// Insert queue to the right of min



 
 
 
// Update min



 
 
 
...



 
 
}



 
 
queue.min = null;



 
 
this.currentSize += queue.currentSize;



 
 
queue.currentSize = 0;



 
}


}
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else {



 
 
// Insert queue to the right of min



 
 
FibNode<K,V> firstQ1 = this.min.getRightSibling();



 
 
FibNode<K,V> firstQ2 = queue.min.getRightSibling();



 
 
this.min.setRightSibling(firstQ2);



 
 
firstQ2.setLeftSibling(this.min);



 
 
firstQ1.setLeftSibling(queue.min);



 
 
queue.min.setRightSibling(firstQ1);



 
 
// Update min



 
 
if ( queue.min.getKey().compareTo( this.min.getKey() ) < 0 )



 
 
 
this.min = queue.min;



 
}
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// Removes an entry with the smallest key from the queue


// and returns that entry


// Pre-condition: the queue is not empty


public Entry<K,V> removeMin( ) {



 
Entry<K,V> entry = this.min.getEntry();



 
this.insertChildren( this.min.getChild() );



 
this.removeMinTree();



 
if (this.min != null )



 
 
this.consolidate();



 
this.currentSize−−;



 
return entry;


}
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protected void insertChildren( FibNode<K,V> firstChild ) {



 
if ( firstChild != null )
{



 
 
FibNode<K,V> tree = firstChild;



 
 
do {



 
 
 
FibNode<K,V> nextTree = tree.getRightSibling();



 
 
 
tree.setParent(null);



 
 
 
tree.unmark();



 
 
 
this.insertTree(this.min, tree);



 
 
 
tree = nextTree;



 
 
} while ( tree != firstChild );



 
}


}
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protected void consolidate( ) {



 
FibNode<K,V>[] trees = this.buildTrees();



 
this.rebuildQueue(trees);


}
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// Returns an array with the new queue trees (indexed by degree)


// Pre-condition: the queue is not empty


protected FibNode<K,V>[] buildTrees( ) {



 
int capacity = this.maxDegree() + 1;



 
FibNode<K,V>[] trees = (FibNode<K,V>[]) new FibNode[capacity];



 
FibNode<K,V> currTree = this.min;



 
do {



 
 
...



 
} while ( currTree != this.min );



 
return trees;


}
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FibNode<K,V> currTree = this.min;



 
do {



 
 
int currDegree = currTree.getDegree();



 
 
FibNode<K,V> nextTree = currTree.getRightSibling();



 
 
while ( trees[currDegree] != null ) {



 
 
 
currTree = this.linkTrees(currTree, trees[currDegree]);



 
 
 
trees[currDegree] = null;



 
 
 
currDegree++; 




 
 
}



 
 
trees[currDegree] = currTree;



 
 
currTree = nextTree;



 
} while ( currTree != this.min );
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// Replaces the key in the specified node by the specified key


// Pre-condition: the specified key is less than the one in the node


public void decreaseKey( FibNode<K,V> node, K newKey ) {



 
node.setKey(newKey);



 
FibNode<K,V> parent = node.getParent();



 
if ( parent != null && parent.getKey().compareTo(newKey) > 0 ) {



 
 
this.cut(node, parent);



 
 
this.cascadingCut(parent);



 
}



 
// Update min



 
if ( newKey.compareTo( this.min.getKey() ) < 0 )



 
 
this.min = node;



}
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// Cuts the link between the specified node and its parent


// and makes the specified node a queue root.


// The parent’s degree is decreased but its mark is not changed


protected void cut( FibNode<K,V> node, FibNode<K,V> parent ) {



 
this.removeChild(parent, node);



 
node.setParent(null);



 
node.unmark();



 
this.insertTree(this.min, node);


}
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// Recursively cuts all marked ancestors of the specified node


// (starting with the specified node) until an unmarked node is 


// found. Marks that unmarked node, unless it is the root


protected void cascadingCut( FibNode<K,V> node ) 
{



 
FibNode<K,V> parent = node.getParent();



 
if ( parent != null )



 
 
if ( node.isMarked() ) {



 
 
 
this.cut(node, parent);



 
 
 
this.cascadingCut(parent);



 
 
}



 
 
else



 
 
 
node.mark();


}
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// Removes the entry in the specified node


Entry<K,V> remove( FibNode<K,V> node ) {



 
Entry<K,V> entry = node.getEntry();



 
this.decreaseKey(node, −∞);



 
this.removeMin();



 
return entry;


}
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isEmpty
 O(1) O(1) O(1) 

size
 O(1) O(1) O(1) 

minEntry
 O(1) O(log n) O(1) 

insert
 O(log n) O(log n) O(1) 

removeMin
 O(log n) O(log n) O(n) 

decreaseKey
 O(log n) O(log n) O(n) 

remove
 O(log n) O(log n) O(n) 

merge E&)%$'2#,#1F) O(n + m) O(log (n+m)) O(1) 
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protected void consolidate( ) {



 
FibNode<K,V>[] trees = this.buildTrees();



 
this.rebuildQueue(trees);


}




protected FibNode<K,V>[] buildTrees( ) {



 
int capacity = this.maxDegree() + 1;



 
FibNode<K,V>[] trees = (FibNode<K,V>[]) new FibNode[capacity];



 
FibNode<K,V> currTree = this.min;



 
do {



 
 
...



 
} while ( currTree != this.min );



 
return trees;


}
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>2G(2%1)%&)h)%)&h)()$^&%2(),%)$;1)&#2.#,(1)%&)h)

φ(Q) = tQ + 2mQ

k é o número de cortes efectuados


•  ϕ"#$%&')
•  ϕ"#$%&'!(!)!*!+,!)

•  ϕ"#$'!)
•  t’ = t + k!
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isEmpty
 O(1) O(1) O(1) 

size
 O(1) O(1) O(1) 

minEntry
 O(1) O(log n) O(1) 

insert
 O(log n) O(log n) O(1) 

removeMin
 O(log n) O(log n) O(log n) 

decreaseKey
 O(log n) O(log n) O(1) 

remove
 O(log n) O(log n) O(log n) 

merge E&)%$'2#,#1F) O(n + m) O(log (n+m)) O(1) 
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•  protected int maxDegree()


•  protected void insertTree( 
FibNode<K,V> head,

 
 
FibNode<K,V> newTree );


•  protected void removeMinTree( );

•  protected void rebuildQueue( FibNode<K,V>[] trees );

•  protected FibNode<K,V> linkTrees(
FibNode<K,V> tree1,


                                    FibNode<K,V> tree2 );

•  protected void removeChild( FibNode<K,V> parent, 


 
FibNode<K,V> child );
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class FibQueue<K extends Comparable<K>, V> {



static final double GOLDEN_RATIO = 1.618;



// (Pointer to) a tree with the smallest key


protected FibNode<K,V> min;



// Number of entries in the priority queue


protected int currentSize;



. . . 



// Returns the max degree of a tree in the queue.


protected int maxDegree( ) {



 
return (int) ( Math.log(currentSize)/Math.log(GOLDEN_RATIO) );


}


})
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// Inserts the specified tree in the list,


// to the left of the specified head


// Pre-condition: the queue is not empty


protected void insertTree( FibNode<K,V> head, FibNode<K,V> newTree ){


        // TO DO


}



// Removes the head of the queue and updates min.

   // If the queue becomes empty, min is set to null;

   // otherwise, min points to one of the remaining trees

   // Pre-condition: the queue is not empty


protected void removeMinTree( ) {


   
 
// TO DO


}
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// Rebuilds the queue with the trees in the specified array

   // Pre-condition: the queue is not empty


protected void rebuildQueue( FibNode<K,V>[] trees ) {



 
// TO DO


}



// Links two trees of degree k and


// returns the resulting tree of degree k + 1


protected FibNode<K,V> linkTrees( FibNode<K,V> tree1,


                                     FibNode<K,V> tree2 ) {



 
// TO DO


}
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// Removes the specified child from the list of children


// of the specified parent


protected void removeChild( FibNode<K,V> parent, 


 
FibNode<K,V> child ) {


        // TO DO


}
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Apresentação da disciplina 

Programação Dinâmica 

Introdução aos Grafos 

Percurso em largura e profundidade 

Ordenação Topológica 

Árvore Mínima de Cobertura (Algoritmo de Kruskal) 

TAD Partição 

Complexidade Amortizada 

Árvore Mínima de Cobertura (Algoritmo de Prim) 

TAD Fila com Prioridade Adaptável 

Algoritmo de Dijskstra 

Filas Binomiais 

Filas de Fibonacci 

Algoritmo de Bellman-Ford 

Fluxo Máximo: Algoritmo de Ford-Fulkerson 

Algoritmo de Edmonds-Karp 

Introdução à Teoria da Complexidade 

Exemplos de Problemas NP 

Redutibilidade entre Problemas de Decisão 
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L(v,i) =

0 se i = 0∧ v = 0
+∞ se i = 0∧ v ≠ 0
min(L(v,i −1), min

w|(w,v )∈A{ }
(L(w,i −1) + peso(w,v))) se i > 0

 

 
  

 
 
 
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0 se i = 0∧ v = 0
+∞ se i = 0∧ v ≠ 0
min(L(v,i −1), min

w|(w,v )∈A{ }
(L(w,i −1) + peso(w,v))) se i > 0
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Pair<E[], Vertex[]> bellmanFord( Digraph<?,E> graph, Vertex origin )




throws NegativeWeightCycleException {




E[] length = new E[ graph.numVertices() ];




Vertex[] via = new Vertex[ graph.numVertices() ];




for every Vertex v in graph.vertices()




 
length[v] = +∞;




length[origin] = 0;




via[origin] = origin;
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boolean changes = false;



for ( int i = 1; i < graph.numVertices(); i++ ) 
{



 
changes = updateLengths(graph, length, via);



 
if ( !changes )



 
 
break;



}



// Negative-weight cycles detection



if ( changes && updateLengths(graph, length, via) )



 
throw new NegativeWeightCycleException();



else



 
return new PairClass<E[], Vertex[]>(length, via);


}
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boolean updateLengths( Digraph<?,E> graph,E[] length, Vertex[] via ){



boolean changes = false;



for every Edge<?,E> e in graph.edges() {



 
Vertex[] endPoints = e.endVertices();



 
if ( length[endPoints[0]] < +∞ ) {



 
 
E newLength = length[endPoints[0]] + e.label();



 
 
if ( newLength < length[endPoints[1]] ) {



 
 
 
length[endPoints[1]] = newLength;



 
 
 
via[endPoints[1]] = endPoints[0];



 
 
 
changes = true;



 
 
}



 
}



}


return changes;


}
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wij =

0 se i = j
peso do arco (i, j) se i ≠ j e i, j( )∈ A
∞ se i ≠ j e i, j( )∉ A

 

 
 

 
 

dij
(k )
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dij
(k ) =

wij se k = 0

min(dij
(k−1),dik

(k−1) + dkj
(k−1)) se k > 0

 

 
 

 
 

i! j!

k!
p1!

p2!

*"+(,-'&()1"(k.0l#,6;#"")
int[][] functionD( int[][] W, int N) {


int[][][] tableD = new int[N+1][N+1][N+1];



for (int i=0; i ≤ N; i++) //Linha 0: Base da recursivade



 
for (int j=0; j ≤ N; j++)



 
 
tableD[0][i][j] = W[i][j];



for (int k=1; k ≤ N; k++) //Caso geral



 
for (int i=1; i ≤ N; i++)



 
 
for (int j=1; j ≤ N; j++) {



 
 
 
int value = tableD[k-1][i][k] + tableD[k-1][k][j]



 
 
 
if (tableD[k-1][i][j] < value)



 
 
 
 
tableD[k][i][j] = value; 



 
 
 
else



 
 
 
 
tableD[k][i][j] = tableD[k-1][i][j]; 
 
 




 
 
}



return tableD[N];

}
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*"+(,-'&()1"(k.0l#,6;#"")
int[][] functionD( int[][] W, int N) {


int[][] tableD = new int[N+1][N+1];



for (int i=0; i ≤ N; i++) //Linha 0: Base da recursivade



 
for (int j=0; j ≤ N; j++)



 
 
tableD[i][j] = W[i][j];



for (int k=1; k ≤ N; k++) //Caso geral



 
for (int i=1; i ≤ N; i++)



 
 
for (int j=1; j ≤ N; j++) {



 
 
 
int value = tableD[i][k] + tableD[k][j]



 
 
 
if (tableD [i][j] < value)



 
 
 
 
 
tableD[i][j] = value; 
 
 




 




return tableD;

}
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•  N%H#&P)

•  N%H#)R=(V,A’))+&#)0%6%)6%)>+,(2)
•  f ∈ V ():40'/5%)8($'%)
•  d ∈ V ():40'/5%)60%$()
•  c(u,v) #)5#9#5/6#6%)6()#05()(u,v) ∈ A’


•  Q&)!"#$%G = (V, E) 4)+&#)8+$RG()ϕ)P)A’)→)))))'#")A+%P)
•  ϕ(u,v) ≤ c(u,v))9#0#)u,v ∈ V )));0%2'0/RG()6%)5#9#5/6#6%<))
•  ϕ(u,v) = -ϕ(v,u))9#0#)u,v ∈ V);2/&%'0/#<))
•  !#0#)u ∈ V\{f,d}P)) ) ) ) )));5($2%0:#RG()6%)>+,(<))
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φ u,v( )
v|(u,v )∈A '{ }
∑ = 0

ℜ

M%6%)M%2/6+#")
•  N%H#&P)

•  N%H#)R = (V,A’))+&#)0%6%)6%)>+,(2)
•  c(u,v) #)5#9#5/6#6%)6()#05()(u,v) ∈ A’

•  ϕ)+&)>+,()$#)0%6%)6%)>+,(2)R


•  ?)&'('%&')*("+,%6%)R)/$6+E/6#)9(0)ϕ)4)+&)70#8()
(0/%$'#6()Rϕ=(V,A’’)=)'#")A+%P)
) )A’’= { (u,v) ∈ A’ | c(u,v) – ϕ(u,v) > 0 }
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M%6%)M%2/6+#")
•  S0#8()(0/7/$#")G = (V,A)


•  c(u,v) = 12

•  ϕ(u,v) = 9
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M%6%)M%2/6+#")
•  S0#8()(0/7/$#")G = (V,A)


•  c(u,v) = 12

•  ϕ(u,v) = 9


•  M%6%)M%2/6+#") Rϕ = (V,A’’)

•  c(v,u) = 0

•  ϕ(v,u) = -9
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Digraph<?,E> buildNetwork( Digraph<?,E> graph ) {


// The network has every vertex and every edge in the graph


Digraph<?,E> network = graph.clone();


// For every edge (v1, v2) in the graph (V,A), if (v2, v1) ∉ A,


// insert edge (v2, v1) with capacity zero in the network


for every Edge<?,E> e in graph.edges() {



 
Vertex[] endPoints = e.endVertices();



 
if ( !graph.edgeExists(endPoints[1], endPoints[0]) )



 
 
network.insertEdge(endPoints[1], endPoints[0], 0);


}


return network;


}


2011/2012 
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Pair<E, E[][]> edmondsKarp(
Digraph<?,E> graph, Vertex source,


 
 
 
 
 
Vertex sink ) {



Digraph<?,E> network = buildNetwork(graph);



int numVert = network.numVertices();



E[][] flow = new E[numVert][numVert];



for every Edge<?,E> e in network.edges() {



 
Vertex[] endPoints = e.endVertices();



 
flow[ endPoints[0] ][ endPoints[1] ] = 0;



}



Vertex[] via = new Vertex[numVert];



E flowValue = 0;



E increment;


?"7(0/'&()6%)X6&($62@Y#09)
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while ( (increment = findPath(network,flow,source,sink,via)) != 0 ) {


 
flowValue += increment;


 
// Update flow


 
Vertex vertex = sink;


 
while ( vertex != source ) {


 
 
Vertex origin = via[vertex];


 
 
flow[origin][vertex] += increment;


 
 
flow[vertex][origin] −= increment;


 
 
vertex = origin;


 
}


}

return new PairClass<E, E[][]>(flowValue, flow);

}
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E findPath(
Digraph<?,E> network, E[][] flow, Vertex source,


 
Vertex sink, Vertex[] via ) {


 
int numVert = network.numVertices();


 
Queue<Vertex> waiting = new QueueInArray<Vertex>(numVert − 1);


 
boolean[] found = new boolean[numVert];


 
for every Vertex v in network.vertices()


 
 
found[v] = false;


 
E[] pathIncr = new E[numVert];


 
waiting.enqueue(source);


 
found[source] = true;


 
via[source] = source;


 
pathIncr[source] = +∞;


?"7(0/'&()6%)X6&($62@Y#09)

2011/2012 13-ADA-MAXFLUXO 47 

do {


 
Vertex origin = waiting.dequeue();


 
for every Edge<?,E> e in network.outIncidentEdges(origin) {


 
 
Vertex destin = e.endVertices()[1];


 
 
E residue = e.label() − flow[origin][destin];


 
 
if ( !found[destin] && residue > 0 ) {


 
 
 
...


 
 
}


 
}


} while ( !waiting.isEmpty() );

return 0;

}
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for every Edge<?,E> e in network.outIncidentEdges(origin) {


 
Vertex destin = e.endVertices()[1];


 
E residue = e.label() − flow[origin][destin];


 
if ( !found[destin] && residue > 0 ) {


 
 
via[destin] = origin;


 
 
pathIncr[destin] = Math.min(pathIncr[origin], residue);


 
 
if ( destin == sink )


 
 
 
return pathIncr[destin];


 
 
else {


 
 
 
waiting.enqueue(destin);


 
 
 
found[destin] = true;


 
 
}


 
}


}
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Apresentação da disciplina 

Programação Dinâmica 

Introdução aos Grafos 

Percurso em largura e profundidade 

Ordenação Topológica 

Árvore Mínima de Cobertura (Algoritmo de Kruskal) 

TAD Partição 

Complexidade Amortizada 

Árvore Mínima de Cobertura (Algoritmo de Prim) 

TAD Fila com Prioridade Adaptável 

Algoritmo de Dijskstra 

Filas Binomiais 

Filas de Fibonacci 

Algoritmo de Bellman-Ford 

Fluxo Máximo: Método de Ford-Fulkerson 

Algoritmo de Edmonds-Karp 

Introdução à Teoria da Complexidade 

Exemplos de Problemas NP 

Redutibilidade entre Problemas de Decisão 
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•  @#.();&)81#A()3)$B()(1-%$'#.()%)6($%,(C)D)+(229F%")
.%'%1&-$#1):;%)3)'%&);&)6-16;-'().%)L#&-"'($G)?&)6#2()
#H1&#'-F(C)D)+(229F%")6($2'1;-1)%22%)6-16;-'(G)

) ) ) ) ))) )

*-16;-'().%)L#&-"'($)
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N#6'()
•  ?&>(1#)(2)+1(>"%&#2).()6-16;-'().%)?;"%1)%).()

6-16;-'().%)L#&-"'($)'%$O#&)%$;$6-#.(2)2-&-"#1%2C)
#2)2(";PQ%2)6(&+;'#6-($#-2)'J&)(1.%$2).%)
6(&+"%,-.#.%)&;-'().-A%1%$'%2)
•  ?,-2'%&)#"8(1-'&(2)+("-$(&-#-2)+#1#)1%2("F%1)(2)
+1(>"%&#2).()*-16;-'().%)?;"%1)

•  R(.(2)(2)#"8(1-'&(2):;%)2%)6($O%6%&)+#1#)1%2("F%1)(2)
+1(>"%&#2).()*-16;-'().%)L#&-"'($)2B()%,+($%$6-#-2)
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•  @#.();&)81#A()$B()(1-%$'#.(C)+%2#.()%)6(&+"%'(C)
%,-2'%);&)*-16;-'().%)L#&-"'($))6;K()6(&+1-&%$'()
+%2#.()$B()%,6%.%)SG)

) ) ) ) ) ) ) ) )!#1#)S)T)UC)'%&(2)()6-16;-'(/)
) ) ) ) ) ) ) ) ) )1, 3, 2, 4


!1(>"%&#).()*#-,%-1()V-#K#$'%)
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*(&+"%,-.#.%)?,+($%$6-#")
•  W"8(1-'&()055XV747)+#1#)1%2("F%1)()+1(>"%&#).()*#-,%-1()

V-#K#$'%)
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Y;#$'-.#.%) Z=&%1()
!*)-$2'1;PQ%2)[)2%8;$.() 109

\;+%1]6(&+;'#.(1)-$2'1;PQ%2)[)2%8;$.() 1012

\%8;$.(2)+(1)#$() 109

^.#.%).();$-F%12()5%2'-&#.(7) 1013

?"%6'1Q%2)$();$-F%12()5%2'-&#.(7) 1079


*(&+"%,-.#.%)?,+($%$6-#")
•  W"8(1-'&()055XV747)+#1#)1%2("F%1)()+1(>"%&#).()*#-,%-1()

V-#K#$'%)

•  !#1#);&)81#A()6(&)_```)FD1'-6%2C)$B()D)+(229F%")
.%'%1&-$#1)#)2(";PB()


 
1000!  >>  101000  >>  1079 × 1013 × 109 × 1012
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Y;#$'-.#.%) Z=&%1()
!*)-$2'1;PQ%2)[)2%8;$.() 109

\;+%1]6(&+;'#.(1)-$2'1;PQ%2)[)2%8;$.() 1012

\%8;$.(2)+(1)#$() 109

^.#.%).();$-F%12()5%2'-&#.(7) 1013

?"%6'1Q%2)$();$-F%12()5%2'-&#.(7) 1079


!1(+1-%.#.%2).(2)!1(>"%&#2)
•  *(&().%'%1&-$#1)2%);&)+1(>"%&#)'%&);&#)2(";PB()

+1<'-6#G)
•  I2#1)1%2;"'#.(2).#)R%(1-#).#)*(&+"%,-.#.%)
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?,-2'%)W"8(1-'&()!("-$(&-#") \%&)\(";PB()!("-$(&-#")*($O%6-.#)
*#&-$O()&#-2)6;1'()) *#&-$O()&#-2)"($8()

*-16;-'().%)?;"%1) *-16;-'().%)L#&-"'($)

a]\WR) b]\WR)

MMM) MMM)

*"#22%2).%)!1(>"%&#2+
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*"#22%).%)!1(>"%&#2),+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)1%2("=F%-2)%&)'%&+()
+("-$(&-#")

*"#22%).%)!1(>"%&#2).5,+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)1%2("=F%-2)%&)'%&+()
%,+($%$6-#")



!1(>"%&#2)R1#'<F%-2[^$'1#'<F%-2+
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!1(>"%&#2)60*371&(8+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)1%2("=F%-2)%&)'%&+()
+("-$(&-#")

!1(>"%&#2)9-30*371&(8+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)-:"+1%2("=F%-2)%&)
'%&+()+("-$(&-#")

^$6";-)#)6"#22%).%)+1(>"%&#2)6(&)#"8(1-'&(2)%,+($%$6-#-2)(;)
6(&)6(&+"%,-.#.%)+-(1):;%)%,+($%$6-#"))

@%6-.->-"-.#.%)
;%<"0(3#"+

I&)#"8(1-'&()+#1#)1%2("F%1);&)+1(>"%&#)D);&)
+1(6%.-&%$'():;%)6#"6;"#)#)2(";PB().%):;#":;%1)-$2'c$6-#)
$;&)$=&%1()H$-'().%)+#22(2)

=&/()(>(%()*)&+
I&)+1(>"%&#).%).%6-2B().-4]2%)
•  @%6-.9F%"C)2%)%,-2'-1);&)#"8(1-'&()+#1#)()1%2("F%1)
•  ^$.%6-.9F%"C)6#2()6($'1<1-()
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*"#22%2).%)!1(>"%&#2+
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*"#22%).%)!1(>"%&#2),+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)1%2("=F%-2)%&)'%&+()
+("-$(&-#")

*"#22%).%)!1(>"%&#2).5,+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)1%2("=F%-2)%&)'%&+()
%,+($%$6-#")

*"#22%).%)!1(>"%&#2)?@=.!9=;AB.+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)-$.%6-.9F%-2)

!1(>"%&#).#)R%1&-$#PB()
6.CD/)@#.(2);&)+1(81#&#)!)%);&#)%$'1#.#)?C)!))

'%1&-$#)6(&)?G)))

!1(>"%&#).#)R%1&-$#PB()D)-$.%6-.9F%")dR;1-$8)_ebfg)
D)-&+(229F%").%H$-1);&)#"8(1-'&():;%C).#.(2);&)+1(81#&#)
#1>-'1<1-()%);&#)%$'1#.#)#1>-'1<1-#C).%6-.#)2%)()+1(81#&#)
'%1&-$#)6(&)%22#)%$'1#.#)
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^$.%6-.->-"-.#.%).()!1(>"%&#).#)R%1&-$#PB()
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// Indica se p termina com a entrada e

// e é uma sequência de bits qualquer

boolean termina( Programa p, Entrada e );


boolean A( Programa p ) { 


if termina(p, p) then



 
while true do { }


else return true;


}


•  \%)%,-2'-22%)()#"8(1-'&()terminaC)2%1-#)+(229F%")6($2'1;-1)()+1(81#&#)A 


^$.%6-.->-"-.#.%).()!1(>"%&#).#)R%1&-$#PB()
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•  \%)%,-2'-22%)()#"8(1-'&()terminaC)2%1-#)+(229F%")6($2'1;-1)()+1(81#&#)A 


•  E+$0"<0*#*+A+3&0#(-*+/"#+*+&-30*)*+AF+
•  \%)A)'%1&-$#)6(&)#)%$'1#.#)AC)termina(A, A) D)F%1.#.%C))

)"(8()A)$B()'%1&-$#)6(&)#)%$'1#.#)A))

// Indica se p termina com a entrada e

// e é uma sequência de bits qualquer

boolean termina( Programa p, Entrada e );


boolean A( Programa p ) { 


if termina(p, p) then



 
while true do { }


else return true;


}


^$.%6-.->-"-.#.%).()!1(>"%&#).#)R%1&-$#PB()
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•  \%)%,-2'-22%)()#"8(1-'&()terminaC)2%1-#)+(229F%")6($2'1;-1)()+1(81#&#)A 


•  E+$0"<0*#*+A+3&0#(-*+/"#+*+&-30*)*+AF+
•  \%)A)'%1&-$#)6(&)#)%$'1#.#)AC)termina(A, A) D)F%1.#.%C))

)"(8()A)$B()'%1&-$#)6(&)#)%$'1#.#)A))
•  \%)A)$B()'%1&-$#)6(&)#)%$'1#.#)AC)termina(A, A) D)A#"2(C))

)"(8()A)'%1&-$#)6(&)#)%$'1#.#)A)

// Indica se p termina com a entrada e

// e é uma sequência de bits qualquer

boolean termina( Programa p, Entrada e );


boolean A( Programa p ) { 


if termina(p, p) then



 
while true do { }


else return true;


}


*<"6;"().%)!1%.-6#.(2).%)!1-&%-1#)01.%&)
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,C.=/)@#.#);&#)AE1&;"#)!).()*<"6;"().%)!1%.-6#.(2)
.%)!1-&%-1#)01.%&C)!"D)F<"-.#G)

9-83G-/(*8/)

?2'%)+1(>"%&#)D)-$.%6-.9F%")d*O;16O)_ebfC)R;1-$8)_ebf[hg)

(∀x(Px⇒ Qx))⇒ ((∃xPx)⇒ (∃xQx))
∃x(Px ∨Qx)⇒∃x(Px∧Qx)



@D6-&()!1(>"%&#).%)L-">%1')
5.#)"-2'#).%)ab)+1(>"%&#2)+;>"-6#.(2)+(1)L-">%1')%&)_e``7)
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H9BA.C6/ )@#.#);&#)%:;#PB()+("-$(&-#").%)
6(%H6-%$'%2)-$'%-1(2C)P(x1,x2, ...,xn) = 0C)%2'#)
%:;#PB()'%&);&#)2(";PB()-$'%-1#G)

9-83G-/(*8/)

?2'%)+1(>"%&#)D)-$.%6-.9F%")di#'-K#6%F-6)_eh`g)

x 2 − 3x + 2 = 0
7x 5y 2 − 4x 2y 3 +14y 2 + 8y − 3 = 0

*"#22%2).%)!1(>"%&#2+
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*"#22%).%)!1(>"%&#2),+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)1%2("=F%-2)%&)'%&+()
+("-$(&-#")

*"#22%).%)!1(>"%&#2)@,+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)F%1-H6<F%-2)%&)'%&+()
+("-$(&-#")

*"#22%).%)!1(>"%&#2).5,+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)1%2("=F%-2)%&)'%&+()
%,+($%$6-#")

W"8(1-'&().%)V%1-H6#PB())
!1(>"%&#).()*-16;-'().%)L#&-"'($)
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!"  #$%&'()%*+$*,+*)%(,+*-,%.)/,+*0$1,+*
23%4($+*(,5+$(642,+*/)*0$%.67)89,*+9,*
)%(,+*/,*:%)-,*

;"  #$%&'()%*/$*,*)%(,*-,%.)/,*0$1,*<14.,*$*
0%&.$&%,*23%4($*3*6.*)%(,*/,*:%)-,**

1, 2, 3, 4, 5, 6*

Yes
 No


!(1:;J)?2';.#1)!1(>"%&#2)@,G)
•  W()1%6($O%6%1);&)+1(>"%&#)6(&()@,C)%,-2'%&)b)

2(";PQ%2/)
•  ^&+"%&%$'#1);&)#"8(1-'&()6(&)6(&+"%,-.#.%)
%,+($%$6-#")

•  j%2'1-$8-1)%)"-&-'#1)()+1(>"%&#).%)A(1&#)#)%$6($'1#1)
;&#)2(";PB()+("-$(&-#"+

•  I2#1)#"8(1-'&(2).%)#+1(,-&#PB()
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!(1:;J)?2';.#1)!1(>"%&#2)@,G)
•  W()1%6($O%6%1);&)+1(>"%&#)6(&()@,C)%,-2'%&)b)

2(";PQ%2/)
•  ^&+"%&%$'#1);&)#"8(1-'&()6(&)6(&+"%,-.#.%)
%,+($%$6-#")

•  j%2'1-$8-1)%)"-&-'#1)()+1(>"%&#).%)A(1&#)#)%$6($'1#1)
;&#)2(";PB()+("-$(&-#"+

•  I2#1)#"8(1-'&(2).%)#+1(,-&#PB()

•  ,+F2)@,+
•  i-""%$$-;&)!1-4%)!1(>"%&2)5kkkM6"#l&#'OM(18[&-""%$$-;&[7)
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*"#22%2).%)!1(>"%&#2+
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*"#22%).%)!1(>"%&#2),+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)1%2("=F%-2)%&)'%&+()
+("-$(&-#")

*"#22%).%)!1(>"%&#2)@,+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)F%1-H6<F%-2)%&)'%&+()
+("-$(&-#")

*"#22%).%)!1(>"%&#2).5,+
)*($K;$'().%)'(.(2)(2)+1(>"%&#2)1%2("=F%-2)%&)'%&+()
%,+($%$6-#")

L-%1#1:;-#).%)*"#22%2)
•  !)T)Z!G)

0)6($2%$2()D):;%)!)m)Z!)
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EXP

NP


P


NP ≠ P


EXP


P = NP


NP = P


L-%1#1:;-#).%)*"#22%2)
•  !)T)Z!G)

0)6($2%$2()D):;%)!)m)Z!)
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EXP

NP


P


NP ≠ P


EXP


P = NP


NP = P




!1(>"%&#2).%)@%6-2B()
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I&)+1(>"%&#).%).%6-2B()D);&)+1(>"%&#)6;K#2)-$2'c$6-#2)'J&)
#)2(";PB()“SIM” (;)“NÃO”M)

!1(>"%&#2)@,+
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@,+D)6"#22%).%)+1(>"%&#2).%).%6-2B()#)+#1#)(2):;#-2))%,-2'%/)
•  I&)#"8(1-'&()+("-$(&-#")!)5:;%)F%1-H6#)#)+1(F#).()2-&7)

•  I&#)A;$PB()")5:;%)A(1$%6%)#)+1(F#).()2-&7)

•  I&#)6($2'#$'%)#$

'#-2):;%C)+#1#):;#":;%1)-$2'c$6-#)$).%)#/)
•  \%)#)2(";PB().%)$)A(1)“SIM” %)#).-&%$2B().%)$)A(1)%C))

)%$'B()#).-&%$2B().%)"&$'"D)05%S7)%)!5$C"5$77)1%'(1$#)“SIM” )
•  \%)#)2(";PB().%)$)A(1)“NÃO”C))
)%$'B()$B()%,-2'%)$%$O;&)F#"(1)+#1#)"&$'":;%)A#P#))!5$C"5$77))1%'(1$#)
“SIM”)

!1(>"%&#).()*-16;-'().%)L#&-"'($)
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!"  #$%&'()%*+$*,+*)%(,+*-,%.)/,+*0$1,+*
23%4($+*(,5+$(642,+*/)*0$%.67)89,*+9,*
)%(,+*/,*:%)-,*

;"  #$%&'()%*/$*,*)%(,*-,%.)/,*0$1,*<14.,*$*
0%&.$&%,*23%4($*3*6.*)%(,*/,*:%)-,**

1, 2, 3, 4, 5, 6*

Yes
 No


W"8(1-'&()!)

^$2'c$6-#)%) 6 N;$PB()")

!1(>"%&#).%)@%6-2B()&) \%K#)3);&)81#A()$B()(1-%$'#.()%)6($%,(C);&)*-16;-'().%)L#&-"'($)D)
;&)6-16;-'()2-&+"%2):;%)+#22#)+(1)'(.(2)(2)FD1'-6%2).%)3)

H;D9B6E@/)@#.();&)81#A()3C)$B()(1-%$'#.()%)6($%,(C)3)'%&)
;&)*-16;-'().%)L#&-'($G)

9-83G-/(*/)

,0"1*+)"+I(#/)1 2 4 3 5+%1&;'#PB().%)FD1'-6%2):;%)6#1#6'%1-4#)()6-16;-'(7)

*-16;-'().%)L#&-"'($)
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H;D9B6E@+D);&)+1(>"%&#)@,+
_M  ?,-2'%);&)#"8(1-'&()+("-$(&-#"):;%C).#.(2/)

•  ;&)81#A()G = (V, A)C)$B()(1-%$'#.()%)6($%,()
•  ;&#)+%1&;'#PB()ρ = v1v2...vn .(2)FD1'-6%2).%)G)
)F%1-H6#)2%)ρ = v1v2...vnv1)D);&)*-16;-'().%)L#&-"'($)%&)G 
@%261-PB().()#"8(1-'&()
)0)#"8(1-'&()+%16(11%)#)+%1&;'#PB()'%2'#$.()2%)(2)#16(2))
 (vi,vi+1) +%1'%$6%&)#)AC)+#1#)'(.()i = 1, ..., nM)@%+(-2C)'%2'#)2%)()
#16()(vn, v1) '#&>D&)+%1'%$6%)#)AM)0)#"8(1-'&()1%'(1$#)true 
22%)'(.(2)(2)'%2'%2)'-F%1%&)2;6%22(M)

2011/2012 14-ADA-NP 33 

H;D9B6E@+D);&)+1(>"%&#)@,+
W$<"-2%).#)6(&+"%,-.#.%).()#"8(1-'&()
)W)6(&+"%,-.#.%)'%&+(1#").()#"8(1-'&()D)+("-$(&-#")$()
$=&%1().%)FD1'-6%2)5#V7)%)$()$=&%1().%)#16(2)5#A7M)\%)()
6($K;$'().%)#16(2)%2'-F%1)$;&)F%6'(1C)()$=&%1().%)+#22(2)D))

 O(n #A) = O(#V#A)M)

aM  W).-&%$2B().#)+%1&;'#PB()ρ D)+("-$(&-#")$#).-&%$2B()
.%)G,)+(1:;%)ρ  '%&)#V)FD1'-6%2)
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\#'-2A#4->-"-.#.%)
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I;6/ )@#.#);&#)AE1&;"#)+1(+(2-6-($#")$#)A(1&#)6($K;$'-F#)

)!)D)2#'-2A#49F%"G+
9-83G-/(*8/)

,0"1*+)"+I(#/)I&)#'1->;-PB().%)F#"(1%2)n2)F#1-<F%-2):;%)2#'-2A#4)#)
A(1&;"#)

(x ∨ y ∨¬z)∧ (¬x ∨¬y)∧ z
(x ∨ y ∨ z)∧ (¬x∨¬y ∨¬z)
(x ∨ y)∧ (¬x)∧ (¬y)

f = ∧
1≤i≤k

Ci

\#'-2A#4->-"-.#.%)
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I;6/ )@#.#);&#)AE1&;"#)+1(+(2-6-($#")$#)A(1&#)6($K;$'-F#)

)!)D)2#'-2A#49F%"G+
9-83G-/(*8/)

,0"1*+)"+I(#/)I&)#'1->;-PB().%)F#"(1%2)n2)F#1-<F%-2):;%)2#'-2A#4)#)
A(1&;"#)

(x ∨ y ∨¬z)∧ (¬x ∨¬y)∧ z
(x ∨ y ∨ z)∧ (¬x∨¬y ∨¬z)
(x ∨ y)∧ (¬x)∧ (¬y)

f = ∧
1≤i≤k

Ci



I;6+D);&)+1(>"%&#)@,+
_M  ?,-2'%);&)#"8(1-'&()+("-$(&-#"):;%C).#.(2/)

•  ;&#)AE1&;"#)+1(+(2-6-($#")))))))))))))))))$#)A(1&#)$(1&#")
6($K;$'-F#)

•  ;&#)#'1->;-PB()θ = {(v1, b1), (v2, b2) ,... (vn, bn) } de valores de 
verdade às variáveis de f)

)F%1-H6#)2%)θ 2#'-2A#4)! 
 @%261-PB().()#"8(1-'&()
)0)#"8(1-'&()#F#"-#)#)AE1&;"#C)6#"6;"#$.()()F#"(1)"E8-6().%)6#.#)
;$2).(2)'%1&(2)CiC)+#1#)i=1,...,kM)!#1#)#F#"-#1)))))))))))))))))))))))))))C)
+%16(11%)(2)"-'%1#-2)DijC)+#1# j=1,...,miM)\%)()"-'%1#")A(1);&#)
F#1-<F%")vuC)()2%;)F#"(1)"E8-6()D)buM)\%)()"-'%1#")'-F%1)#)A(1&#)ovuC))
2%;)F#"(1)"E8-6()D)()6(&+"%&%$'#1).%)buM)02)F#"(1%2)bu)2B()
(>'-.(2)+(1)+%2:;-2#)%&)θM) 
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f =∧Ci
1≤i≤k

Ci =∨1≤ j≤mi
Dij

I;6+D);&)+1(>"%&#)@,+
 @%261-PB().()#"8(1-'&()56($'M7)
)W)#F#"-#PB().()'%1&()Ci)D)F%1.#.%)2%)()F#"(1)"E8-6().%)#"8;&)
.(2)"-'%1#-2)Dij)A(1)F%1.#.%M)0)#"8(1-'&()1%'(1$#)'1;%)22%)#)
#F#"-#PB().%)'(.(2)(2)'%1&(2)Ci)A(1)F%1.#.%M))
)W$<"-2%).#)6(&+"%,-.#.%).()#"8(1-'&()
)W)6(&+"%,-.#.%)'%&+(1#").()#"8(1-'&()D)+("-$(&-#")$()$=&%1()
.%)29&>("(2).%)!M)\%)#)#'1->;-PB()%2'-F%1)8;#1.#.()$;&)F%6'(1)%)
!)'-F%1)n)F#1-<F%-2).-2'-$'#2C)ov (6(11J$6-#2).%22#2)F#1-<F%-2)%)ov 
(6(11J$6-#2).%)(+%1#.(1%2)"E8-6(2C)()$=&%1().%)+#22(2).()
#"8(1-'&()D)05nov+op7M)

aM  W).-&%$2B().#)#'1->;-PB()θ D)+("-$(&-#")$#).-&%$2B().%)!("
+(1:;%)θ  '%&)2n)%"%&%$'(2C)!)'%&)ov+op %"%&%$'(2)%)n p)ov)
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!;95.9CE/)@#.();&)81#A()3C)$B()(1-%$'#.(C)+%2#.()%)
6(&+"%'(C)6(&)#16(2).%)6;2'()+(2-'-F(C)%);&)
-$'%-1()k ≥ 1C)G)'%&);&)6-16;-'().%)L#&-'($)6;K()
6(&+1-&%$'()+%2#.()$B()%,6%.%)kG)

9-83G-/(*/)

,0"1*+)"+I(#/)1 3 2 4 5+%1&;'#PB().%)FD1'-6%2):;%)6#1#6'%1-4#)()6-16;-'(7)

*#-,%-1()V-#K#$'%)

2011/2012 14-ADA-NP 39 

k = 8 

!;95.9CE/)@#.();&)81#A()3C)$B()(1-%$'#.(C)+%2#.()%)
6(&+"%'(C)6(&)#16(2).%)6;2'()+(2-'-F(C)%);&)
-$'%-1()k ≥ 1C)G)'%&);&)6-16;-'().%)L#&-'($)6;K()
6(&+1-&%$'()+%2#.()$B()%,6%.%)kG)

9-83G-/(*/)

,0"1*+)"+I(#/)1 3 2 4 5+%1&;'#PB().%)FD1'-6%2):;%)6#1#6'%1-4#)()6-16;-'(7)

*#-,%-1()V-#K#$'%)

2011/2012 14-ADA-NP 40 

k = 8 



!;95.9CE+D);&)+1(>"%&#)@,+
_M  ?,-2'%);&)#"8(1-'&()+("-$(&-#"):;%C).#.(2/)

•  ;&)81#A()G = (V,A)C)$B()(1-%$'#.(C)+%2#.()%)6(&+"%'(C)6(&)
#16(2).%)6;2'()+(2-'-F()

•  ;&)-$'%-1()k ≥ 1 
•  ;&#)+%1&;'#PB()ρ = v1v2...vn .(2)FD1'-6%2).%)G)
)F%1-H6#)2%)ρ = v1v2...vnv1)D);&)*-16;-'().%)L#&-"'($)6;K()
6(&+1-&%$'()+%2#.()$B()%,6%.%)k 
@%261-PB().()#"8(1-'&()
)0)#"8(1-'&()+%16(11%)#)+%1&;'#PB()ρ, calculando a soma d(2)+%2(2)
.(2)#16(2)(vi,vi+1)C)+#1#)'(.()i = 1, ..., nM)@%+(-2C)#()1%2;"'#.()2(&#)
()+%2().()#16()(vn, v1)M)0)#"8(1-'&()1%'(1$#)true 22%)()1%2;"'#.()
H$#")A(1)-$A%1-(1)(;)-8;#")#)kM)
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!;95.9CE+D);&)+1(>"%&#)@,+
)W$<"-2%).#)6(&+"%,-.#.%).()#"8(1-'&()
)W)6(&+"%,-.#.%)'%&+(1#").()#"8(1-'&()D)+("-$(&-#")$()$=&%1()
.%)FD1'-6%2)5XV7M)*(&()()81#A()D)$B()(1-%$'#.()%)6(&+"%'(C)
) ) ))

)\%)()6($K;$'().(2)#16(2)%2'-F%1)8;#1.#.()$;&)F%6'(1)C)()$=&%1()
.%)+#22(2).()#"8(1-'&()D/)

aM  W).-&%$2B().#)+%1&;'#PB()ρ D)+("-$(&-#")$#).-&%$2B().%)
(G,k),)+(1:;%)ρ  '%&)#V)FD1'-6%2)

2011/2012 14-ADA-NP 42 

# A = #V (#V −1)
2

O(n #V (#V −1)
2

) =O(#V #V (#V −1)
2

) =O(#V 3)

\%K#&)D);&)6($K;$'()H$-'(C)C);&)6($K;$'().%)2;>6($K;$'(2).%)D)%)
k ≥ 1M)I&)6($K;$'().%)#'#:;%).%)C).%).-&%$2B()k)D);&)6($K;$'())
A ⊆ D)'#"):;%/))#A = k  %))

;6;J?./)@#.(2);&)6($K;$'()H$-'()DC);&)6($K;$'()C).%)
2;>6($K;$'(2).%)D)%);&)-$'%-1()k ≥ 1C)C)'%&);&)
6($K;$'().%)#'#:;%).%).-&%$2B()kG)

9-83G-/(*/)
)( {1, 2, 3, 4, 5, 6, 7, 8},  {{1, 2, 3}, {4, 5, 6}, {2, 3, 5, 7}},  2 ) 

,0"1*+)"+I(#/){1, 5})

*($K;$'().%)W'#:;%)

2011/2012 14-ADA-NP 43 

(∀X ∈C)X ∩ A ≠∅

\%K#&)D);&)6($K;$'()H$-'(C)C);&)6($K;$'().%)2;>6($K;$'(2).%)D)%)
k ≥ 1M)I&)6($K;$'().%)#'#:;%).%)C).%).-&%$2B()k)D);&)6($K;$'())
A ⊆ D)'#"):;%/))#A = k  %))

;6;J?./)@#.(2);&)6($K;$'()H$-'()DC);&)6($K;$'()C).%)
2;>6($K;$'(2).%)D)%);&)-$'%-1()k ≥ 1C)C)'%&);&)
6($K;$'().%)#'#:;%).%).-&%$2B()kG)

9-83G-/(*/)
)( {1, 2, 3, 4, 5, 6, 7, 8},  {{1, 2, 3}, {4, 5, 6}, {2, 3, 5, 7}},  2 ) 

,0"1*+)"+I(#/){1, 5})

*($K;$'().%)W'#:;%)

2011/2012 14-ADA-NP 44 

(∀X ∈C)X ∩ A ≠∅



;6;J?.+D);&)+1(>"%&#)@,+
_M  ?,-2'%);&)#"8(1-'&()+("-$(&-#"):;%C).#.(2/)

•  ;&)6($K;$'()H$-'()D  
•  ;&)6($K;$'()C ).%)2;>6($K;$'(2).%)D)
•  ;&)-$'%-1()k ≥ 1 
•  ;&)2;>6($K;$'()A ).%)D)

)F%1-H6#)2%)A D);&)6($K;$'().%)#'#:;%).% C .%).-&%$2B()k 
 @%261-PB().()#"8(1-'&()
)0)#"8(1-'&()6(&%P#)+(1)6($'#1)()$=&%1().%)%"%&%$'(2).%)AC)
1%'(1$#$.()A#"2%)2%)%22%)$=&%1().-A%1%$'%).%)kM)*#2()6($'1<1-(C)()
#"8(1-'&()+%16(11%)()6($K;$'()C)%C)+#1#)6#.#)%"%&%$'()X).%)CC)
'%2'#)2%)#)-$'%12%6PB().%)X)6(& A $B()D)F#4-#M)0)#"8(1-'&()
1%'(1$#)'1;%)22%)'(.(2)(2)'%2'%2)'-F%1%&)2;6%22(M)

2011/2012 14-ADA-NP 45 

;6;J?.+D);&)+1(>"%&#)@,+
 @%261-PB().()#"8(1-'&()56($'M7)
)!#1#).%'%1&-$#1)2%)#)-$'%12%6PB().%).(-2)6($K;$'(2)$B()D)F#4-#C)D)
$%6%22<1-()+%16(11%1);&).(2)6($K;$'(2C)F%1-H6#$.()2%)#"8;&).(2)
2%;2)%"%&%$'(2)+%1'%$6%)#()(;'1()6($K;$'(M)
)W$<"-2%).#)6(&+"%,-.#.%).()#"8(1-'&()
)W)6(&+"%,-.#.%)'%&+(1#").()#"8(1-'&()D)+("-$(&-#")$()$=&%1()
.%)%"%&%$'(2).%)D)5#D7C).%)C)5#C7)%).%)A)5#A7M)W)6($'#8%&).()
$=&%1().%)%"%&%$'(2).%)A)D)O(#A)M)*#.#)'%2'%).%)-$'%12%6PB()D))
O(#A#D)C)+(1:;%)(2)%"%&%$'(2).%)C)2B()2;>6($K;$'(2).%)DM)Z()
&<,-&()2B()1%#"-4#.(2)#C)'%2'%2).%)-$'%12%6PB(M)q(8(C)()$=&%1()
.%)+#22(2).()#"8(1-'&()D))
) ) )O(#A + #C #A #D) = O(#C #A #D) 
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;6;J?.+D);&)+1(>"%&#)@,+
aM  W).-&%$2B()6($K;$'()A)D)+("-$(&-#")$#).-&%$2B()de 

(D,C,k)C)+(1:;%)A)D);&)2;>6($K;$'().%)DM 

2011/2012 14-ADA-NP 47 

!1(F#1)!1(>"%&#2)Z!]*(&+"%'(2))

2011/2012 14-ADA-NP 48 

•  \%K#)r);&)+1(>"%&#).%).%6-2B()'#"):;%)Y ≤P XC)%&)
:;%)Y ∈)Z!*M)\%)X ∈)Z!C)%$'B()X ∈)Z!*)

•  Y ∈)Z!*)
•  Z ≤P Y +#1#):;#":;%1)Z ∈)Z!)

•  *(&()≤P D)'1#$2-'-F#)%):;%)Y ≤P XC)(>'%&(2)
•  Z ≤P X +#1#):;#":;%1)Z ∈)Z!)

•  @%2'%)&(.()
•  X ∈)Z!)
•  Z ≤P X +#1#):;#":;%1)Z ∈)Z!)

•  !(.%&(2)6($6";-1):;%)X ∈)Z!*)



!1(F#1)!1(>"%&#2)Z!]*(&+"%'(2))
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•  W>(1.#8%&)+#1#)+1(F#1):;%)X ∈)Z!*)
•  Provar que X ∈)Z!)
•  ?26("O%1)s)∈)Z!*)
•  @%H$-1);&)1%.;PB()+("-$(&-#")ϕ).%)s)+#1#)rC)(;)2%K#C)

Y ≤P X))

^&+(1'c$6-#).%)j%.;'->-"-.#.%)

2011/2012 14-ADA-NP 50 

t^)6#$u')H$.)#$)%v6-%$')#"8(1-'O&C)^)8;%22)^u&)K;2')'(().;&>Mw))

^&+(1'c$6-#).%)j%.;'->-"-.#.%)

2011/2012 14-ADA-NP 51 

t^)6#$u')H$.)#$)%v6-%$')#"8(1-'O&C)>%6#;2%)$()2;6O)#"8(1-'O&)-2)+(22->"%Mw))

^&+(1'c$6-#).%)j%.;'->-"-.#.%)

2011/2012 14-ADA-NP 52 

t^)6#$u')H$.)#$)%v6-%$')#"8(1-'O&C)>;')$%-'O%1)6#$)#"")'O%2%)A#&(;2)+%(+"%Mw))
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Percurso em largura e profundidade 
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Complexidade Amortizada 
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!"#!
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!"#$%&'(0))1#+(),&)23#4()56)$7()(38%$'#+()%)9($%:(6)5)'%&)
,&)9839,8'()+%);#&8"'($6)(,)/%<#6),&)9839,8'()
/8&="%/)>,%)=#//#)=(3)'(+(/)(/)?@3'89%/)+%)5A)

)"$*+$,'0) )1#+(),&)23#4()56)$7()(38%$'#+(6)=%/#+()%)
9(&="%'(6)9(&)#39(/)+%)9,/'()=(/8'8?(6)%),&)8$'%83()
k ≥ 16)G)'%&),&)9839,8'()+%);#&8"'($)9,<()
9(&=38&%$'()=%/#+()$7()%:9%+%)kA)

;BCDEFGH)→)IBDJKD*G)

2011/2012 15-ADA-RED-NPC 5 

  

HAMILTON → CAIXEIRO
(V ,A) ֏

!"#$%&'(0))1#+(),&)23#4()56)$7()(38%$'#+()%)9($%:(6)5)'%&)
,&)9839,8'()+%);#&8"'($6)(,)/%<#6),&)9839,8'()
/8&="%/)>,%)=#//#)=(3)'(+(/)(/)?@3'89%/)+%)5A)

)"$*+$,'0) )1#+(),&)23#4()56)$7()(38%$'#+(6)=%/#+()%)
9(&="%'(6)9(&)#39(/)+%)9,/'()=(/8'8?(6)%),&)8$'%83()
k ≥ 16)G)'%&),&)9839,8'()+%);#&8"'($)9,<()
9(&=38&%$'()=%/#+()$7()%:9%+%)kA)

;BCDEFGH)→)IBDJKD*G)
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HAMILTON → CAIXEIRO
(V ,A) ֏

!"#$%&'(0))1#+(),&)23#4()56)$7()(38%$'#+()%)9($%:(6)5)'%&),&)9839,8'()+%)
;#&8"'($6)(,)/%<#6),&)9839,8'()/8&="%/)>,%)=#//#)=(3)'(+(/)(/)
?@3'89%/)+%)5A)

)"$*+$,'0) )1#+(),&)23#4()56)$7()(38%$'#+(6)=%/#+()%)9(&="%'(6)9(&)#39(/)+%)
9,/'()=(/8'8?(6)%),&)8$'%83()k ≥ 16)G)'%&),&)9839,8'()+%);#&8"'($)
9,<()9(&=38&%$'()=%/#+()$7()%:9%+%)kA)

;BCDEFGH)→)IBDJKD*G)
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!"#$%&'(0))1#+(),&)23#4()56)$7()(38%$'#+()%)9($%:(6)5)'%&),&)9839,8'()+%)
;#&8"'($6)(,)/%<#6),&)9839,8'()/8&="%/)>,%)=#//#)=(3)'(+(/)(/)
?@3'89%/)+%)5A)

)"$*+$,'0) )1#+(),&)23#4()56)$7()(38%$'#+(6)=%/#+()%)9(&="%'(6)9(&)#39(/)+%)
9,/'()=(/8'8?(6)%),&)8$'%83()k ≥ 16)G)'%&),&)9839,8'()+%);#&8"'($)
9,<()9(&=38&%$'()=%/#+()$7()%:9%+%)kA)

;BCDEFGH)→)IBDJKD*G)
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1
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!"#$%&'(0))1#+(),&)23#4()56)$7()(38%$'#+()%)9($%:(6)5)'%&),&)9839,8'()+%)
;#&8"'($6)(,)/%<#6),&)9839,8'()/8&="%/)>,%)=#//#)=(3)'(+(/)(/)
?@3'89%/)+%)5A)

)"$*+$,'0) )1#+(),&)23#4()56)$7()(38%$'#+(6)=%/#+()%)9(&="%'(6)9(&)#39(/)+%)
9,/'()=(/8'8?(6)%),&)8$'%83()k ≥ 16)G)'%&),&)9839,8'()+%);#&8"'($)
9,<()9(&=38&%$'()=%/#+()$7()%:9%+%)kA)

;BCDEFGH)→)IBDJKD*G)
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k = ? 
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1
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!"#$%&'(0))1#+(),&)23#4()56)$7()(38%$'#+()%)9($%:(6)5)'%&),&)9839,8'()+%)
;#&8"'($6)(,)/%<#6),&)9839,8'()/8&="%/)>,%)=#//#)=(3)'(+(/)(/)
?@3'89%/)+%)5A)

)"$*+$,'0) )1#+(),&)23#4()56)$7()(38%$'#+(6)=%/#+()%)9(&="%'(6)9(&)#39(/)+%)
9,/'()=(/8'8?(6)%),&)8$'%83()k ≥ 16)G)'%&),&)9839,8'()+%);#&8"'($)
9,<()9(&=38&%$'()=%/#+()$7()%:9%+%)kA)

;BCDEFGH)→)IBDJKD*G)
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k = ? 
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1
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!"#$%&'(0))1#+(),&)23#4()56)$7()(38%$'#+()%)9($%:(6)5)'%&),&)9839,8'()+%)
;#&8"'($6)(,)/%<#6),&)9839,8'()/8&="%/)>,%)=#//#)=(3)'(+(/)(/)
?@3'89%/)+%)5A)

)"$*+$,'0) )1#+(),&)23#4()56)$7()(38%$'#+(6)=%/#+()%)9(&="%'(6)9(&)#39(/)+%)
9,/'()=(/8'8?(6)%),&)8$'%83()k ≥ 16)G)'%&),&)9839,8'()+%);#&8"'($)
9,<()9(&=38&%$'()=%/#+()$7()%:9%+%)kA)

;BCDEFGH)→)IBDJKD*G)
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!"#$%&'(0))1#+(),&)23#4()56)$7()(38%$'#+()%)9($%:(6)5)'%&)
,&)9839,8'()+%);#&8"'($6)(,)/%<#6),&)9839,8'()
/8&="%/)>,%)=#//#)=(3)'(+(/)(/)?@3'89%/)+%)5A)

)"$*+$,'0) )1#+(),&)23#4()56)$7()(38%$'#+(6)=%/#+()%)
9(&="%'(6)9(&)#39(/)+%)9,/'()=(/8'8?(6)%),&)8$'%83()
k ≥ 16)G)'%&),&)9839,8'()+%);#&8"'($)9,<()
9(&=38&%$'()=%/#+()$7()%:9%+%)kA)

;BCDEFGH)→)IBDJKD*G)

2011/2012 15-ADA-RED-NPC 12 

  

HAMILTON → CAIXEIRO
(V ,A) ֏ ((V ,A'),#V )

A'= {(a,b,1) | (a,b)∈ A}∪{(a,b,2) | (a,b)∉ A}



L%<#)G = (V,A) ,&)23#4()$7()(38%$'#+()%)n ≥ 1M)N&#)9"8>,%)+%)5)+%)
+8&%$/7()$)@),&)9($<,$'()OP)⊆  V tal que: 

   #V’ = n  %))

)%$-.+0)1#+(/),&)23#4()56)$7()(38%$'#+()%),&)8$'%83()n ≥ 16)G)
'%&)),&#)9"8>,%)+%)+8&%$/7()nA)

$/012/3450)

I"8>,%)

2011/2012 15-ADA-RED-NPC 13 

(∀a,b∈V ')a ≠ b⇒ (a,b)∈ A

n = 4 

LBF)→)IEDQNK)
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6"&0 )1#+#),&#)4R3&,"#)=3(=(/898($#")$#)4(3&#)9($<,$'8?#)

!")@)/#'8/4#ST?%"A7

)%$-.+0))1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()n ≥ 16)%:8/'%)
,&)9($<,$'()OP)⊆  V tal que: 
   #V’ = n  e 

com:     V={<α,i> | α é um literal de Ci } 
    A={(<α,i>,<β,j> | i ≠ j e α ≠ β } 

f = ∧
1≤i≤k

Ci

(∀a,b∈V ')a ≠ b⇒ (a,b)∈ A

  

SAT → CLIQUE
∧

1≤i≤k
Ci ֏

LBF)→)IEDQNK)

2011/2012 15-ADA-RED-NPC 15 

6"&0 )1#+#),&#)4R3&,"#)=3(=(/898($#")$#)4(3&#)9($<,$'8?#)

!")@)/#'8/4#ST?%"A7

)%$-.+0))1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()n ≥ 16)%:8/'%)
,&)9($<,$'()OP)⊆  V tal que: 
   #V’ = n  e 

com:     V={<α,i> | α é um literal de Ci } 
    A={(<α,i>,<β,j>) | i ≠ j e α ≠ ¬β } 

f = ∧
1≤i≤k

Ci

(∀a,b∈V ')a ≠ b⇒ (a,b)∈ A

  

SAT → CLIQUE
∧

1≤i≤k
Ci ֏ ((V ,A),k)

L%<#)G = (V,A) ,&)23#4()$7()(38%$'#+()%)k ≥ 1M)N&#)9(U%3',3#)+%)
?@3'89%/)+%)5)+%)+8&%$/7()V)@),&)9($<,$'()OP)⊆  V tal que: 

   #V’ = k  %))

)'89+,&0)1#+(),&)23#4()56)$7()(38%$'#+()%),&)8$'%83()k ≥ 16)G)'%&)
,&#)9(U%3',3#)+%)?@3'89%/)+%)+8&%$/7()kA)

$/012/3450)

:;<=57><764?0)V’ = {2, 5} 

I(U%3',3#)+%)O@3'89%/)
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k = 2 

(∀(a,b)∈ A)a∈V '∨b∈V '



IEDQNK)→)IGWOK*F)
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)%$-.+0))1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()n ≥ 16)%:8/'%)
,&)9($<,$'()OP)⊆  V tal que: 

) ) )#V’ = n   % !

)'89+,&0))1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()k ≥ 16)
%:8/'%),&)9($<,$'()OP)⊆  V tal que: 

  #V’ = k   e 

com:     V={<α,i> | α é um literal de Ci } 
    A={(<α,i>,<β,j> | i ≠ j e α ≠ β } 

(∀a,b∈V ')a ≠ b⇒ (a,b)∈ A

  

CLIQUE → COBVERT
((V ,A),n) ֏

(∀(a,b)∈ A)a∈V '∨b∈V '

IEDQNK)→)IGWOK*F)
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)%$-.+0))1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()n ≥ 16)%:8/'%)
,&)9($<,$'()OP)⊆  V tal que: 

) ) )#V’ = n   % !

)'89+,&0))1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()k ≥ 16)
%:8/'%),&)9($<,$'()OP)⊆  V tal que: 

  #V’ = k   e 

com:      
    A’={ (a,b) ∈)OXO | a ≠ b e (a,b) ∉)B)} 

(∀a,b∈V ')a ≠ b⇒ (a,b)∈ A

  

CLIQUE → COBVERT
((V ,A),n) ֏ ((V ,A'),#V − n)

(∀(a,b)∈ A)a∈V '∨b∈V '

*%+,-.%/)

2011/2012 15-ADA-RED-NPC 19 

!"#!

$%&'()!

$*+,)-#!

&'(0"1&%#*.!

$"&2)&-*!2)&

$%1&%#*.

*%+,-.%/)
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!"#!

$%&'()!

$*+,)-#!

$*+$*./!

&'(

$*

0"1&%#*.!

$"&2)&-*!2)&

$%1&%#*.

"#"'()!$*./&.3! $*+$+$./&.3 *./$* "#"'$



L%<#&)X = < Si | i ∈ I)Y),&#)/%>,Z$98#)+%)9($<,$'(/)%)d ≥ 1M)N&#)
9(U%3',3#)+%)9($<,$'(/)+%)J)+%)+8&%$/7()d)@),&#)/%>,Z$98#)
X’ = < Sj | j ∈ J)Y  '#")>,%0))[)⊆ D)6)#J = d  %))

)'8)'(@0)1#+(/),&#)/%>,Z$98#)X)+%)9($<,$'(/)%),&)8$'%83()
d ≥ 16)J)'%&),&#)9(U%3',3#)+%)9($<,$'(/)+%)
+8&%$/7()kA)

$/012/34500)
)( < {1, 2, 3, 5} ,  {2, 3, 4}, {1, 4, 5}, {2, 4, 6} >,  2 ) 
 ( < {1, 2},  {2, 3}, {3, 4}, {4, 5} >,  3 ) 

I(U%3',3#)+%)I($<,$'(/)
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Si

i∈I
∪ = S j

j∈J
∪

IGWOK*F)→)IGWIGH[)
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)'89+,&0) )1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()k ≥ 16)
%:8/'%),&)9($<,$'()OP)⊆  V tal que: 

) ) ) )#V’ = k   e!

)'8)'(@0) )1#+(/),&#)/%>,Z$98#)+%)9($<,$'(/)X = < Si | i ∈ I)Y)%),&)
8$'%83()d ≥ 16)%:8/'%),&#)/%>,Z$98#)X’ = < Sj | j ∈ J)Y '#")>,%0)))

    [)⊆ D)6)#J = d %))

   

com:   
  A’ = { {a, b} | (a,b) ∈ A \   

  

COBVERT → COBCONJ
((V ,A),k) ֏

(∀(a,b)∈ A)a∈V '∨b∈V '

  
Si

i∈I
∪ = S j

j∈J
∪

IGWOK*F)→)IGWIGH[)
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)'89+,&0) )1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()k ≥ 16)
%:8/'%),&)9($<,$'()OP)⊆  V tal que: 

) ) ) )#V’ = k   e!

)'8)'(@0) )1#+(/),&#)/%>,Z$98#)+%)9($<,$'(/)X = < Si | i ∈ I)Y)%),&)
8$'%83()d ≥ 16)%:8/'%),&#)/%>,Z$98#)X’ = < Sj | j ∈ J)Y '#")>,%0)))

    [)⊆ D)6)#J = d %))

   

com:   
  Sv = { (a,b) ∈ A | v = a ou v = b \    

  

COBVERT → COBCONJ
((V ,A),k) ֏ (< Sv | v ∈V >,k)

(∀(a,b)∈ A)a∈V '∨b∈V '

  
Si

i∈I
∪ = S j

j∈J
∪

L%<#&)D),&)9($<,$'()]$8'(6)C),&)9($<,$'()+%)/,U9($<,$'(/)+%)D)%)
k ≥ 1M)N&)9($<,$'()+%)#'#>,%)+%)C)+%)+8&%$/7()k)@),&)9($<,$'())
A ⊆ D)'#")>,%0))#A = k  %))

"&"-.+0)1#+(/),&)9($<,$'()]$8'()D6),&)9($<,$'()C)+%)
/,U9($<,$'(/)+%)D)%),&)8$'%83()k ≥ 16)C)'%&),&)
9($<,$'()+%)#'#>,%)+%)+8&%$/7()kA)

$/012/3450)
)( {1, 2, 3, 4, 5, 6, 7, 8},  {{1, 2, 3}, {4, 5, 6}, {2, 3, 5, 7}},  2 ) 

:;<=57><764?0){1, 5})

I($<,$'()+%)B'#>,%)
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(∀X ∈C)X ∩ A ≠∅



L%<#&)D),&)9($<,$'()]$8'(6)C),&)9($<,$'()+%)/,U9($<,$'(/)+%)D)%)
k ≥ 1M)N&)9($<,$'()+%)#'#>,%)+%)C)+%)+8&%$/7()k)@),&)9($<,$'())
A ⊆ D)'#")>,%0))#A = k  %))

"&"-.+0)1#+(/),&)9($<,$'()]$8'()D6),&)9($<,$'()C)+%)
/,U9($<,$'(/)+%)D)%),&)8$'%83()k ≥ 16)C)'%&),&)
9($<,$'()+%)#'#>,%)+%)+8&%$/7()kA)

$/012/3450)
)( {1, 2, 3, 4, 5, 6, 7, 8},  {{1, 2, 3}, {4, 5, 6}, {2, 3, 5, 7}},  2 ) 

:;<=57><764?0){1, 5})

I($<,$'()+%)B'#>,%)
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(∀X ∈C)X ∩ A ≠∅

IGWOK*F)→)BFBQNK)
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)'89+,&0) )1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()k ≥ 16)
%:8/'%),&)9($<,$'()OP)⊆  V tal que: 

) ) ) )#V’ = k   e!

"&"-.+0) )1#+(/),&)9($<,$'()]$8'()D6),&)9($<,$'()C)+%)/,U9($<,$'(/)+%)
D)%),&)8$'%83()n ≥ 16)%:8/'%),&),&)9($<,$'()A ⊆ D)'#")>,%0)))

    #A = n  %))

   

com:   
  A’ = { {a, b} ^)_#6U`)∈)B)\    

  

COBVERT → ATAQUE
((V ,A),k) ֏

(∀(a,b)∈ A)a∈V '∨b∈V '

(∀X ∈C)X ∩ A ≠∅

IGWOK*F)→)BFBQNK)
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)'89+,&0) )1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()k ≥ 16)
%:8/'%),&)9($<,$'()OP)⊆  V tal que: 

) ) ) )#V’ = k   e!

"&"-.+0))1#+(/),&)9($<,$'()]$8'()D6),&)9($<,$'()C)+%)/,U9($<,$'(/)+%)
D)%),&)8$'%83()n ≥ 16)%:8/'%),&)9($<,$'()A ⊆ D)'#")>,%0)))

    #A = n  %))

   

com:   
  A’ = { {a, b} | (a,b) ∈ A \   

  

COBVERT → ATAQUE
((V ,A),k) ֏ (V ,A',k)

(∀(a,b)∈ A)a∈V '∨b∈V '

(∀X ∈C)X ∩ A ≠∅

Sejam G = (V,A) um grafo $7()(38%$'#+()%),&)8$'%83()m ≥ 1M)N&)
9($<,$'()8$+%=%$+%$'%)+%)5)+%)+8&%$/7()m)@),&)9($<,$'())
I ⊆ V)'#")>,%0))#I = m  %))

)'(@$(A0))1#+(/),&)23#4()G não orientado %),&)8$'%83()m ≥ 16)
G)'%&),&)9($<,$'()8$+%=%$+%$'%)+%)+8&%$/7()mA)

$/012/3450)

I($<,$'()D$+%=%$+%$'%))
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(∀x,y ∈ I)(x,y)∉ A

15-ADA-RED-NPC

m = ? 



Sejam G = (V,A) um grafo $7()(38%$'#+()%),&)8$'%83()m ≥ 1M)N&)
9($<,$'()8$+%=%$+%$'%)+%)5)+%)+8&%$/7()m)@),&)9($<,$'())
I ⊆ V)'#")>,%0))#I = m  %))

)'(@$(A0))1#+(/),&)23#4()G não orientado %),&)8$'%83()m ≥ 16)
G)'%&),&)9($<,$'()8$+%=%$+%$'%)+%)+8&%$/7()mA)

$/012/3450)

I($<,$'()D$+%=%$+%$'%))
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(∀x,y ∈ I)(x,y)∉ A

15-ADA-RED-NPC

m = 3 

IGWOK*F)→)IGH[DH1)
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)'89+,&0) )1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()k ≥ 16)
%:8/'%),&)9($<,$'()OP)⊆  V tal que: 

) ) ) )#V’ = k   e!

)'(@$(A0))1#+(/),&)23#4()G = (V, A) não orientado %),&)8$'%83()m ≥ 16)
%:8/'%),&)9($<,$'()I ⊆ V)'#")>,%0)))

    #I = m  %))

   

com:   
  A’ = { {a, b} | (a,b) ∈ A \   

  

COBVERT → CONJIND
((V ,A),k) ֏

(∀(a,b)∈ A)a∈V '∨b∈V '

(∀x,y ∈ I)(x,y)∉ A

IGWOK*F)→)IGH[DH1)
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)'89+,&0) )1#+(/),&)23#4()G = (V,A) $7()(38%$'#+()%),&)8$'%83()k ≥ 16)
%:8/'%),&)9($<,$'()OP)⊆  V tal que: 

) ) ) )#V’ = k   e!

)'(@$(A0))1#+(/),&)23#4()G = (V, A) não orientado %),&)8$'%83()m ≥ 16)
%:8/'%),&)9($<,$'()I ⊆ V)'#")>,%0)))

    #I = m  %))

   

com:   
  A’ = { {a, b} | (a,b) ∈ A \   

  

COBVERT → CONJIND
((V ,A),k) ֏ ((V ,A),#V − k)

(∀(a,b)∈ A)a∈V '∨b∈V '

(∀x,y ∈ I)(x,y)∉ A

!3(U"%&#)+#)C(9a8"#)_b$#=/#9V`)
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•  1#+(/)H)(U<%9'(/)cd6)MMM6)H\)%),&#)&(9a8"#)
•  I#+#)(U<%9'()'%&),&)?#"(3)?8)%),&)=%/()e8)

•  !%/()'('#")$#)&(9a8"#)$7()=(+%)%:9%+%3)!)
•  GU<%9'8?(0)

•  C#:8&8S#3)()?#"(3)'3#$/=(3'#+()=%"#)&(9a8"#)/%&)
%:9%+%3)()"8&8'%)+%)=%/()

•  f(3&#"8S#-7(0)
•  1%'%3&8$#3)()/,U9($<,$'()B)+%)cd6)MMM6H)\)>,%)/#'8/4#S)#)
9($+8-7(0)

max vi tal que
i∈A
∑ wi

i∈A
∑ ≤ P



!3(U"%&#)+#)C(9a8"#)_b$#=/#9V`)
•  F%&=()+%)%:%9,-7()G_H)X)!`)

•  !3%%$9a8&%$'()+#)'#U%"#)H)X)!)
•  !/%,+(g!("8$(&8#")

K:=($%$98#")$#)+8&%$/7()+#)3%=3%/%$'#-7()U8$h38#)+%)!)
'B(7C7D*E7

J)i)$j&%3()+%)U8'/)+#)3%=3%/%$'#-7()U8$h38#)+%)!)

b$#=/#9V)@),&)=3(U"%&#)H!gI(&="%'()
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!3(U"%&#)+#)C(9a8"#)_b$#=/#9V`)
•  F%&=()+%)%:%9,-7()G_H)X)!`)

•  !3%%$9a8&%$'()+#)'#U%"#)H)X)!)
•  !/%,+(g!("8$(&8#")

•  K:=($%$98#")$#)+8&%$/7()+#)3%=3%/%$'#-7()U8$h38#)+%)!)
•  'B(7C7D*E7

•  J)i)$j&%3()+%)U8'/)+#)3%=3%/%$'#-7()U8$h38#)+%)!)

b$#=/#9V)@),&)=3(U"%&#)H!gI(&="%'()
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!3(U"%&#)+#)C(9a8"#)_b$#=/#9V`)
•  F%&=()+%)%:%9,-7()G_H)X)!`)

•  !3%%$9a8&%$'()+#)'#U%"#)H)X)!)
•  !/%,+(g!("8$(&8#")

•  K:=($%$98#")$#)+8&%$/7()+#)3%=3%/%$'#-7()U8$h38#)+%)!)
•  'B(7C7D*E7

•  J)i)$j&%3()+%)U8'/)+#)3%=3%/%$'#-7()U8$h38#)+%)!)

•  F(":6")F7@),&)=3(U"%&#)H!gI(&="%'()
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!"#$%&'($)*+,*!-%$.&(/01$*
•  !"#$%&'($)2*3$(*3$(-",.&+/+,*-$"&4$(&/"2*56,*

3/"36"/(*)$"607,)*/-%$.&(/+/)*-/%/*-%$8",(/)*9:;
3$(-",'$)*

2011/2012 16-ADA-APROX 2 

!"#$%&'($)*+,*!-%$.&(/01$*
•  !"#$%&'($)*-/%/*-%$8",(/)*9:;3$(-",'$)*

•  !"#$%&'($)*+,*',(-$*-$"&4$(&/"**
•  <$(*#/%/4'&/)*56/4'$*/$*(=.&($*/>/)'/(,4'$*+$*
?/"$%*3/"36"/+$*>/3,*@*)$"601$*A-'&(/*
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B,C4&07,)*
•  D&(&',*+/*%/E1$*-F4G**

•  !"#$%&'($*+,*/-%$.&(/01$*-/%/*6(*-%$8",(/*+,*
$-'&(&E/01$*

•  :/%/*56/"56,%*&4)'H43&/*+,*'/(/4I$*4*
•  <6)'$*+/*)$"601$*3/"36"/+/2*<**
•  <6)'$*+/*)$"601$*A-'&(/2*<J**

•  (/.F<K<J2*<JK<G*≤*-F4G**
•  (/.&(&E/01$L*M*≤*<*≤*<J*
•  (&4&(&E/01$L*M*≤*<J*≤*<*
•  -F4G*≥*N*
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<$8,%'6%/*+,*OP%'&3,)*
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!"#$%&'L* *B/+$)*6(*#%/>$*G = (V,A) 41$*$%&,4'/+$*,*6(*&4',&%$*k ≥ 12*
,.&)',*6(*3$4Q64'$*OR*⊆  V tal que: 

* * * *#V’ = k   e!

!"#$%&'()&"*L* *</"36"/%*6(/*3$8,%'6%/*+,*?P%'&3,)*3$(*$*4S(,%$*
(T4&($*+,*?P%'&3,)**

   

(∀(a,b)∈ A)a∈V '∨b∈V '



<$8,%'6%/*+,*OP%'&3,)*
•  !"#$%&'($*+,*/-%$.&(/01$L*

•  U.,(-"$**

COBVERT-Aprox(G) 
 C = ∅ 
 A’ = A[G] 
 while A’ ≠ ∅ 
  Seja (u, v) arco de A’ 
  C = C ∪ { u, v } 
  Remover de A’ qualquer arco incidente em u ou v 
 return C 
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<$8,%'6%/*+,*OP%'&3,)*
•  V,$%,(/L*

•  <WXOUYV!:YWZ*P*6(*/"#$%&'($*+,*/-%$.&(/01$*3$(*
"&(&',*+/*%/E1$*[*-/%/*$*-%$8",(/*<WXOUYV**

•  (/.F<K<J2*<JK<G*\*<K<J*≤*[*

•  :%$?/L*
•  UL*3$4Q64'$*+,*/%3$)*),",33&$4/+$)*-,"$*/"#$%&'($*
•  <$4Q64'$*<*P*3$8,%'6%/*+,*?P%'&3,)*

•  <&3"$*&',%/+$*/'P*'$+$)*$)*/%3$)*+,*U*,)'/%,(*3$8,%'$)*
•  :$%*&4)-,301$2*4,4I6(*-/%*+,*/%3$)*,(*U*',(*?P%'&3,)*
3$(64)*

•  V/(8P(*-$%*&4)-,301$2*]<]*\*[]U]*
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<$8,%'6%/*+,*OP%'&3,)*
•  <$8,%'6%/*+$)*/%3$)*,(*U*%,56,%*-,"$*(,4$)*6(*
?P%'&3,*&43&+,4',*,(*3/+/*6(*+$)*/%3$)*+,*U*

•  ^6/"56,%*3$8,%'6%/*+,*?P%'&3,)*',(*56,*3$8%&%*/%3$)*+,*U*
•  O="&+$*'/(8P(*-/%/*<J*
•  ]U]*≤*]<J]*

•  <$43"6)1$L*
•  ]<]*\*[]U]*≤*[]<J]**
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:%$8",(/*+/*_$3I&"/*F`4/-)/3aG*
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•  B/+$)*9*$8Q,3'$)*bN2*ccc2*9d*,*6(/*($3I&"/*
•  </+/*$8Q,3'$*',(*6(*?/"$%*?&*,*6(*-,)$*e&*

•  :,)$*'$'/"*4/*($3I&"/*41$*-$+,*,.3,+,%*:*
•  W8Q,3'&?$L*

•  _/.&(&E/%*$*?/"$%*'%/4)-$%'/+$*-,"/*($3I&"/*),(*
,.3,+,%*$*"&(&',*+,*-,)$*

•  f$%(/"&E/01$L*
•  B,',%(&4/%*$*)683$4Q64'$*!*+,*bN2*ccc29*d*56,*)/'&)>/E*/*
3$4+&01$L*

max vi tal que
i∈A
∑ wi

i∈A
∑ ≤ P



:%$8",(/*+/*_$3I&"/*
•  !"#$%&'($*g%,,+hL*

•  U.,(-"$**

KNAP-Greedy(w,v,P) 
 Ordenar w e v tal que v[i]/w[i] ≥ v[j]/w[j] para 1 ≤ i ≤ j ≤ n 
 peso = 0; valor = 0 
 for i = 1 to n 
  if peso + w[i] ≤ P 
   valor += v[i] 
   peso += w[i] 
 return valor 
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:%$8",(/*+/*_$3I&"/*
•  !"#$%&'($*+,*!-%$.&(/01$L*

•  U.,(-"$**

KNAP-Aprox(w,v,P) 
 maior = max {v[i] : 1 ≤ i ≤ n}  // Admite-se w[i] ≤ P, 1 ≤ i ≤ n 
 return max {maior, KNAP-Greedy(w,v,P)} 
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:%$8",(/*+/*_$3I&"/*
•  V,$%,(/L*

•  W*/"#$%&'($*`9!:;!-%$.*P*6(*/"#$%&'($*+,*/-%$.&(/01$*
3$(*"&(&',*+/*%/E1$*[*-/%/*$*-%$8",(/*`9!:i!<`**

•  :%$?/L*
•  <JL*)$"601$*A-'&(/j*<L*)$"601$*%,'$%4/+/*-,"$*/"#$%&'($*
•  U)3$"I,%*(,4$%*"*'/"*56,2**

•  `9!:;g%,,+hFe2?2:G*?,%&C3/2*

•  U2*(/&$%*≥*?"**F-$%*+,C4&01$*+,*(/&$%G*

KNAP - Greedy(w,v,P) ≥ vi
i=1

l−1

∑

wi ≥ P
i=1

l

∑
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:%$8",(/*+/*_$3I&"/*
•  9$'/4+$*56,*(/.F.2hG*≥*F.khGK[2*$8',($)L*

•  B,C4&01$*+,*:*l*,*<lL*

•  9$'/%*56,*:*l*≥*:*,*?NKeN*≥*?[Ke[*≥*m*≥*?"Ke"**
•  :,"$*56,*<l*≥*<J**

•  <l*P*/*)$"601$*A-'&(/*-/%/*:l*

C = max(maior,KNAP - Greedy(w,v,P))
≥ maior +  KNAP - Greedy(w,v,P)) /2( )

≥ vl + vi
i=1

l−1

∑
 

 
 

 

 
 /2 = vi /2 = C' /2

i=1

l

∑
≥ C * /2

P'= wi
i=1

l

∑ C'= vi
i=1

l

∑
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</&.,&%$*O&/Q/4',*
!(+*%+&"L**B/+$*6(*#%/>$*g2*41$*$%&,4'/+$2*-,)/+$*,*

3$(-",'$2*3$(*/%3$)*+,*36)'$*-$)&'&?$2*,*6(*
&4',&%$*k ≥ 12*G*',(*6(*3&%36&'$*+,*n/(&"'$4*
36Q$*3$(-%&(,4'$*-,)/+$*41$*,.3,+,*ko*

!+/-'/01$L*
•  U43$4'%/%*$*3&%36&'$*+,*n/(&"'$4*+,*(,4$%*-,)$*,(*g**
•  W*36)'$*+$)*/%3$)*)/'&)>/E*/*+,)&#6/"+/+,*'%&/4#6"/%L*

•  eF'2?G*≤*eF'26G*k*eF62?G*-/%/*56/&)56,%*/%3$)*F'2?G2*F'26G*,*
F62?G*+,*g*
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</&.,&%$*O&/Q/4',*
•  !"#$%&'($*+,*!-%$.&(/01$L*

•  U.,(-"$**

CAIXEIRO-Approx(G,w) 
 Seleccionar qualquer r ∈ V para vértice raiz 
 Construir MST T a partir de r 
 L = lista de vértices resultantes de visita de T em pré-ordem  
 Definir circuito H que visita vértices de G pela ordem L 
 return H 

Visita de árvore que lista a raiz antes 
dos vértices de cada sub-árvore 
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</&.,&%$*O&/Q/4',*
•  V,$%,(/L*

•  W*/"#$%&'($*<!pZUpYW;!-%$.*P*6(*/"#$%&'($*+,*
/-%$.&(/01$*3$(*"&(&',*+/*%/E1$*[*-/%/*&4)'H43&/)*+$*
-%$8",(/*+$*<!pZUpYW*56,*?,%&C3/(*/*+,)&#6/"+/+,*
'%&/4#6"/%*
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i,Q/(*X = < Si | i ∈ I*q*6(/*),56r43&/*+,*3$4Q64'$)*,*d ≥ 1c*s(/*
3$8,%'6%/*+,*3$4Q64'$)*+,*Z*+,*+&(,4)1$*d*P*6(/*),56r43&/*
X’ = < Sj | j ∈ J*q  '/"*56,L**t*⊆ p*2*#J = d  ,**

!"#!",-L*B/+$)*6(/*),56r43&/*X*+,*3$4Q64'$)*,*6(*&4',&%$*
d ≥ 12*Z*',(*6(/*3$8,%'6%/*+,*3$4Q64'$)*+,*
+&(,4)1$*ko*

+./01.234/L*
*( < {1, 2, 3, 5} ,  {2, 3, 4}, {1, 4, 5}, {2, 4, 6} >,  2 ) 
 ( < {1, 2},  {2, 3}, {3, 4}, {4, 5} >,  3 ) 

<$8,%'6%/*+,*<$4Q64'$)*
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Si

i∈I
∪ = S j

j∈J
∪

<$8,%'6%/*+,*<$4Q64'$)*
•  !"#$%&'($*+,*!-%$.&(/01$L*

•  U.,(-"$**

COBCONJ-Aprox(X,F) 
 U = X 
 C = ∅ 
 while U ≠ ∅ 
  Seleccionar S ∈ F que maximiza |S ∩ U| 
  U = U - S 
  C = C ∪ { S } 
 return C 
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•  V,$%,(/*
•  W*/"#$%&'($*<WX<W9t;!-%$.*',(*"&(&',*+/*%/E1$**
*H(max{|S|: S ∈ F}), com H(d) = 1 + 1/2 + … + 1/d, H(0) = 0 
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